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On Open Shell Hartree-Fock Calculations 

T. E. H. Walker* 

Physical Chemistry Laboratory, South Parks Road, Oxford 0X1 3QZ, England 
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The errors in open shell Hartree-Fock calculations are discussed. Various hamiltonians for single 
eigenvalue methods are considered, and it is shown that a better energy is obtained with those 
hamiltonians that correctly account for the open shell/closed shell interactions. 

Die Fehler des Hartree-Fock-Verfahrens bei offenen Schalen werden diskutiert, indem ver- 
.schiedene Hamilton-Operatoren Fiir das Gesamtsystem betrachtet werden. Dabei zeigt sich, daB 
diejenigen Hamilton-Operatoren, die die Wechselwirkung zwischen oflenen und abgeachlossenen 
Schalen am besten wiedergeben, auch die besten Energien liefem. 

Discussion des erreuis dans les calculs Hartree-Fock & couche ouverte. On considire divers 
hamiltoniens pour les mithodes 4 valeur propre unique, et Ton montre qu’une meilleure inergie est 
obter.ue avec les hamiltoniens qui rendent compte correctement de I'interaction couche ouverte- 
couche fermie. 


1. Introduction 

Although the Hartree-Fock equations for a closed shell atom or molecule 
may be solved fairly easily in principle, it is not so for open shell systems. This 
is due to the problem of the off-diagonal multipliers, which cannot be eliminated. 
Many authors have considered this [1, 2], and have developed methods which 
involve two coupled eigenvalue equations, one for the open and one for the 
closed shells. This approach has been successfully applied to many systems, but 
there are certain difficulties, namely lengthy computing time, and problems 
related to which sets of orbitals should be chosen for configuration interaction 
calculations. 

An alternative method has been proposed by Roothaan [1], and also by 
Nesbet [3], which simplifies the Hartree-Fock equations to a single eigenvalue 
problem. This eliminates the off-diagonal multipliers, either by putting them 
equal to zero, or by incorporating them partially into the hamiltonian. These 
procedures are only strictly possible when the open shell orbitals are the only 
ones of their symmetry. Except for these particular cases, neglect of off-diagonal 
multipliers implies that the correct hamiltonian is not being used, and the energy 
obtained from the approximate Hartree-Fock equations is then corrected to 
allow for this [1]. 

A recent paper [4] has pointed out some consequences of this neglect of 
off-diagonal multipliers. The Fock matrix is no longer invariant to a unitary 

* Present address: Department of Physics, University of Virginia, Charlottesville, Virginia, USA. 
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transfonnation of the orbitals, and one is not necessarily at liberty to choose the 
set of orbitals that diagonalises the matrix of lagrangian multipliers. This has 
resulted in calculations that give different total energies when different symmetry 
orbitals are used (even after correcting the energies as above), and discontinuous 
potential curves have been obtained when the symmetry changes with variation 
of normal coordinate [5]. Walker demonstrated [4] that the magnitude of the 
error depended on the number of closed shell orbitals with the same symmetry 
as the open shell, and on their type. Core closed shell orbitals gave rise to larger 
errors than valence orbitals, (in fact the error is roughly proportional to the 
orbital energy) and this was borne out by the results of some Hartree-Fock 
calculations. 

As has already been mentioned, single eigenvalue methods are much more 
convenient to use than those involving two eigenvalue equations, and it is of 
interest to investigate these errors in case they can be avoided in the future. 

2. Theory 

The total hamiltonian for an N-electron system is 

N N 

I 7’.+ I Vij (2.1) 

i=l i>i=l 

where 7^ represents the terms due to kinetic energy and the attraction by the 
nucleus, and v-,j the interaction between electrons (l/r^). The Hartree-Fock 
method approximates this hamiltonian by replacing the two-body interaction 
by a single particle potential K, that is 

Ho=t(Ti+V^) {12) 

1=1 

with the eigenvalue equation Ho<Po = Efy4>o, where tfp ** the determinant 
formed from the N lowest solutions of the eigenvalue equation 

(T+K)9» = 6,g),. (2.3) 

(Note that this equation is only obtained after choosing the set of orbitals that 
diagonalises the matrix corresponding to e.) The Hartree-Fock potential is then 
defined by 

<a|F|h>= 2] {<an|i;|h«>-<an|t;|n6>} (2.4) 

I 

with n denoting an occupied spinorbital. 

Hence to first order the energy obtained from a Hartree-Fock calculation is 

^0 = I £( + l-y E[<yk|y>-<yl‘’b'>] - E <*1 ^I‘>1 ( 2 . 5 ) 

1-1 I ^ i.j 1«1 J 

= E [<n\T\ny + l<„|F|n>] = (eT + e,). (2.6) 
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This is not so for a single eigenvalue equation, because y (we shall use primes 
systematically to refer to single eigenvalue calculations) is not defined as in (2.3). 

1 " 

[n this case, the bracketed part of (2.5) is not equal to - — <t|f'|/>, but 

2 i=i 

ncludes other terms. To determine these, we must consider the possible 
lamiltonians. 

In the restricted Hartree-Fock method, orbitals with different spins, or those 
>elonging to different degenerate components of the same representation - such 
IS n~ in linear molecules - are constrained to have the same radial 
lependence. The hamiltonian is therefore the same for all electrons contained in 
he same space orbital. This is quite legitimate if there are only closed shells 
}resent, but not if there is one or more unpaired electron. Because exchange 
erms only arise between electrons of parallel spin, the hamiltonian for those 
ilectrons with the same spin as the unpaired electron should be different from 
hat for those with opposite spin. 

The restricted Hartree-Fock potential, V', for a single eigenvalue calculation 
s defined so as to be the same for all electrons in spinorbitals of the same 
lymmetry. If we consider a diatomic molecule with one unpaired er electron in 
)rbital x, possible hamiltonians are 

\a,|F,'|h,>= {<a«|i;|hn> - <an|u|nb>}-1-<axlt;|hx> - <ax|p|xb>, (2.7a) 

II* 1 


and for both of these 

<a,|r|h,>= {<an|i;|hn>-<a«|j;|«f>>}. (2.8) 

i= I 

The operators V 2 can also be written in the familiar J and K notation as 
K = [z (j. (2.9a) 

yi = Z^ (2.9b) 

The energy £' through Hrst order from these hamiltonians is 

= T (®?^ T ^ . (2.10a) 

^ (=1 ^ 

£'2 = 4" Z (sf + - T (2.10b) 

i~l ^ 


and it is immediately clear that the extra integrals needed in the energy ex¬ 
pression involve the open shell electron, either with itself or with the closed shell 
electrons of the same symmetry. 



4 


T. E. H. Walker; 


These two difTerent choices of harailtonian introduce different errors into 
the energy. K,' allows exactly for the interaction of the unpaired electron with 
itself, since </x|p|ix>-<ix|ulxi> =0 if i = x, but not for the interaction with 
clo.sed shell electrons. The reverse is true for which accounts correctly for the 
closed shells but introduces a spurious contribution for the interaction of the 
open shell electron with itself. Although these errors are partially corrected by 
including the extra molecular integrals in the energy expression, there will still 
be residual terms corresponding to higher orders of perturbation theory. 

Until recently it has always been assumed that these terms could be 
neglected. Kelly [6] included them in his many-body perturbation theory work 
on the oxygen atom, and showed that they were inde^ small. However the large 
errors reported by Walker [4] and Dixon [5], when single eigenvalue methods 
were employed for polyatomic molecules, arise from second and higher orders, 
and this paper contains some further examples. Both the true Hartree-Fock 
hamiltonian, H, and the restricted hamiltonians, H\ used in the single eigen¬ 
value approximation are derived from one-body potentials. Thus if one was to 
write the Hartree-Fock wavefunction as a linear combination of determinants 
constructed from orbitals obtained from the restricted hamiltonian, only singly 
excited state's contribute. We may then employ perturbation theory with the 
hamiltonian W" = F ~ V to obtain the Hartree-Fock energy from the restricted 
wavcfunctions. 

Two kinds of restriction are involved in these calculations. The first, the 
requirement that the hamiltonian be the same for electrons with different spins, 
is common to both single and double eigenvalue methods. It corresponds to the 
neglect of spin polarisation. The second restriction is that the hamiltonian be the 
same for electrons in open and closed shells of the same symmetry. It is this 
second restriction that differentiates the single and double eigenvalue methods 
and introduces the molecular integrals into the energy expression. 


3. Perturbation Calculations 

The first order correction due to the perturbation H” = V— V has already 
been discussed. An idea of its magnitude can be obtained from Table 1, where 
the results of some single eigenvalue calculations are given. The correction is 
much larger for the hamiltonian Vj, because the integrals <xx|u|xx> are larger 
than the exchange integrals <ix|t>|xi> involved in the calculation for F,'. The 
results for AlO, the only case in which both hamiltonians were used for a 


Table t. hirst order correction from H’ =V— K'(a.u.) 


Molecule 


E\ 

Total 

Hamiltonian 

BcH: X'r* la^2n-Tla 

- 15.1759042 

0.0260388 

- 15.1498654 


CHj: lflf2a{.1a, ihUhl 

- 39.1525820 

0.0760063 

- 39.0765757 

Vi 

AlO; 

-316.8417385 

0.0909992 

-316.7507392 

VI 

AlO; X^I* 

-316.6672300 

-0.1694578 

-316.8366878 

Vi 
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calculation on the same molecule, are particularly noticeable. Although the 
correction is much larger for V 2 than for K,', the final energy is better, and we 
shall show that this, is due to quicker convergence of the perturbation series. 
However the AlO results give quite a dramatic demonstration of the errors that 
can occur when single eigenvalue methods are used. 

The second order contribution to the energy is 

i ^o — ^i 

where all singly excited states are to be included. If a non-restricted hamiltonian 
is employed these matrix elements are zero. Two different types of excitation can 
be distinguished, those in which the electron excited from an occupied spin- 
orbital (q) to an unoccupied spinorbital {k) has spin parallel or antiparallel to the 
unpaired electron. These can be further subdivide into different symmetries 
of q. Table 2 gives the matrix elements <0j|ff"|^o>, where represents the 
determinant formed by replacing an electron in q with one in k, and we have 
assumed one unpaired a electron. 

Table 3 shows the results for the second order energy for three molecules, 
whose wavefunctions were obtained with the hamiltonian K,'. In the cases of BeH 
and AIO, only excitations to the first four unoccupied a orbitals and first three 
n orbitals were considered, and these corrections would no doubt be increased 
if all single excitations were included. In CH 3 , where only a minimum basis set 
was used, all excitations were included. To check the convergence, two further 
calculations were carried out. In BeH, the matrix of all excited states included 
in the second order calculation was diagonalised and the energy lowering found 
to be 0.003696 a.u., 97% of which was given by the second order term. In CH 3 , 
the third order contribution was found to be +0.00014 compared to the second 
order — 0.00659 a.u. 


Table 1 Matrix elements of H" 


Excitation 

Spin 

v-v; 


y-yi 


qa-*ka 

oc 

0 


-Hhx 

V 

xk} 

qa^ka 

p 

iqx 

xk} 

+ iiqx 

V 

xk} 

qn-*kn 

a 

-i<qxi 

xk> 

-Hdx 

V 

xk} 

qn-*kjz 

p 

+ i<qx 

xk} 

+ Uqx 

V 

xk} 


Table 3. Second order correction from H’ (a.u.) 
Molecule AE^ Hamiltonian 


BeH 

-0.0036 


CHj 

-0.0065 

yi 

AIO 

-0.0058 

y,' 

AIO 

-0.0044 

yi 
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There is also another means of checking the size of the total error introduced 
by using a single eigenvalue method. Cade and Huo [7] have reported 
calculations for BeH using the double eigenvalue method, and their energy was 
- 15.15312 a.u. Our results with the same basis set was —15.14987 a.u., an error 
of 0.00325 a.u., which agrees well with the partial second order contribution of 
Table 3. (This error is not due to the different programmes, since a similar 
calculation on the A^FI state of BeH(|ff^ 2 ff^| 7 t) when the single eigenvalue 
hamiltonian is identical to that used in the eigenvalue method, gave results which 
agreed to five decimal places.) The difference, 0.00045 a.u. which remains, and 
which would be increased if all excited states were included, is due to the effect 
of using a restricted hamiltonian in the double eigenvalue method, that is of not 
including spin polarisation. 

The error in the CHj single eigenvalue calculation was estimated in a 
previous paper [4] as 0.01 a.u. The fact that the second and third order con¬ 
tributions give slightly less than 70% of this is partially due to a minimum basis 
set being a bad approximation to the complete set of orbitals. 

The calculations for AIO also allow a comparison of the two restricted 
hamiltonians. The difference between the two values of the total energy is 
0.0859 a.u. (-2.3 eV), which is large enough to be of importance when calculating 
excitation or ionization energies. The second order contributions only make up 
part of this difference, although they would be larger if all excitations were 
included. However it is possible to draw some general conclusions about the 
relative magnitudes of successive terms in the perturbation series. 

If we write the energy denominator in Eq. (3.1) as AE{q,k,s) for the 
excitation of an electron in orbital q to orbital k with spin s (a or /?), the second 
order energy becomes, using the matrix elements in Table 2. 

d£,(q.k,/}) 


For Vi 


for T,' 


AEi= I 

i,*X 

1 

4 


(3.2a) 


A El = 


AE2{q,k,0i) 


- - - + 


I 

1*X 


|<(/.xjr|xk>J^ 
A E2{q,x, ff) 


(3.2b) 


where we have assumed the unpaired electron has a spin. The summations over k 
include k - x (with spin /I) unless specifically excluded. To compare these two 
second order energies, some assumptions must be made about the relative 
magnitudes of the integrals and energy denominators in the two different 
calculations. 

Since AE 2 (q, k, /() = fc, a) + <^x|i’|xq> — <kx|ii|x/c>, the difference be¬ 

tween the excitation energies will be small, and we can assume AE 2 {q,k,a.) 
- AE 2 {q,k,li) in (3.2b). The expressions for AE^ can then be written 


AE\ 

AE\ 


„ |<qxli’|xk>|^ „ |<gx|t:|xx>|^ 

AE^Jq,kJ) X ’ 

1 y |< 9 x[ u|xk >|^ + L y 

2 AEi(q,k/P) 4,tx AEl(q,k,l}) 

+ 1 y 

^ k¥‘x AE2{x,k,a) 


(3.3a) 


(3.3b) 
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Table 4. Comparison of molecular integrals for different calculations on AlO (a.u.) 


Integral 

< 9 x|e|xfc> 

<? k 

Calc.l 

Calc. 2 

6 

8 

-0.026809 

-0.028206 

5 

8 

-0.009270 

-0.009658 

4 

8 

-0.002473 

-0.002066 

3 

8 

-0.001855 

-0.001784 

2 

8 

0.001556 

0.001458 

1 

8 

-0.000157 

-0.000161 

6 

7 

0.011644 

0.007808 

5 

7 

-0.011294 

-0.011482 

4 

7 

-0.001809 

-0.001421 

3 

7 

-0.002088 

-0.001690 

2 

7 

0.001106 

0.001145 

1 

2 

0.000581 

0.000471 


Calc. 1 is with K,', Calc. 2 with Fj 


Tabic 5. Comparison of energy denominators for different calculations on AlO (a.u.) 


AE(q,k,P) 

Calc. 1 

Calc. 2 

q k 



6 8 

0.3704 

0.3409 

5 8 

1.1006 

1.0669 

4 8 

.3.1471 

3.1138 

3 8 

4.8411 

4.8009 

2 8 

20.3853 

20..34.‘i9 

1 8 

58.4207 

58.4096 

6 7 

0.2274 

0.1507 

5 7 

0.8899 

0.8182 

4 7 

2.8484 

2.7646 

3 7 

4.5401 

4.3358 

2 7 

20.1146 

19.9078 

1 7 

58.0943 

57.8964 


Calc. 1 is with F,'; Calc. 2 with FJ 


Tables 4 and 5 give some representative values for the integrals and energy 
denominators for the two hamiltonians, and suggest that in most cases they are 
the same within about Fifteen percent for both calculations. Hence we can deduce 
that AE]> AE\ provided that 

1 V + A y > j y I<xx|t;|xfc>|^ 

2 ^ kix P^E^(x,k,CL) ■ 

One would expect this inequality to hold except for light atoms or molecules, 
when the summation over all q will contain very few terms. Table 6 shows the 
results for the two calculations on AlO in more detail. It confirms the arguments 
above, showing that AE]>A El, and that about half of A El arises from the term 
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Table 6. Contributions to /lEf and J£| for AlO (a.u.) 



AE\ 

AE\ 

I'.xdtation la-*ka 

0 

-0.002041 

Total from other a excitation 

-0.005709 

-0.002263 

Total from n excitation 

-0.000109 

-0.000101 

CIrund total 

-0.005818 

-0.004405 


I 


1 ^ 

' ' ' ' .It is this term in light molecules that could invalidate the 

/lE(x,k.a) ® 

inequality (3.4). The assumptions about relative sizes of molecular integrals and 
energy denominators in the two calculations appear to be partially justified by 
the close agreement between the contributions from /7 excitations. 

However the difference between the limited second order contributions does 
not explain the discrepancy between the energies obtained for the two calcu¬ 
lations, and higher order terms should be considered. While an actual calculation 


would be very tedious, there are two factors which suggest that ^ d E" > ^ d Ej. 

« = 3 »= 3 

Firstly, the matrix elements involved in the calculation of AE^ are a factor two 
smaller than the nonzero elements for A E". Secondly, although there are twice 
as many terms, because excitations of both spins contribute, they occur with 
opposite sign. There will therefore be some degree of cancellation in the higher 
orders of perturbation theory. 


4. Conclusions 

These results demonstrate the large errors that can occur when single 
eigenvalue methods are used, that is the hamiltonian is chosen to be the same 
for electrons in open and closed shells of the same symmetry. Moreover, these 
errors are the larger the more closed shells there are of the same symmetry as the 
open shell [4]. The same conclusions can be drawn from the behaviour of the 
Fock matrix under a unitary transformation of the orbitals, but the consideration 
of the second and higher order corrections may allow the errors to be minimised. 

This work suggests that of the two hamiltonians considered here, V 2 , which 
accounts correctly for the open shell/closed shell interactions, gives a better 
energy than K,'. Although the two hamiltonians dealt with in this paper are the 
intuitively obvious ones, there are many others which could be used. It would 
be possible to employ as the Hartree-Fock potential V 3 defined by 

N-i 

Y, {<.an\v\bny - <^an\v\nby} + <^ax\v\bxy — Xiax\v\xby 

M- 1 

where A is a variational parameter, chosen to minimise the total energy as given 
by Eq -f E\. Presumably this choice of A would also minimise the magnitude of 
the second order correction to the energy. 

The factors dealt with here are another aspect of the symmetry problems 
first raised by Lowdin [8]. He investigate the relationships between the 
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symmetry orbitals used and the total energy for closed shell molecules, and 
showed that it was sometimes possible to obtain a lower energy by employing a 
lower symmetry. Cizek and Paldus [9,10] and Hibbert and Coulson [11] have 
investigated the stability of the Hartree-Fock equations for both open and 
closed shell systems, and the former showed that for cyclic polyenes in the PPP 
approximation, the equations were always unstable to changes in symmetry. 
They were able to differentiate two types of instability for molecules with one 
unpaired electron, doublet and multiplet instability. The latter corresponds to 
spin polarisation and is always present, that is to say a lower energy will always 
be obtained if the restriction that electrons in the same orbitals have the same 
spatial dependence is lifted. Their doublet instability is formally related to the 
errors introduced by the single eigenvalue methods. 

There is an interesting distinction between their work and this paper. They 
showed that the energy could be lowered by lowering the symmetry, but the 
reverse can be true for the errors discussed here. This follows because the open 
shell orbital may be the only one of its symmetry type in a high symmetry, but 
not in a lower one. For example, the ^E' state in CHj has the conHguration 
(2 a',)^but in C 2 „ one component becomes with con¬ 
figuration (2n,)^ 3a,(lf),)^. The ofl'-diagonal multipliers connecting 

closed and open shells will be zero in D^,, but not in C 2 ,.; thus in D^, the single 
eigenvalue hamiltonian is exactly the same as the one in the double eigenvalue 
method. 

In this paper we have only considered the energy, but other molecular 
properties may also be affected. Again singly excited states will contribute to 
the expectation value unless the correct Hartree-Fock hamiltonian is used. It is 
only likely that this will be important if the property is very dependent on the 
unpaired electron, or if contributions from spin polarisation are important. 

Acknowledgements. The author would like to thank the Royal Commissioners for the Exhibition 
of 1K51 and University College, Oxford for research fellowships. 
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The total energy of the lowest'f/,. '/7^. ’/J, stales of Hj was minimi/ed in an extended Hartree- 
I'oek procedure employing a double configuration wavefunction. The exponents of the basis functions 
IV 2v. Ipn. 2pn, 3i/it were optimized separately for all four stales at various internuclear distances. 
The results show that the exponents arc strongly state and distance dependent. They cannot be generally 
represented hy atomic or equilibrium values. The details of the optimization process are presented. 

Die (iesamiencrgie dcr niedrigsten 'll,, 'll,, 'fl,. ^11, /ustiindc dcs wurdc in einem erweiterten 
llurtree-l ock Verfahren mit einer Doppolltonfiguration minimisiert. Die Exponenien der Basis- 
funktioncn l.s. 2.s. 2pa. 2pn, 3<ln wurden unabhangig fur alle vier Zust&nde bei verschiedenen Kern- 
absliinden oplimisiert. Die hrgebnissc zeigen cine starke Zustands- und Absutndsabhiingigkeit dcr 
I'.xponrnlen. Diesc kdnnen nicht allgcmcin durch atomare odcr Glcichgcwichtswerte dargestelll 
werden Die l.in/.elheiten dcs Oplimisierungsvcrfahrcns werden angegeben. 

Minimisation de lenergie totalc des plus bas ctats '/J,,-’/J,,'/J^,’/J^ de Hj dans un procede 
Hartree-Fock a deux configurations. Les exposants dcs fonctions de la base: l.s, 2s, Zpn, 2pn. "idn ont 
etc optimises sepurement pour les quatre etats pour diffirentes distances internucl6aires. Les r6sultats 
montrent que les exposants dependent fortement de I'etat ct de la distance. Ils ne peuvent pas etre 
gencralement representes par des valeurs atomiques et des valeurs d'6quilibre. Description des details 
du processus d'optimisation. 


I. Introduction 

The purpose of the present series of papers was to study the consequences of 
exponent optimization in limited basis sets in the MO LCAO framework. We 
chose the lowest excited n states of because this seemed to be the simplest 
case where such a comparative study would be interesting and feasible. In this 
paper we are concerned with the optimization process and the dependence 
of exponents on state and internuclear distance. Two subsequent papers give 
results for potential curves and one-electron properties [1] and a — n separation [2]. 
Our results suggest that in small basis sets exponent optimization of at least the 
dominant basis orbitals is necessary for each particular state and distance. Since 

* On leave to: Institut fiir Theoretische Chemic. Universitat Stuttgart. 

*• On leave to: Office of Computing Activities, National Science Foundation, Washington. 
D.C. 
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we find the exponents strongly state and distance dependent, it seems to be im¬ 
possible to represent them by atomic or single equilibrium values. 

We used double-configuration wavefunctions of the type 

= ( 1 ) 

For the /7, states = and for the f7, states <Phf = 

= (ff„7t,) were chosen. The terms in parentheses are the proper linear combi¬ 
nations of two determinants to define configurations of open-shell singlet and 
triplet states. The determinants are built up of MO’s Og, a^, 7t,, n^. These MO’s, 
below denoted by \p, are given as linear combinations of atomic orbitals with 
exponents 

H'i = lQ,x,(C,). ( 2 ) 

We used the following basis set of three <r AO’s and two n AO's on each nucleus: 
Is, Is, 2pCT, 2p7t, 3dn. We then built up symmetry AO’s where equivalent orbitals 
on each center were assigned the same exponents. The total energy of the double- 
configuration (1) 

^ODC— ‘^^^^HfI^I^HF^+ B^^'i^HF'l^l'^HF') 

+ 2AB<«P„F|//|d«„p> 

was minimized with respect to coefficients and A and exponents in a multi- 
configuration SCF procedure for various internuclear distances in the range of 
R - 1.5 to 10 Bohr. Details of the method can be found elsewhere [1,3]. In this 
paper, we are primarily concerned with some qualitative and quantitative 
consequences of the exponent optimization problem. 

2. Optimization Process 

The optimization was performed in the following way. We started with the 
exponents of the subset {l.v, 2.'?, Ipa, 2pn, 3dn] of the larger .set {l.s, 2s, 3s, 2pa, 3da, 
2pK, 3pn, 3dn, Adn, 4/7t} of Zemke et al. [3] for /? = 2 Bohr. First we optimized the 
exponent of the l.s AO by keeping the exponents of all the other orbitals fixed. 
By trial and error attempts, we searched for three exponent values for which the 
corresponding total energy contained a minimum. The optimal exponent was 
obtained by fitting a parabola through the three initial exponents. To make sure 
that the final exponent yields indeed a lower energy than any of the three initial 
values, the total energy was again calculated with all other exponents unchanged. 
Then, in sequence, the 2.s-, 2p(T-, 2pn- and 3 d 7 t-exponents were optimized in the 
.same way. No reoptimization of the exponents was attempted because of the 
expensive and time-consuming procedure. This means we relied on the assumption 
that each exponent optimization is independent of the others. This seems reason¬ 
able except perhaps for l.s- and 2s-orbitals. However, our goal was not high 
accuracy, rather it was to recognize the general problems of exponent optimization. 
In this spirit, most of the calculation was done in single precision except for a few 
eases where double-precision seemed to be necessary. 

Table 1 contains the energy dependence and virial theorem of such an 
optimization for the ‘77, state at 7? = 2 Bohr. It is obvious that the 2p7t-orbital 
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Table 1. Exponent optimization for '77. state at 2 Bohr 


Uff 

2.v(r 

2pa 

2pn 

2dn 

Eqoc 

<y>/<Ty 

l.(» 

l.to 

1.47 

0.45.1 

1.0 

-0.711101 

-2.0021 

099 





-0.712618 

-1.9964 

1 19 





-0.713030 

- 1.9998 

1 II 

1 10 




-0.713305 

-20021 


1.20 




-0.712039 

-2.0049 


1.00 




-0.713843 

-20097 


0.90 




-0.713640 

-20257 


0.9H 

1.47 



-0.713861 

-20123 



1..17 



-0.713549 

-20151 



1 .‘i7 



-0.714005 

-20097 



1 67 



-0.714008 

-20073 



1.77 



-0.713892 

-20052 



1.6.1 

0.451 


-0.714022 

-20083 




0.15 


-0.709494 

-20615 




0.6 


-0.701948 

-1.9048 




0.445 

1.0 

-0.714078 

-20131 





l.l 

-0.714131 

-2.0128 





1.1 

-0.714143 

-20122 





1.45 

-0.714101 

-20118 




0.42 

1.00 

-0.713822 

-2.0274 




0.442 

1.21 

-0.714152 

-2.0142 

1 09 

I.IO 

1.47 

0.451 

1.0 

-0.715675 

Ref. [3] 


plus udUitiunul orbitals 










-0.71859 

experimental 


plays the dominant role and changes in the 2/77r-orbital exponents cause significant 
changes in the total energy. Gradually less important are l.s-, 2.s-, 2p(T-orbital 
exponents, whereas the Sdn-orbitals do not significantly influence the total 
energy upon exponent variation. From the virial theorem ratio < K>/<r> in Table 1 
we can also conclude that the location of the minimum of the potential curve is 
shifted to values R>2 Bohr with increasing Czpx- ^^is indicates a necessity for 
exponent optimization of the 2p7t-orbital exponent in the range of R values about 
the equilibrium distance. 

We then proceeded to calculate points of the potential energy curves of all 
the four /7 states at f? = 1.5, 1.8,2.2,3,4,5,6,7,8,10 Bohr. With the above results 
of relative significance of the orbital exponents in mind, we optimized the 2 pn- 
exponents for all these distances, whereas the exponents of l.s-, 2.s-, 2pff- and 
3djr-orbitals were optimized only at i? = 1.5,3,6,10 Bohr and interpolated for the 
other distances. We took the optimal set of one distance as the starting set for a 
neighbor distance. Some of the particular features of general interest are discussed. 

The energy of the '/7, state at 4 Bohr shows a rather flat minimum with respect 
to 2p7t-exponent variation. However, there is a significant dependence of <F>/<T> 
on this exponent. Due to strong configuration interaction, the energy curve 
features a maximum in the range of intemuclear distances 3.5 ^ J? ^ 4.5 Bohr. 
The location of this maximum depends significantly on exponent optimization. 
Similar conclusions hold for the ^77, state. However, the 2p7r-exponents of */7, 
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Table 2. Analysis of '77, and ^77, state energies at 4 Bohr 



'n. 



^n. 



A 

B 

C 

A 

B 

C 


0.444 

0.455 

0.236 

0.444 

0.300 

0.254 


-0.56811 

-0.56695 

-0.60075 

-0.58126 

-0.60146 

-0.60273 

Ea 

-0.60514 

-0.60480 

-0.60348 

-0.59976 

-0.60561 

-0.60499 


-0.60586 

-0.60619 

-0.60364 

-0.60132 

-0.60636 

-0.60554 

(y>/<T> 

-1.9277 

-1.9263 

-2.1856 

-1.9131 

-11167 

-11686 


A all exponents optimized for '77, state. 
B { 2 in optimized for £odc fot 77, state. 
C Cj,, optimized for fot 77, state. 


and ■’/7j at 4 Bohr differ from each other considerably and so does the location 
of the maxima. Since the location of the maxima seems to be of interest, we have also 
investigated the following point of view: Consider the energy of a single configu¬ 
ration as reference energy and optimi2e the 2p7t-exponent in order to obtain a 
minimum of the SCF energy of this configuration. With this exponent, proceed 
to the multi-configuration SCF procedure. The results for '/7, and ^/7, states are 
in Table 2. It is clear from this table that the flat minimum of the Eqdc curve of 
'/7, with respect to Czpn docs not imply a flat minimum of the ^HF curve. Quite 
the opposite is true, namely there is an important dependence of the latter energy 
on the choice of the 2/wr-exponent. For the '/7, state this fact is more expressed 
since the optimal exponents ^ 2 />*(ODC) = 0.455 for ODC optimization and 
C 2 pk(HF) = 0.236 and for SCF optimization differ much more than for the ^77^ 
state. Comparing < F>/< T) for Eqdc calculated with either ODC or SCF optimized 
2p7:-exponents, we obtain a different internuclear distance R for the energy 
maximum in each case. 

At 6 Bohr the /7, states show another peculiarity. The 3d7t-orbital exponent was 
tentatively determined as 0.6 on the ODC level. We observed a distortion of the 
HF curve when this value was employed. The ODC energy curve was smooth. 
We checked this point and found that the distortion of the HF curve disappears 
for C values of about 0.65 to 0.7. This shows again that the SCF optimization follows 
a path different from ODC optimization. 

For 10 Bohr a particular problem arises because of the asymptotic limits. 
All four n states dissociate to hydrogen atom states (l.s, 2p) with C,,= 1.00 and 
C 2 p* = 0.5. The other orbitals are eliminated, i.e. their linear coefficients in the 
MO’s decrease to zero. This requires a high degree of accuracy in the integrals 
if the optimal exponents of 2s-, 2pa-, and 3d7t-orbitals are desired, since they 
contribute very little to the total energy. It is hard to predict to which limits these 
orbitals converge or even whether this is a meaningful question to ask. 


3. Optimal Exponents 

We have collected the results of our exponent optimization in Figs. 1-5. 
Here we have smoothed out the effect of interpolation for the exponents. The 
dashed part of Fig. 1 seems to be an artifact. The exponents should increase 
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Fi)! I. ()ptimal I .s-(irbital exponents { for fl states of H 2 in dependence of intemuclear distance R 



Fig 2 Optimal Z\- orbital exponents { for n states of Hj in dependence of intemuclear distance R 


toward the united atom limit with decreasing intemuclear distance. The curves 
for the 3(/7[-orbitals are probably less accurate than for the others, because 
their energy contribution was very difficult to trace. The Ogures show clearly 
a high dependence of the optimal exponents on the intemuclear distance. There 
is no way to make a good guess how they behave, except for the dominant 
orbitals at small and large R. There is a little a priori knowledge how significantly 
an orbital contributes to the total energy or another physical quantity at a 
particular distance. Some exponents would have to be optimized to four figures 
to guarantee six significant figures in the energy. There was no attempt made 
to achieve this goal, rather we were interested in the general features of nonlinear 
prarameter optimization. There are indications that small sets of orbitals even 
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i'lg. 3. Optimal 2p(T-orbital exponents ( for n states of H 2 in dependence of intemuclear distance R 



Fig. 4. Optimal 2p)r-orbital exponents { for 77 states of Hj in dependence of intemuclear distance R 



Fig. S. Optimal Bdx-orbital exponents ( for 77 states of in dependence of intemuclear distance R 
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with optimized exponents are not necessarily superior to medium-sized sets 
with little optimization [3], Perhaps the best compromise would be to optimize 
the exponents of a minimal basis set over the whole range of intemuclear distances 
and then add a number of orbitals so that the larger set can take care of the 
features of potential curves by linear parameter optimization only. 
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Various levels of approximation (Hartree-Fock, configuration interaction and double-configura- 
tinn Hartree-Fock method) are compared for extensive and limited exponent optimization of the 
atomic orbitals of the wavefunctions. The potential energy curves for the lowest-lying '/7,. 'fl,, 

■'ll, states of the hydrogen molecule are presented. The shapes of the curves on the highest level of 
approximation, i.e. with the optimal double-configuration wavefunction, are basically in agreement 
with previous, more sophisticated and time-consuming work. The influence of the various approxi¬ 
mations is also studied for several one-electron properties; charge distribution erf the wavefunction 
along and perpendicular to the molecular axis, quadrupole moment and core attraction energy distri¬ 
bution. Dilferences arise to the work of Zemke el al. [1], who used a limited expionent optimization 
with a larger basis set, in the fl, states where the it orbitals are very diffuse. The differences concern 
magnitude and location of minima and maxima of potential curves, as well as considerable changes 
in one-electron properties which depend strongly on the spatial distribution of the orbitals. 

Vcrschiedene Approximationsstufen (Hartree-Fock, Konfigurationenwechselwirkung und Doppel- 
konfigurationen-Hartree-Fock-Methode) werden fiir ausgedehnte und hegrenzte Exponentenoptimi- 
Mcrung von Atomorbitalen der Wellenfunktioncn verglichen. Die Potentialkurvcn fUr die niedrigsten 
'f7„, 'n,, 'll,, ^n, ZustUnde des Wassersloffmolckiils werden angegeben. Die Form der Kurven im 
Rdhmen der besten Naherung, d. h. mil Doppelkonfiguration. stimmen im wesentlichen mit friiheren 
aufwendigeren Rechnungen uberein. Der F.influB der verschiedenen Approximationen wird auch an 
einigen Hinelektroneneigenschaften studiert: Ladungsverteilung der Wellenfunktion langs und senk- 
rccht zur Molekiilachse, Quadrupolmoment und Verteilung der Rumpfenergie. Unterschiede er- 
Miheinen zur Arbeit von Zemke et al. [1], die einen grdDeren Basissatz mit begrenzter Optimisierung 
"crwandten, bei den n, Zustanden, wo die n-Orbitale sehr diffus sind. Die Unterschiede betreffen 
IroBe und Lage der Minima und Maxima der Potentialkurven sowie betrachtliche Xnderungen in 
lichen Einelektroneneigenschaften, die stark von der raumlichen Verteilung der Orbitale abhangen. 

Comparaison de diffirents niveaux d’approximation (Hartree-Fock, interaction de configuration 
: Hartree-Fock & deux configurations) pour des optimisations dtendues et limities des orbitales 
tomiques de base. Calcul des courbes d'inergie potentielle pour les plus bas 6tats 'IT,, 'll,, ^n, 

e la molicule d'hydrogine. Pour la fonction d'onde la plus raffinie; H.F. k deux configurations, la 
>nne des courbes est en accord avec les risultats obteous dans des travaux pr6o6dents plus complexes 

* On leave to; Institut fur Theoretische Chemie, Universitki Stuttgart. 

** On leave to; Office of Computing Activities, National Science Foundation, Washington, 
IC. 
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et plus coOteux. On 6tudie aussi I'influence dee divenei approximations tur ptutieun propriitis 
monoilectroniques: distribution de charge le long de I’axe moUculaite et perpendiculairement i 
celui-ci, moment quadrupoUire et distribution de I’inergie d'attraction de coeur. On trouve des 
difRrences avec te travail dc Zemke et ol. (1), qui utilisent une plus grande base partiellement optimisie, 
pour les iuts n, oil les orbitalM a sont tris diffuses. Les differences concement la grandeur et la position 
des extrema d« courbes de potentiel. ainri que des variations importantes des proprietis mono- 
electroniques qui dependent fortement de la distribution spatiale da orbitales. 


1. Introduction 

The purpose of this paper is to study various levels of approximation in the 
MO LCAO framework with the example of the lowest-lying ‘/7„ ‘/7,, ^/7, 

slates of the hydrogen molecule. Different types of wavefunctions were employed. 
The energies and expectation values of one-electron operators of a single-con¬ 
figuration type wavefunction are compared with those of a double-con¬ 
figuration wavefunction of Cl type = "^ci^hf + ^ci^hf- of extended 
Hartree-Fock type V'otx: = ^ooc^HF + ^oDc'f^HF - In the latter wavefunction the 
coefficients A and B are also subjected to a self-consistent iteration procedure. 
The configurations are built up of the proper linear combinations of determinants 
for each of the four fl states. and d>HF' are chosen in such a way that they 
allow for proper dissociation of the molecular states in excited atomic states. 
The molecular orbitals used are the lowest a^, n^, n, functions given as linear 
combinations of a small number of equivalent atomic orbitals on each center. 

The present approach was used by Zemke et al. [1] to study primarily the 
' fly stale, but also some of the characteristic features of the ^/7„,' /7, and *77, states. 
The present work is a generalization and complement of their study. Therefore 
we shall, in the next sections, be brief about the details of the method and emphasize 
only the differences arising in the present work. Most of the general features of 
the method are equal; the emphasis of the work of Zemke et al. [1] was on a 
limited exponent optimization of a medium-sized atomic basis set. Our objective 
was a full exponent optimization of a smaller basis set. Zemke et al. used the follow¬ 
ing atomic basis on each center {Is, 2s, 3s, 2pa, 3da, 2pn, 3pn, 3dn, 4dn, 4/n}. 
They optimized the exponents for these 2 x 10 basis functions for the state 
at R = 2 Bohr by minimizing the total energy of this state with a double-con- 
Tiguration function IPodc of extended Hartree-Fock type. They used these ex¬ 
ponents for the study of all the other distances from 7? = 1.5 to 10 Bohr of the 
potential energy curve Eqdc of also the ^77„ ‘77, and ^77, states. We 

employed a basis {Is, 2s, 2pa, 2pn, 3dn} on each nucleus. We optimized the ex¬ 
ponents of the orbitals at a number of distances covering the p>otential curves 
from 7? = 1.5 to 10 Bohr. The optimization was performed separately for each of 
the four states. Details of the optimization can be found elsewhere [2]. For 
comparison, we have also calculated the properties of the ^77„ ‘77, and ^77, states 
with the optimal exponents of the ‘77, states at the same distance. 

We find the potential curves characterized properly in magnitude and location 
of minima and maxima for calculations based on optimized exponents. With 
comparative calculations with a single-state exponent set, here of the ‘77, state, 
for all four states we find larger inaccurades in the magnitude than in the location 
of the minima. The location of the maxima with a small basis set is a difficult 
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problem. One-electron properties are more uniform for all four states when 
calculated with a single-state exponent set instead of separate optimization. The 
'/7, state exponent set leads to considerable inaccuracies for the 77, states where 
diihise n orbitals are involved. Details of Sections 3 and 4 lead us to ^ conclusion 
that exponent optimization of the dominant orbitals is necessary in small basis 
sets. 


2 . Hie Method 

We use the Hamiltonian of the hydrogen molecule in the form consisting 
of kinetic energy T and nuclear attraction-^-^ of each el«:tron, electronic 

repulsion -— and nuclear repulsion 

// = i/,+f/2-l--L + ± (2.1) 

ri2 K 

with H^ = T^-- -i- i = 1.2. 

r^i 


The approximate wavefunction is of double-configuration form 

9> = A4>i+B<p2 ( 2 . 2 ) 


where (P, and O 2 are orthonormal. The total energy of the system is 


£. 0 ... = + IABH^b) ( 2 . 3 ) 

with = 

To obtain a minimal energy with respect to A and B, we have to solve 


Ha-E Ha, 
Hab Hg — E 


( 2 . 4 ) 


We shall use a normalized wavefunction in the following. 

Each configuration consists of two determinants built up by a sigma 
MO a, and a pi MO n. 


[ ff,(l) 7 t,(l) 

— 

< 7 ,(l)jr,(l) 

i «T,( 2 ) 5 f,{ 2 ) 

+ 

a,( 2 ) 7 t,( 2 )| 


( 2 . 5 ) 


The minus sign refers to the singlet, the plus sign to the triplet state and the bar 
to fi spin. The MO set Jti.Kj is assumed as orthonormal. With these 
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wavefunctions, Hg and can be reduced to 


+ ( 2 . 6 ) 

^AB ■ 

For ct)nvenicnce, we have dropped the nuclear repulsion. 

and //„ are the usual core integrals and J and K the Coulomb and ex¬ 
change integrals 

102 * 1*1 ^2 I ^ 2 ) ' 

~ ^2 1*^1‘’' 2 ) • 

If we subject the energy (2.3) to variation with respect to the MO’s a, and 7t, 
(;■ = 1, 2) preserving the orthonormality, we obtain the following set of equations 


/(^(W,-f A, ± *,>,(I)-F 24 B(y,.,, ± J M1) = A,.tr,(1) 

BHH 2 + J„z ± K,,) <Tj(l)-F /I B(J.,., ± (T,(l) = A,,(Ti(l) 

24^(H, +J„^±KJn,{2) + A B(J„.„, ± J 7t2(2) = A., rr, (2) 
+ J„^ ± K„,) n^d) + A B(4_,„, + 7t,(2) = A,,7t2(2 ). 


These are the extended Hartree-Fock equations in double-configuration form 
for this particular two-electron case [3]. The A’s are the Lagrange multipliers. 
The other multipliers vanish for symmetry reasons; As mentioned in the intro¬ 
duction, we used only one MO of each of the symmetry types ct,, 7t„, The 
J's and ^f’s are the usual Coulomb and exchange operators 



^^i(2) 


(^i(2) 

■^*.*2<^2(1)= < 

('^,(2) 

lf*.*2‘^2(l)=< 

("^.(2) 


'12 

1 

'■12 

1 


7t,(2)) ffi(l) 


' 12 


cr,(2)y 71,(1) 
7t2(2)\ <T2(1) 


12 


CT 2 ( 2 ))jt 2 (l) etc. 


After expansion of the MO’s in atomic orbitals Eqs. (2.7) can be written in matrix 
form 


F,Cj —SjCjA, i — ff,, o' 2 , Tij, 712 


( 2 . 8 ) 
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where the double-configuration self-consistent field Hamiltonians are defined as 




The repulsion energy matrix Q and coupling energy matrix W are obtained from 
contraction of supermatrix Q. For example 

Qai ^itim Qxixiaiai » 

C,,) (S,. + (S,. C„.) 

^.J = C0 i,y = ffi.'Ti,7r,,7t2. 

Qij*; — •fijiii i ^ijw • 


The J’s and If’s are the usual electronic repulsion integrals over atomic orbitals 
i,j, k, I. The formulas for the other cases are similar. 

Solutions of the coupled Eqs. (2.8) yield the double-configuration self-con¬ 
sistent field MO’s which allow us to calculate the energy and expection values 
of one-electron operators. The Hartree-Fock case is contained in the formalism 
with /I = 0 or B = 0. In the following the energies and Hg are denoted by 
and £hf - ^he configuration interaction energy is then obtained by solving 
Eq. (2.4). The coupling energy H^g, now denoted by £coupiin»> has to be calculated 
separately. The final energy £odc referring to the MO’s which are solutions of 
the coupled Eqs. (2.8) and (2.9) is obtained after self-consistent iteration of both 
linear AO coefficients C, and configuration coefficient A. We employed an iteration 
procedure which alternately improves C, and A in single steps. 

In the following sections, we have chosen consisting of MO’s and 
for /7„ states and and n, for 11^ states, whereas ^hf- consists of (t„ and n, for /7„ 
states and a„ and 7t„ for 77^ states. The MO’s are those belonging to lowest 
eigenvalue for each symmetry type of operator F of (2.9). The atomic basis set 
consists of symmetry adapted orbitals; three a AO’s {l.s, 2s, Ipa} and two n AO’s 
{2p7t, 3d7r} on each center with equal exponents for equivalent orbitals. 


3. Potential Energy Curves 

The results of this paper are based on extensive exponent optimization of 
the symmetry adapted atomic basis set. The final exponents are collected in Table I. 
The exponents of the Is, 2.s, 2 pa and Mn orbitals were optimized at /? = 1.5,2,3, 
6 and 10 Bohr. For the other distances the exponents were interpolated linearly. 
The 2p7r-orbital exponents were optimized at all distances listed. All exponents 
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Fig. 1. ODC mixing coefficients A and differences A A between '/7, based and optimal values 


were determined by minimizing £odC’ except and ^77^ at /? = 1.5 to 3 Bohr. 
These exponents were optimized so to minimize rather than Eooc- ^e reasons 
for doing so were purely economical. This part of the work involving integrals 
with such small exponents was finished only recently with a different program, 
whereas the other part was done two years ago. Our calculations indicate that 
we can safely assume that configuration interaction is so small for the range 
R = 1.S to 3 Bohr that not much improvement would result from optimizing 
£odc- principle the values for the 2pn-exponents would slightly increase. 

Fig. 1 presents, on the ODC level, optimal coefilcients A and differences 
d/4 = /4' —between mixing coefficients A' calculated with ‘77. exponents and 
optimal coeBicients A. The results are also that the OE)C approximation tries 
to mix the two configurations more than the Cl approximation. 

From the potential energy curves in the following tables this will become 
clearer. If is the dominant configuration, A is decreased when going from Cl 
to ODC, otherwise it is increased. For the optimized exponents (Table 1) the 
configurations of the 77, states are more strongly mixed than for the non-optimized 
exponents. The situation is reversed for the ^77, state. 

Tables 2-5 contain the self-consistent field energies ^HF and £hf- of the two 
configurations #hf ^hf’> ^cir configuration interaction energy Ea and the 
optimum double-configuration energy Eqdc and the coupling energy fcoupiim 
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Tabic 2. Potential energy curves and coupling energy for state of Hj 


R 




£out 

nouplinf 

£SSf“** 

1 5 

0 6WI 

0.02498 

-0.69612 

-0.69700 

-0.00082 

-0.00260 

1 K 

-0.711.36 

-0.12102 

-0.71198 

-0.71.301 

-0.00125 

-0.00330 

l.'iS 

-0.71249 

-0.17596 

-0.71326 

-0.71433 

-0.00155 

-0.00369 

2.0 

-0 71223 

-0.19217 

-0.71307 

-0.71415 

- 0.00167 

-0.00383 

*> 

0 709(Xl 

- 0.24X34 

- 0.71014 

-0.71122 

-0.00228 

-0.00445 

3,0 

0.6X040 

0..38819 

-0.68378 

-0.68447 

-0.00668 

-0.00809 

40 

0.64228 

- 0.46440 

-0.65188 

-0.65202 

-0.01826 

-0.01868 

.3 0 

0 61376 

0.49673 

-0.6.3353 

-0.6.3404 

-0.03455 

-0.03583 

(>0 

0..39494 

- 0.520X7 

- 0.62097 

-0.62701 

- 0.041.33 

-0.05193 

7 0 

0 3X240 

0.52254 

-0.62109 

- 0.62475 

-0.05557 

-0.06220 

KO 

0.37227 

-0.52463 

-0.62189 

-0.62428 

-0.06571 

-0.07010 

100 

0.3,3476 

0.32626 

-0.62379 

- 0.62448 

-0.08084 

-0.08212 


K 

1 able 3. P(ilcnlial energy curves and coupling energies for 

■’//, .state i)f H j 


^'(11 

/•-in 

/■:ci 

^OIX 

£;couplln, 


1 3 

0.713.34 

0.0.3694 

0.71.383 

-0.71426 

-0.00098 

-0.00185 

I.X 

■ 0.7.3012 

0.09805 

-0.73091 

-0,73135 

-0.(8)158 

-0.00246 

1 93 

0 73169 

- 0.1.3015 

0.73268 

-0.73309 

-0.00198 

-0.00281 

2,0 

0.73136 

■ 0 16,390 

- 0.73263 

0.73303 

-0.0021.3 

-0.00294 

2 2 

0.72869 

0.22122 

-0.7.3009 

- 0.7.3044 

- 0.(8)280 

-0.00351 

3.0 

■ 0.7(8)20 

• 0 37222 

-0.70343 

- 0.70.361 

-0.00644 

0,00680 

4 0 

-0.W.1I9 

0.36585 

■ 0.66829 

-0.66847 

-0.01371 

-0.01421 

5.0 

-0.63179 

-0. .30908 

0.64306 

-0.64554 

-0,02417 

-0.02547 

6.0 

-0.61186 

-0.5.3408 

-0.6.3082 

-0.6.3388 

-0.03171 

-0.03781 

7.0 

- 0.397W) 

0.3.3971 

-0.62643 

-0,62886 

-0.04.327 

-0.04825 

8.0 

0.58691 

-0.54326 

- 0.62475 

-0.62685 

-005168 

- 0.05587 

10.0 

•0.57(M6 

-0,54536 

- 0.62470 

-0.62564 

- 0.06430 

-0.06613 



Table 4. 

Potential energy curves and coupling energies for 

'/7, stale of Hj 


R 

/'nil 

/■nil 

E,. 

E,,ix 

frcuuplinK 

Ml 

£*co^^lin( 

1.5 

- 0.6.3663 

-0.050.39 

-0.63671 

-0.6.3671 

-0.00017 

-0.00017 

1.8 

- 0.6.3459 

-0.18078 

-0.65472 

-0.6.3472 

-0.00025 

- 0.00026 

2.0 

-0.65693 

-0.25975 

-0.65711 

-0.65711 

-0.00034 

-0.000.35 

2 2 

-0.65513 

0.31647 

-0.65536 

-0.65536 

-0.00046 

-0.00047 

3.0 

-0.63198 

-0.4674.3 

-0.6.3267 

-0.6.3270 

-0.001.38 

-0.00145 

4.0 

-0.56695 

-0.55136 

-0.60480 

-0.60619 

-0.04431 

-0.04693 

5.0 

-0.54497 

-0.56928 

-0.611.36 

-0.61802 

-0.05158 

-0.06290 

6.0 

-0.54146 

-0.57560 

-0.61391 

-0.62-340 

-0.05012 

-0.06579 

7.0 

-0..3.3013 

-0.57316 

-0.61912 

-0.62520 

-0.06061 

-0.07081 

8.0 

-0.52685 

-0.56765 

-0.62155 

-0.62563 

-0.06869 

-0.07562 

10.0 

-0.326.34 

-0.55400 

-0.62451 

-0.62551 

-0.08200 

-0.08377 
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Table 5. Potential energy curves and coupling energies for state of 


R 

^■HF 

^HF- 


^ODC 


fiSSf"”* 

1.5 

-0.63693 

-0.05220 

-0.63698 

-0.63703 

-0.00010 

-0.00019 

1.8 

-0.65497 

-0.19146 

-0.65505 

-0.65511 

-0.00015 

-0.00028 

2.0 

-0.65739 

-0.26142 

-0.65750 

-0.65757 

-0.00020 

-0.00036 

2.2 

-0.65569 

-0.31790 

-0.65583 

-0.65592 

-0.00028 

-0.00046 

3.0 

-0.63303 

-0.45860 

-0.63346 

-0.63366 

-0.00085 

-0.00127 

4.0 

-0.60143 

-0.54674 

-0.60558 

-0.60634 

-0.00775 

-0.00931 

5.0 

-0.56160 

-0.58410 

-0.60960 

-0.61253 

-0.03331 

-0.03903 

6.0 

-0.55573 

-0.58957 

-0.61560 

-0.61962 

-0.03629 

-0.04386 

7.0 

-0.54934 

-0.58753 

-0.6t942 

-0.62247 

-0.04384 

-0.04975 

8.0 

-0.54745 

-0.58224 

-0.62140 

-0.62362 

-0.05120 

-0.05553 

100 

-0.54629 

-0.56944 

-0.62366 

-0.62444 

-0.06375 

-0.06528 


for all four 77 states with the optimal exponents for each state. With respect to 
the hierarchy of models HF, Cl and ODC we observe that most of the corre¬ 
lation energy is in the step from HF to Cl and little further energy decrease 
results from going from Cl to ODC level. The difference between Cl and ODC 
energies increases with increasing internuclear distance in the range /{= 1.5 to 
10 Bohr, reaching a maximum at =6 Bohr. From calculations not presented 
here, we can also learn that exponent optimization always improves £odc I’ut 
the corresponding £hf might be higher than the £hf of a non-optimized exponent 
set. This is particularly true when configuration interaction becomes important. 
For and ^77, this is true for 7? S 5 Bohr, for ^77^ for ^ 4 Bohr. The Hartree- 
Fock curves are in general far too high with the ODC optimized basis set and 
so there is little meaning in considering the difference between £odc ^nd £hf 
in our calculations as a good description of the correlation energy. With the 
(sometimes only little) improvement of £odc sacrifice information about £hf. 
With a larger basis set, even with limited exponent optimization, there seems 
to be more flexibility in linear combinations to represent both self-consistent field 
states HF and HF' satisfactorily. This is particularly true for 77^ states, but also 
for the ^77„ state [4]. 

The complete set of potential curves for the four 77 states is given in Figs. 2-5. 
The easiest way to describe them is to say that the £odc curves of '77„ and ^77„ 
states calculated with the optimal exponents of Table 1, match almost exactly 
the results of Browne [5]. For the *17^ states Browne [6] lists only values at 8 
and 10 Bohr. Our values agree with those, too. 

For *77, our results are inferior to those of Zemke et al. [1] for 77 < 6 Bohr. 
For larger distances our results are better because their fixed 2pn exponent 
could not converge to the proper limit. The difference between the two curves 
£odc and Eqix: is, however, not considerable. Both curves show a minimum at 
about 1.95 Bohr quite in agreement with the extensive calculation by Kolos and 
Wolniewicz [7]. At larger distances both £odc and £odc i^ave a hump not visible 
in the figure. From the virial theorem ratio of potential and kinetic energy this 
maximum is located in our calculation at about 7.8 Bohr, whereas the more 
precise calculation by Kolos and Wolniewicz [7] locates it at 9 Bohr. 
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Fig. 2. Potential energy curves of ‘77, state of H 2 ; £|if and Haitiee-Fock curves, £ooc present optimal double-configuration curve, (dashed) curve of Ret [1] 

Fig. 3. Potential energy curves of ^77, state of Hj; £hf and Eht Haxtree-Fock curves, £qoc present optimal donUe-confignration curve, £i^ curve with '■U, 

exponents. £^ (not shown because it almost coincides with £aoc) curve of Ret [1] 



-0 50 
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exponents, curve of Ref. [1] 

Fig. S. Potential energy curves of state of H,; £hf and Fhf- Hartree-Fock curves, £coc present optimal double-configuration curve of H 2 , £a>c curve with 

'n, exponents, £^ 0 ,- curve of Ref. [1] 




28 


K. Jug. P. G. Lykos. and A. D. McLean: 



I ig (i. OfX' kincdc cncrg/cs '/ and diflcrcnccs A /' between '//„ based and optimal values 


Tlie £(,oi potential curve for •^//, is slightly lower than Zemke et al.'s denoted 
hy - Wc prefered not to include it in the figure because it is almost in¬ 
distinguishable from ours. Both curves have a minimum at R = 1.95 Bohr and no 
maximum. The potential curve £odc for if**!* state calculated with the exponents 
of '//„ is quite inferior to both £oix- and ^onc locates the minimum correctly, 
hlowever, here the virial theorem is not of much help since the internal distribution 
of kinetic and potential energy is way off the correct ratio for this case. 

Most interesting are the states, where exponent optimization comes to 
full fruition at small internuclear distances. The fully optimized curve £odc 
lower than Zemke’s curve £odc, which in turn is lower than the curve Eqdc' 
based on the ‘ /7„ optimization. All three curves show minima at about R = 2.00 Bohr 
which, for the ’/J, state, is in agreement with the more extensive calculation of 
Wright and Davidson [8]. For there is a maximum between 4 and 5 Bohr 
which is correctly located on all three levels of approximation £odc» ^odc 
£odc- Quite interestingly, the larger basis set of Zemke et al. is more favorable 
than the present optimized set at some distances where strong configuration 
interaction occurs. We attribute this to the flexibility of linear optimization which 
can decrease the energy of both Hartree-Fock curves £hf und ^HF'* whereas non¬ 
linear parameter optimization seems to favor one curve at the costs of the other. 
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rig. 7. ODC electronic energies and dilTerences A £,| between '/7, based and optimal values 


For larger distances R^6 Bohr our asymptotic set gains advantage over the 
unoptimized set by Zemke et al. 

Similar consquences hold for the ‘/I^ state, where we locate the maximum 
at about 3.85 Bohr, whereas Zemke et al. located theirs tentatively at about 
4.2 Bohr. Since they do not list values referring to the virial theorem, their choice 
is somewhat arbitrary. The precise location of the maximum has to await further 
investigation. The features of these curves are well-represented also in the less 
optimized Eodc curves although the location of the maxima undergoes a shift 
to smaller R values. 

In the asymptotic limit of the ODC level all four states dissociate to the same 
atomic states. But and ^77^ approach each other more closely and so do 
and *77,. This is expressed in the energies at 10 Bohr. 

Figs. 6-8 contain the ODC energy breakdown and virial theorem for all 
four 77 states with the optimal exponents and differences to *77„ state based 
values of these quantities. Further calculations show an increase of kinetic energy 
when going from the HF level to the ODC levels for '77„, ^77„ and ^77, states. 
For ‘77, there is a surprising decrease of kinetic energy for 7? ^7 Bohr. The 
increase of kinetic energies is certainly more than compensated by a decrease 
of potential energy. As far as a comparison of the two levels of exponent optimi¬ 
zation is concerned, we can say that exponent optimization increases the kinetic 



Fig. 8. one virial theorem ratio;. Fand difTcrence.s A V between 'll, based and optimal values 


energy of the '^/7. state, but decreases it for internuclear distances smaller than 
4 Bohr, for the /7, states. One might conclude that the wavefunction tries to 
contract upon exponent optimization for the ^77, state and expand for the 77, 
states. Details can be found in the next section. 


4. Properties of One-Electron Operators 

The density distribution perpendicular to the molecular axis can be analyzed 
by studying the expectation values of the distribution along this axis by 
studying zf. 

Perpendicular to the molecular axis, measured by q^, there is a slight contrac¬ 
tion in the 77. states, whereas the 77, states show a contraction for smaller distances 
and an expansion for larger distances when going from the HF level to the ODC 
level. Comparison of the four states shows again that ^77. is more contracted 
than ‘77. whereas the 77, are far more expanded (Fig. 9). The distributions of all 
four states come very close to each other when calculated with the exponents 
of 'n.. 

Comparing the levels of approximation we And that when going from HF 
to ODC, <z^> increases for the 77. states and decreases for the 77, states. Simply 
speaking, the ODC functions on each atom for the 77. states try to expand to 
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I 'ig. 9. ODC squares of wavefunclion extensions perpendicular to molecular axis and differences 

between ‘/7, based and optimal values 


gain energy, whereas they try to contract for the fJ^ states. This fact can be at¬ 
tributed to the different nodal character of the admixture for 77. and /7, 
states. Comparing the extensions of /7, states with 77, states calculated with optimal 
exponents we can say that the 77. states are more diffuse than the 77„ states and 
^77„ is more contracted than the ‘77, state. It is no surprise to find that with the 
'77, optimized exponents the other three try to approach the extensions of 
of '77,. For ^77,<z^> increases, whereas for the 77, states it decreases (Fig. 10). 
Again we observe that the asymptotic limit shows at 10 Bohr where the ODC 
values of <z|> for ‘77, and ^77, on one hand and ^77, and '77, on the other hand 
are very close. This trend can be observed also for the other one-electron properties. 

Quantities <e^> and <zf> allow us to calculate the quadrupole moment 
<3zf - rly with respect to an atomic origin. The calculations show that the fly 
states are more expianded perpendicular to the direction of the molecular axis for 
small intemuclear distances, and in the direction of the molecular axis for large 
internuclear distances. The 77, states show a distribution which is always more 
expanded in the direction of the molecular axis than perpendicular to it. 

The major portion of nuclear attraction energy attraction 

<sin^d/r,> perpendicular to the molecular axis than to attraction along the 
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t'lg. 10. OIK' squares ol wavulunciion extensions parallel to molecular axis and diflerences A:l 
between 'll, based and optimal values 


tliTcclion of \hc axis. The ratio <sin^ V''o)’ is "very similar for all four slates, 

being about 0.6. For comparison, in a spherical distribution this ratio would 
be 0.666. The expectation values for all four states arc coming closer together 
if they are calculated with the ‘/7, optimized exponents. 

Tables 6 9 contain the eigenvalues of the double-configuration self-consistent 
field Hamiltonian F of (2.9). For the Hartree-Fock level, these are the orbital 
energies of the two MO’s of and ^hf’ calculated separately with B = 0 or 
A = 0. The ordering of the levels is < A,^ except for the /?, states 

at 10 Bohr where A„^ < A„ . These levels should approach -0.38 for the a MO’s 
and -0.003 for the 7t Mc5’s. There is no indication for these limits at 10 Bohr. 
The reason is that the electronic interaction is still very strong, i.e. in the order 
of 0.1 Hartrees; the kinetic energy has already approached the proper limits very 
closely. The only other remarkable feature is the positive orbital eigenvalue of 
the MO Jij of at 2.2 Bohr with the optimal exponents, which disappears for 
a ‘/7, exponent calculation. The ODC values are the Lagrange multipliers. For 
small distances, the two multipliers referring to orbitals of configuration 4 >hf 
are close tb their corresponding SCF values, whereas the other two have no 
resemblance to the SCF values. The more mixing occurs between the two con¬ 
figurations ^hf ^"(1 ^HF' more the Lagrange multipliers decrease for the 
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Table 6. Eigenvalues of 'H, state of H, 


R 


o. 




1.5 

-1.02222 

-0.43665 

-0.11454 

-a 01860 

HF 


-1.02359 

-0.00290 

-0.11699 

-0.00227 

ODC 

1.8 

-a93406 

-a47430 

-0.11230 

-0.02505 



-0.93560 

-0.00392 

-0.11537 

-0.00292 


1.95 

-0.89591 

-0.48713 

-0.11120 

-0.02600 



-0.89750 

-0.00455 

-0.11461 

-0.00330 


2.0 

-0.88398 

-0.49048 

-0.11083 

-0.02600 



-0.88558 

-0.00478 

-0.11436 

-0.00343 


12 

-0.83939 

-0.49993 

-0.10942 

-0.02490 



-0.84099 

-0.00585 

-0.11346 

-0.00404 


3.0 

-0.70392 

-0.50736 

-0.10410 

-0.02209 



-0.70391 

-0.01381 

-0.11093 

-0.00793 


4.0 

-0.59252 

-0.48930 

-0.09766 

-0.01920 



-0.58291 

-0.04279 

-0.11158 

-0.01958 


5.0 

-0.52220 

-0.47062 

-0.09069 

-0.01959 



-0.49221 

-0.09654 

-0.11480 

-0.03824 


6.0 

-0.47983 

-0.47708 

-0.08403 

-0.03033 



-0.43009 

-0.14979 

-0.11701 

-0.05573 


7.0 

-0.45774 

-0.44925 

-0.07762 

-0.02637 



-0.38778 

-0.19182 

-0.11590 

-0.06898 


8.0 

-0.44396 

-0.43427 

-0.07024 

-0.02614 



-0.36112 

-0.22038 

-0.11478 

-0.07891 


10.0 

-0.42671 

-0.41799 

-0.05438 

-0.02641 



-0.33111 

-0.25657 

-0.11336 

-0.09315 




Table 7. Eigenvalues of ^ff, state of H 

2 


R 


o. 


’t. 


1.5 

-0.98849 

-0.42247 

-0.13276 

-0.00680 

HF 


-0.98948 

-0.00210 

-0.13449 

-0.00170 

ODC 

1.8 

-0.90092 

-0.44642 

-0.13177 

-0.00230 



-0.90208 

-0.00300 

-0.13403 

-0.00229 


1.95 

-0.86394 

-0.45370 

-0.13113 

-0.00035 



-0.86515 

-0.00355 

-0.13369 

-0.00263 


10 

-0.85239 

-0.45592 

-0.13089 

-0.00009 



-0.85362 

-0.00376 

-0.13355 

-0.00275 


12 

-0.80907 

-0,46241 

-0.12989 

0.00182 



-0.81031 

-0.00474 

-0.13301 

-0.00333 


3.0 

-0.68155 

-0.48000 

-0.12467 

-0.00593 



-0.68196 

-0.01147 

-0.13020 

-0.00677 


4.0 

-0.58474 

-0.48564 

-0.11716 

-0.02151 



-0.57947 

-0.03099 

-0.12717 

-0.01487 


5.0 

-0.52749 

-0.48025 

-0.10891 

-0.03264 



-0.50568 

-0.06952 

-0.12462 

-0.02828 


6.0 

-0.49220 

-0.48287 

-0.10094 

-0.04386 



-0.44518 

-0.12015 

-0.12010 

-0.04424 


7.0 

-0.47047 

-0.46333 

-0.09272 

-0.04393 



-0.39668 

-0.16891 

-0.11532 

-0.05915 


8.0 

-0.45706 

-0.45163 

-0.08488 

-0.04516 



-0.36362 

-0.20418 

-0.11144 

-0.07035 


10.0 

-0.44199 

-0.43719 

-0.07034 

-0.04631 



-0.32668 

-0.24583 

-0.10678 

-0.08487 
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Table 8. Eigenvalues of 'll, state of Hj 


R 

", 


71. 

”, 



1.3 

- 1.13635 

0.49951 

-0.09414 

-0.05539 

HE 


- 1 1.1629 

-0.00025 

-0.00018 

-0.05555 

ODC 


I.S 

I 04359 

-0.52773 

-0.09376 

-0.05544 




- 1.04.144 

-0.(XX>4I 

-0.00028 

-0.05569 



2 0 

0.99060 

-0.54276 

-0.09332 

-0.05542 




- 0.99034 

-0.00059 

-0.00039 

-0.05575 



2_2 

- 0.94358 

-0.55509 

- 0.09270 

-0.05541 




-0.94315 

-0.00086 

-0.00053 

-0.05584 



.1.0 

-0.79876 

-0..580I2 

-0.08994 

-0.05541 




0.79615 

-0.(K)384 

-0.00181 

-0.05663 



4.0 

- 0..591I0 

0.49236 

-0.10624 

-0.02197 




-0.38974 

0.2.5473 

-0.09090 

-0.05927 



3 0 

- 0.52912 

0.46234 

-0.09248 

-0.02147 




0.25565 

■ 0.35225 

-0.11903 

0.06763 



f] 0 

0 49956 

0.45476 

0.08538 

-0.03004 




0.22853 

0.36530 

-0.11989 

-0.07187 



7.0 

- 0.458.56 

- 0.44.506 

- 0.07729 

-0.02483 




- 0.22768 

0.36112 

0.11911 

-0.07776 



8.0 

- 0.43739 

-0.4.1710 

-0.06940 

- 0.02441 




-0.2.1749 

-0.35042 

-0.11738 

-0.08408 



10.0 

- 0.41827 

-0.42537 

-0.05428 

- 0.02605 




- 0.26029 

-0.32995 

-0.11452 

-0.09476 





Tabic 9. Eigenvalues of ^11, state of H 

2 



R 

", 


n. 

”, 



1.5 

- 1.13606 

- 0.50099 

-0.09579 

- 0.05567 

HE 



■ 1.1.1601 

-0.00025 

-0.00018 

-0.05585 

ODC 


1.8 

- 1.04.101 

-0.52924 

-0.09534 

-0.05581 




- l.(M289 

- 0.00040 

-0.00027 

-0.05608 



2.0 

- 0.98993 

- 0.54397 

0.09495 

-0.05586 




-0.98972 

- 0.00055 

-0.0(X)36 

-0.05621 



2.2 

-0.94258 

-0.5.5624 

-0.09425 

-0.05596 




-0.94225 

-0.00077 

-0.00047 

-0.05640 



.1.0 

-0.79718 

-0.58079 

-0.09138 

-0.05651 




0.79535 

-0.00299 

-0.00142 

-0.05761 



4.0 

-0.65900 

-0.55180 

-0.10159 

-0.05649 




-0.62118 

-0.04814 

-0.01577 

-0.06183 



5.0 

- 0.53888 

-0.48251 

-0.10747 

-0.03852 




-0.23116 

-0.35058 

-0.10614 

-0.05219 



6.0 

-0.50540 

-0.47139 

-0.09947 

-0.04469 




-0.20069 

-0.36807 

-0.11008 

-0.05680 



7.0 

-0.47303 

-0.46149 

-0.09184 

-0.04463 




-0.20288 

-0.36241 

-0.10997 

-0.06357 



8.0 

-0.45573 

-0.45341 

-0.08415 

-0.04558 




-0.21739 

-0.34857 

-0.10832 

-0.07125 



10.0 

-0.43786 

-0.44148 

-0.06981 

-a04606 




-0.24691 

-0.32383 

-0.10555 

-0.08417 
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configuration 4 >hf increase for the configuration ^hf' absolute value, so 
that (T, approaches a, and re, approaches The asymptotic limits should be 
-0.25 for ff and —0.06125 for tc. Again we observe that the eigenvalues for all 
four states are close together when all are calculated with ‘77, exponents. 

Tables 10-13 contain the eigenvectors. For all four states we observe little 
change in the coefficients of configuration ^hf when going from the HF level 
to the ODC level. The changes increase with increasing configuration interaction. 
They are relatively larger for the less important AO’s 2s, 2pa and 3d7t than for 
the dominant Is and 2pn. The HF' MO’s show decreasing change for the Is and 
2p with increasing interaction, i.e. they are more stabilized by configuration 
interaction. There is, at all distances an important change in the coefficients of 
Is, 2p<J and 3dn AO’s of this configuration ^hf-- For large distances the coefficients 
of Is and 2pn should approach l/l/2, whereas the other coefficients should vanish. 
At 10 Bohr this trend becomes apparent. At small distances the most remarkable 
fact is the great difference in the coefficients of the a MO’s for ’77^ and ^77, states 
which has no counterpart in the energy. It could very well be that the way in which 
the Is, 2s, 2pa exponents for 1.5 Bohr were obtained had an influence on the 
coefficients. One might conclude that the dependence of the linear coefficients 
on the exponents is expressed in such a way that the coefficients can take care 
of a redistribution of the charge so that there is almost no energy change when 
going from ‘77^ to ^77^. We also emphasize that we did not reoptimize after 
obtaining the first optimized set of exponents. The discrepancy between '77, 
and ^77, coefficients at 1.5 Bohr disappears when results of the 77, states are based 
on the ‘77, state exponents. 


5. Ccmciusion 

The purpose of the present paper was a characterization of the features of 
the four lowest-lying 77 states of the hydrogen molecule. We employed a double¬ 
configuration wavefunction and three levels of approximation, namely HF, Cl 
and ODC for energies and one-electron properties. We compared these properties 
for two sets of exponents: one set based on optimization of the '77, state and 
taken also for all the other states and the other set based on optimization of all 
four states separately. 

We found that the potential curves and £odc are characterized properly 
with maxima and minima on the Cl and ODC level, and also the HF level is 
represented properly by the £hf and £hf- curves. The emphasis on the accuracy 
of the HF level is decreased when the accuracy of the ODC level is increased. 
This can be seen from a comparison of the results for the ^77, and 77, states with 
'77, exponents and optimal exponents. The location of the maxima and minima 
of the potential curves is also dependent on the exponents. We find minima for 
77, and 77, states properly at 7? = 1.95 and R = 2.00 with the optimal exponents. 
The maxima for' 77, at 7? = 7.8 Bohr, for' 77, at 7? = 3.8 Bohr and ^77, at 7? = 4.2 Bohr 
are less secured. They probably depend on the choice of the basis set. 

An analysis of the one-electron properties shows uniformity for the four 
iitates when calculated with the same set of exponents, whereas significant differ- 
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Table 10. Eigenvectors of state of H 
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8.0 0.69414 0.01168 0.00817 0.70410 0.00957 0.01982 - 0.60340 0.06386 0.82119 - 0.05513 

0.69326 0.01299 0.00515 0.69660 0.01935 0.00675 0.62102 - 0.00316 0.84504 0.00085 

10.0 0.67057 0.04084 0.00379 0.67325 0.03937 0.01074 0.65043 0.03767 0.77303 -0.00905 

0.66733 0.04452 0.00123 0.66735 0.04607 0.00306 0.65495 - 0.00093 0.77417 - 0.00052 
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ences between the states begin to show when their properties are calculated for 
each with its own optimal exponents. 

There are problems with exponent optimization which are difficult to resolve, 
in [>articular, the dependence of the exponents on each other and the dependence 
of the linear coefficients on the exponents. We find exponent optimization necessary 
when the MO’s are much more diffuse or contracted than either limit for large 
or small internuclear distances so that a prediction for intermediate distances 
is not possible. This happens to be the case for the 17, states at the energy minimum. 
From our results we conclude that it would be b^t to optimize the exponents 
of the dominant orbitals, here Is and 2pn, and add a larger number of further 
functions which are not optimized but which allow us by linear coefficient optimi¬ 
zation to describe the features of potential curves properly. 
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The a-n separation of energies and one-electron properties of the four lowestlying U states of the 
hydrogen molecule considered in the preceding paper [1] is presented. The calculations are based on 
separate exponent optimization for all four states. The values of the tf electron properties of the four 
states are much closer than those of the n electrons. The degree of uniformity of the n electron property 
values increases when a lesser level of approximation based on a single-state (’/J.) exponent set is used. 
The assumption of equal puirameter values for different states in scmicmpirical n electron methods is 
valid only on this level. Conclusions based on this assumption cannot lead us to a representative 
description of the antibonding character of molecular states. 

Die a - n-Separierung von Energien und Einelektroneneigenschaflen der vier niedrigsten fl 
Zustiindc des Wasserstoffmolekiils, die in der vorhergehenden Arbeit [1] bctrachtet worden sind, 
wird angegeben. Die Rechnungen basieren auf getrennter Exponentenoptimisierung fUr alle vier 
Zustande. Die tr-Elektroneneigenschaften der vier Zustande sind untereinander ahnlicher als die der 
x-Elektronen. Auch diese werden sich ahnlicher auf einer niedrigeren Approximationsstufe, die auf 
einem einzigen ('/7,) Exponentensatz basiert. N ur auf dieser Stufe kann die Annahme gleicher Parameter- 
wertc fUr verschiedene Zustiinde in semiempirischen n-Methoden gercchtfertigt werden. Folgerungen 
aus dieser Annahme kdnnen uns nicht zu einer reprdsentativen Beschreibung des antibindenden 
Charakters von Molekiilzustanden fUhren. 

Separation a—n des energies et des proprietes monoeiectroniques pour les quatre plus bas etats 
n de la molecule d*hydrogene envisages dans Tarticle precedent Les calculs sont fondes sur une opti¬ 
misation separee des exposants pour les quatre etats. Les valeuis des proprietes des electrons a des 
quatre etats sont plus voisines que celles des electrons a. Le degre d’lmiformhe des proprietes des 
electrons x augments lorsque Ton emploie un degre d'approximation inierieur fonde sur un ensemble 
d’exposants d’un seul etat (‘ J^). L’hy pothbse d’une identite des valeurs des parametres pour les difierents 
etats dans les methodes k electrons a semi-empiriques n'est validee qu’k ce niveau. Les conclusions 
fondees sur cette hypotbese ne peuvent nous conduire k une description r e pres e ntative du caractere 
antiliant des etats moieculaires. 

* On leave to; Institut fUr Theoretische Chemie, Universitat Stuttgart. 

^ ** On leave to: Office of Computing Activities, National Science Foundation, Washington, 
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1. Introductioa 

The purpose of this paper is to investigate the basis of approximate molecular 
orbital theories where groups of electrons are separated from other groups. 
The most popular separation is the one of a and n electrons, particularly in 
hydrocarbons. The conditions for a ff — Jt separation were formulated by Lykos 
and Parr [2]. The fl states of are the simplest case where such a separation 
can be studied. In the following two sections we shall discuss the tr — n separation 
of energies and one-electron properties and the consequences for approximate 
molecular orbital theories. In essence, we cannot support the assumption of equal 
parameter values for different states in semiempirical MO methods as valid in 
molecules. 


2. ff - It Separation 

I'igs. 1 2 contain kinetic {T„, TJ and total electronic (£„, £,) energy of the a 
electron and the n electron and their interaction (£„,) for the four FI states with 
the optimal exponents listed in Table 1 of the preceding paper [1] on the ODC level. 

C’omparing the a and tc energies of the four 77 slates with each other, yields 
the following important result. The a part £„ of the total electronic energy shows 
almost no fluctuation over the whole range of internuclear distances. This is true 



Fig. 1. (T and n part of kinetic energy 
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Fig. 2, <r and n par( of electronic energy and o-n interaction energy 

to lesser degree for T„. The energy differences between the four states arise from 
E, and is increasing in the order or '/7, for all distances on 

the HF level and for distances smaller than 8 Bohr on the ODC level where the 
isymtotic limits have not been reached closely. E„^ shows the opposite trend. 
With the optimal exponents for each state the differences between the 77. and 77, 
iitates are rather large, whereas the values of the ^77, and 77, states are fairly close 
to the *77„ values if the energies for all four states are calculated with the ‘77, 
.'xponents. In particular, the 77, states gain total energy decrease upon exponent 
optimization by a decrease in electronic interaction E„ which is somewhat 
reduced by the increase in core energy £,. For HF and Cl levels, we obtain 
similar results except for E„. The electronic interaction is decreasing from HF to 
C'l and finally ODC. The effect increases with intemuclear distance. The propwr 
dissociation of the states is based on a decrease in electronic interaction. 

We present in Table 1 a subdivision of E„ in intraconfigurational and inter- 
^'onfigurational parts. It is interesting to note that the intraconfigurational 
part shows almost no difference for all three levels, HF, Cl and ODC. The 
interconfigurational part is always negative and tends to reduce the total electronic 
interaction. Again we find a tendency to uniformity if these energies are calculated 
for all four states with the '77, exponents. 

To complete the picture of ct —7t separation, we also mention the results 
for one-electron properties. The density distribution of the a electron perpendicular 



K. Jug, P. G. Lykot, and A. D. McLean: 


Table I. Subdivision of E„ 



■/J. 


>n. 


'n. 


^n. 



R 

^Iniri 

^iwer 






^inlar 


2.0 

0.21740 

0.0 

0.24872 

0.0 

0.11091 

0.0 

0.11159 

0.0 

HF 


0.217.14 

-0.00167 

0.24819 

-0.00213 

0.11093 

-0.00034 

0.11160 

-0.00020 

Cl 


0,21749 

-0.00383 

0.24816 

- 0.00294 

0.11109 

-0.00035 

0.11181 

-0.00036 

ODC 

4.0 

0 ,2020H 

0.20227 

0.20118 

0.0 

- 0.01826 
-0.01868 

0.20929 

0.20927 

0.20861 

0.0 

-0.01371 

-0.01421 

0.20397 

0.20346 

0.20234 

0.0 

-0.04431 

-0.04693 

0.13597 

0.13642 

0.13734 

0.0 

-0.00775 

-0.00931 


6.0 

0.19773 

0.19409 

0.19686 

00 

-0.04133 

-0.05193 

0.18304 

0.18351 

0.184.30 

0.0 

-0.03171 

-0.03781 

0.17851 

0.19395 

0.20186 

0.0 

-0.05012 

-0.06579 

0.17229 

0.18140 

0.18223 

0.0 

-0.03629 

-0.04386 


KO 

0 18305 
0I85I4 
0.184.17 

0.0 

- 0.06571 
-0.07010 

0.16996 

0.17043 

0.16988 

0.0 

-0.05168 

-0.0.5.587 

0.19004 

0.18755 

0.18812 

0.0 

-0.06869 

-0.07562 

0.17113 

0.17017 

0.16966 

0.0 

-0.05120 

-0.05553 


100 

017165 
0.17705 
0.17666 

0.0 

- 0.08084 
-0.08212 

015813 
0.15979 
0.15986 

0.0 

- 0.064.30 
-0.06613 

0.18221 

0.17764 

0.177.31 

0.0 

-0.08200 

-0.08.377 

0.16236 

0.15988 

0.15981 

0.0 

-0.06375 

-0.06528 



I able 2. Density distribution (Ilohr^) of a and n electrons perpendicular to molecular axis 


K 

'IK 

(e‘). 

'll. 

' ’<?). ' 

'n. 

(f‘). 

'n, 

(6% 

ie^i 

2.0 

1 291 

31.169 

1.415 

19.240 

1.321 

77.554 

1.322 

76.9.34 


1.292 

.11.166 

1.416 

19.2.38 

1.321 

77.563 

1.322 

76,940 


1.295 

31.121 

1.414 

19.229 

1.322 

77.463 

1.322 

76.817 

4.0 

1.886 

31.574 

2.192 

22.269 

2.013 

21.098 

1.9% 

51.564 


1.874 

31.204 

2.181 

22.084 

1.894 

24.567 

1.978 

52.491 


1.885 

31 245 

2,146 

22.163 

1.944 

25.232 

1.959 

51.435 

60 

1.995 

27.168 

2 308 

24.488 

2.177 

22.445 

2.237 

22.076 


1.960 

26.396 

2.257 

23.9X3 

1.985 

23.687 

2.045 

24.528 


1.972 

25.995 

2.172 

23.590 

1.998 

22.779 

1.908 

24.165 

8.0 

2.003 

26.352 

2.190 

24.877 

2.735 

20.777 

2.248 

21.229 


1.979 

24.82.3 

2.162 

23.580 

2.001 

23.269 

2.140 

24.052 


1.997 

25.007 

2.057 

23.638 

2.020 

23.355 

1.979 

24.183 

10.0 

1.979 

25.536 

ZI.33 

25.111 

2.005 

21.836 

2.092 

22.158 


1.972 

24.134 

2.130 

23.779 

1.991 

23.726 

2.068 

24.152 


1.987 

24.185 

2.022 

23.823 

2.018 

23.787 

1.985 

24.193 


to the molecular axis and along the molecular axis is fairly equal 

for all four states. Great differences arise for the distribution of the n electron. 
The wavefunction is more contracted for than whereas for the 77, states 
the functions are much more expanded than for ’77.. This is valid for both 
and Table 2 shows the representative results for q^. The differences between 
the four states are greatly reduced when the ‘77. state exponents are used for all 
four states. Similar results are obtained for zl- 
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Qualitatively the same conclusions hold for the quantities 


sin^0^ 


““ (i) 


and 


The a parts are equal and the differences in the n part between 77. and 77. 


states arise from expansion of the n orbital in the 77, states accompanied by a 
decrease in the above expectation values. 


3.CoiiseqiMaces for Approximate Molecular Orbital Methods 

Approximate molecular orbital methods are dealing with groups of electrons, 
which have certain features in common and can be treated separately from the 
others, n-electrons, cr-electrons, lone pairs, non-bonding Is-electrons are such 
groups. Conditions for a separation of n-electrons from cr-eiectrons were formulated 
by Lykos and Parr [2]. They include (A) the wavefunction ^ is an antisymmetrized 
product of a part and n part (B) all three functions are normalized, 

(C) and can be represented by linear combinations of configurations which 
are built up by sets of mutually exclusive subsets of orbitals for a and n electrons. 
The total energy can be separated in a part, n part and a — n interaction 

= + + (3.1) 

The latter part can be considered as the n electron energy = £, -t- In cases 
where the a function does not change under n-electron excitation for all 
/7-states under consideration, energy differences can conveniently be written as 

(3.2) 

~n the ODC level, condition (A) does not hold, however, (3.2) may still be valid. 

This is used as a justification of semiempirical methods in which experimental 
insition energies between 77-states have been used to determine the parameters 
the method [3]. Let us briefly outline the implications for H 2 . Fig. 2 shows that 
, is constant for all four states and we can consider the a part as frozen. The 
nplest type of approximation, the Hiickel method, uses orbital energies as 
presentative for ground and excited /7-states. In particular, in diatomic molecules 
e orbital energies £ are representing two states in the following way 


ej.=a±fi 

(3.3) 

>d the state energy difference d £ is 


d£ = e_ — E+ = — 2^. 

(3.4) 


we consider the effective underlying Hamiltonian as the SCF operator and the 
O’s as symmetrically orthogonalized [4], the n part (ff can indeed be written as 


”1" 


(3.5) 
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where a and fl have the usual meaning and e is the SCF orbital energy. If we 
identify i: - r. 4 = and assume = a and = /?,„ = ^ we obtain 

Fiqs. (3.3) with the consequence that 




(3.6) 


We have ni>w to ask the question whether these a’s and P's have any resemblance 
to the theoretically calculated values based on the atomic basis sets 

\2p, M] and {l.v, 2 .s, 2p) and the cocHIcients and exponents given in the preceding 
paper [ 1]. In Hiickcl methods, P adjustment is done at the equilibrium positions 
(if the molecule. Let us take for convenience R = 2 Bohr as such a distance. With 
the optimal 2 p 7 i-cxponents for the four states C>n^~ 0.442, — 0.561, C>n, — 0.245, 

u~ 0.245 we would not expect resemblance of and or p^^ and p^^. Table 3 


7 iihtc .7. ^ and /I parame(er values (HartreeJ at R- 2 Bohr 

'//„ 'It, Ltnpirical 

from (.7.6) 


0.0696 0.0728 - 0.0871 

0.0417 0.0174 0.0277 

0.108 0.090 

0.106 -0.088 



Nun-orthogonal parameters with bar. 


shows at and /( parameter values for '//„ and 'Ilg states calculated with optimal 
exponents for each state. We find 'JJy much less antibonding than ’/7„ bonding 
contrary to the usual Hiickel type assumptions. The orbital energy c for the Tt^ 
orbital equals the 3d energy of the hydrogen atom, although it is mainly composed 
of highly expanded 2pn orbitals. 

If we take the ’/7„ state exponents as a basis for our calculation, the various a. 
and p parameters will be more uniform. Most semiempirical methods take for 
granted that the atomic orbitals used for the ground state can be used with the 
same exponents for excited states also. The choice of the same parameters for 
ground and excited states is then a simple consequence. Yet, from our present 
study we expect that also in hydrocarbons the assumption of equal exponents 
for all possible 77 states is unrealistic and might be completely misleading. 
Huzinaga [5] showed that different exponents should be used for bonding and 
antibonding orbitals in ethylene. 

Let us also show the implications for the Pariser-Parr method [ 6 ] where p 
is calculated by the state energy difference. 

d£ = £jr/'-£Sl**=-2^. 

We would have to take the difference between the ODC level energies with the 
optimal exponents for 77„ and 77, states as the empirical energy difference. Fig. 3 
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Fig, 3. ODC singlet-singicl triplet-triplet and singlet-triplet £„. E„ transition energies and 
dilTcrenoes AE between 'll, based and optimal values 


shows these differences for all possible combinations. The p calculated in such a 
way is at best an average of the P's for 17^ and states. It cannot be interpreted 
as representative for either /7, or 77,. On the other hand, if we calculate all quantities 
with the same exponent set, the energy difference between two states is completely 
misrepresented. So the P's based on equal exponents for all states do not yield 
good excitation energies. The differences between optimal and '/7, based excitation 
energies are also in Fig. 3. 

We do not try to find further similarities with hydrocarbons, because Hj is 
not a representative system. Further studies including 2s-, Ipa- and Zpn-inter- 
actions, might be done along the same lines for ethylene. 

We feel that exponent optimization in a minimal basis set is necessary, 
because it is difficult to predict whether the atomic orbitals in a molecule are more 
contracted, as in ^/7„ state, or more expanded, as in the ‘/7„ and 77, states, than 
in the free atom. Large basis sets do not require such a careful exponent 
optimization. However, they involve a large number of parameters. We do not 
expect that parametrization schemes can be simplified to such a degree as Hiickel 
or Pariser-Parr methods suggest. 

Acknowledgement. This work was supported in part by a grant of the National Institutes of Health. 
We thank Professor H. Silverstonc for a discussion of the manuscript. 
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Lobe gaussian and cartesian gaussian basis sets, of approximately minimal basis Slater accuracy, 
have been compared for molecular calculations. The basis sets were constructed so that they only 
differed in the representation of the angular dependence of the p function. 

Calculation of total energy and several one-electron properties for a scries of nine molecules shows 
that, for molecular calculations, the lobe and cartesian gaussian representations are equivalent. 

Lobe- und cartesische Gaub-Basisshtze mit naherungsweise der gleichen Genauigkeh wie minimale 
Slater-BasissStze wurden (Ur den Fall von Rechnungen an MolekOlen verglichen. 

Die Basissfitze wurden so konstruiert, daQ sie nur in der Darstellung der Winkelabhgngigkeit 
der p-Funktion voneinander abwichen. 

Berechnungen der Gesamtenergie und verschiedener Einelektron-Eigenschaften einer Serie von 
neuen MolekUlen zeigen, daB “Lobe"- und cartesische GauBreprhsentationen fiir Rechnungen an 
Molekiilen Equivalent sind. 


Introduction 

Since Boys [1] first pointed out the computational advantages in using 
gaussian functions for ah initio molecular orbit^ calculations, there has been a 
steady increase in the use of these functions so that currently most ah initio calcu¬ 
lations on large molecules have employed gaussian basis sets in preference to 
Slater type orbitals (e.g. [2]). However during this time of renew^ interest in 
gaussian functions, many different gaussian basis sets have appeared in the litera¬ 
ture with little attempt to compare their accuracy in molecular calculations [3], 
In the course of an investigation on the use of small gaussian basis sets that 
will give the same accuracy as a minimal basis set of Slater type orbitals (STO's) 
with substantial gains in computation time [4], we have found it necessary to 
compare the use of gaussian lobe functions and cartesian gaussian functions 
(spherical gaussians) for molecular calculations. 

During the preparation of the results to be reported here, a report by Shih etal. 
[5] appeared in which the accuracy of lobe and cartesian gaussian bases for atomic 
calculations was investigated. Our work is an extension of the comparison of lobe 
and cartesian gaussians to molecular calculations where we sedc to judge the 
ability of these two atomic basis sets to describe the molecular environment. 

in keeping with the trend of using calculated one-electron properties as a more 
sensitive indication of the accuracy of a wavefunction [6], we have calculated the 
total energy and relevant one electron properties for several polyatomic mole¬ 
cules. The implications of these results will be discussed. 

4 TheoreL chin. Acu (Berl ) Vol. 25 
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Basis Sets 

The lobe (LG) and cartesian gaussian (CG) functions both employ the same 
radial function exp( —ar^) but have different angular functions. The CG may be 
directly compared with Slater type atomic orbitals in that the atomic function is 
obtained by combining the radial part with the appropriate spherical harmonic 



(P’im = N,r^e\p{- ccr^) Y,J&, cp) 

(1) 

where 

2m+l 



yv, = 2"^'[(2«-1)!!]-* (27t)-*a “ 



(2n- l)!!=1.3. ...(2n- I). 



The LG .v-type function is of the same form as the s-type CG. The LG p-type 
function is obtained by placing pairs of .v-type functions equidistant above and 
below the orbital centre [7] 

= N {exp f - ot(r - - exp [ - a(r + K")^]} (2) 

where 

R" = distance of the lobe from the orbital origin. 

K, / -I /— aR^\l* 

"■(.) 2-2=«p(--2-) ■ 

R = distance between the two lobes. 

It has been sh<»wn [.5,8J that on .substituting R" = ya" *, where y is an arbitrary 
constant, into Fq. (2) and expanding the function in a Taylor series one obtains 
in the limit, as y approaches zero, the same expression as the corresponding CG. 
.Shih et al. have pointed out that one needs to balance the value of y so that it is 
small enough to allow only the first term of the Taylor series to be important but 
targe enough to allow the molecular integrals to be calculated accurately. We have 
used the value of }■ = 0.03 suggested by Whitten [8] and also used by Shih et al. [5], 
to obtain the lobe positions for the p type LG functions. 

In keeping with our desire to produce small gaussian sets of minimal basis 
Slater accuracy we have used basis sets consisting of a l.v function, a 2v function 
and three 2p functions for each first row atom. We have used the contracted sets 
produced by Stewart [9] and have employed the usual scaling technique [3 b] with 
exponents taken from Clcmenti and Raimondi [10]. As will be shown in a sub¬ 
sequent paper [4] we have found a five component Is function, a three component 
2v function, three component 2p functions for the heavy atoms, and a three com¬ 
ponent function for hydrogen, yield results which are very comparable with 
minimal basis Slater calculations [4, 11]. We will designate the heavy atom LG 
basis sets by [5,3,3] LG and the CG sets by [5, 3,3] CG. 

As the LG and CG basis sets chosen, only differ in their representation of the 
p-type function, one would expect molecular calculations involving these sets to 
hi^light any deficiencies in the lobe representation. 

Computer programs written by us were used for the LG and CG integral, 
SCF and one-electron property calculations. All programs have been thoroughly 
tested for speed and accuracy against other similar programs. 
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Results and Discussion 

In an attempt to investigate the correspondence of the LG and CG basis sets 
in all regions of space, we have used the calculated wavefunctions to obtain one- 
electron properties that are sensitive to the region close to the nucleus (e.g. 

together with those that are more sensitive probes of the wavefunction 
away from the nucleus (e.g. The total energy is also reported although this 
is known to be a rather insensitive criterion of the wavefunction accuracy. 

Calculations have been performed on the following series of nine common 
closed shell small molecules: 

HjO, NH3, HF, HCIM, HjCO, CO, NOF, OFj, O3. 

The latter four nonhydrogen containing molecules have been included in an 
attempt to ascertain whether the hydrogen representation has any unusual effect 
on the performance of the basis sets under discussion. 

We have calculated <r>, <r^>, <r”'>, <r“^>, and the associated one-electron 
properties for each molecule using both basis sets and as the results show similar 
trends we felt it better to quote comparisons rather than actual values for each 
operator. We have therefore recorded in Table 1 maximum percentage difference 
and maximum absolute difference in each of the one electron properties, as cal¬ 
culated using the LG and CG basis sets, over the range of the nine molecules 
tested. The actual values of the one-electron properties calculated may be obtained 
from the authors. It should be noted that the values tabulated are the maximum 
differences found and in general the differences between the two basis sets were 
somewhat less than these tabulated values. 

The total energies were found to differ in the 6lh or 7th significant digit repre¬ 
senting a maximum energy difference of 1 x 10" which is quite insignificant 


Table I. Summary of the differences between LG basis and CG ba.sis calculations 


Property’’ 

Maximum percentage 
difference 

Maximum absolute 
difference 

E total 

0.001 

0.0003 a.u. 


0.1 

0.0003 a.u. 

<r>’ 

0.1 

0.001 a.u. 



0.003 D. 


0.00.3 

0.001 a.u. 

<i^av ' 


0.02 p.p.m. 

<r-V 

0.3 

0.003 a.u. 

eqQ‘ 


0.005 M.Hz. 


0.2 

0.007 a.u. 



0.006' 


* Electronic contribution only. 

^ Origins: HjO, NHj, HF heavy atom; 

NOF, OF 2 , O 3 - central atom, 

' Property calculated at N or O. 

^ Property calculated at the centre of mass. 

* Units of 10“‘emu.mol'’. 
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when one realizes that the basis sets employed here produce total energies which 
are some O.S- 0.6% from the Hartree-Fock limit. In looking at the actual inte¬ 
grals, it is found that generally the maximum difference in the one- and two- 
electron integrals is in the 4th or 5 th significant digit with the LG values smaller. 
Hence it would seem that the self consistency procedure for obtaining the one 
electron orbital energies and total energy allows the differences in basic integral 
values to be partially averaged out. 

For all molecules the individual orbital energies were found to differ by less 
than 0.1 V 

Calculated values for <z)‘ and dipole moment for each molecule also indicated 
that the difference between basis sets is small; the maximum relative difference 
in <z> being around 0.1 % which corresponds to a maximum absolute difference 
of 0.003 D in the dipole moment. This small difference between basis sets is again 
quite insignificant when one notes the difficulty in calculating precise dipole 
moments even with large gaussian and STO basis sets. 

We have also noted that these calculations mirror minimal basis Slater (MBS) 
calculations on dipole moment even to the poor dipole moment (c.f experiment) 
for FNO and CO. This correspondence with MBS calculations will be reported 
in a future publication. 

Because of the close similarity in total energy calculated with the basis sets, 
one would expect the electronic contributions to the potential at each atom to 
also be in close agreement. We found the difference in <r“*> values occurred in 
the 5th or 6th significant figure with the LG values always the smaller. 

Since the basis sets only differ in the representation of a p function, it would 
seem that near the nucleus, the LG p function is slightly inferior to the CG 
p function. 

It was also noticeable that the absolute difference in the <r~^> values at the 
heavy nuclei were greater than at hydrogen due presumably to the higher nuclear 
charge on the heavy atom accentuating any slight changes in the representation 
of the electron di.stribution. 

The computed values of the electric field gradient tensor q (which is directly 
proportional to <r“^» again show the difference between the basis sets is in the 
4th or 5th significant figure. This corresponds to a maximum absolute difference 
of 0.003 a.u. in the field gradient and a maximum difference of 0.005 MHz in the 
calculated heavy atom nuclear quadrupole coupling constants. 

As the field gradient has shown to be a sensitive probe of the electron density 
in the vicinity of the nucleus, the above small differences between the two basis 
sets would allow one to conclude that the representation around the nucleus is 
essentially the same with either type of p function. 

Neumann and Moskowitz [6] have suggested, on the basis of accurate calcu¬ 
lations on H^O. HjCO and CO, that the operator r* is a rather insensitive test 
of the accuracy of the wavefunction. However it does give a means of comparing 
the wavefunctions, from the two basis sets, in the region away from the nucleus. 

Our results for <r^> once again show the small difference in the two basis sets 
with the LG basis producing wavefunctions which are slightly more diffuse than 
those given by the CG basis. The relative differences in <r^) values are less than 



Lobe uid Caftetian Qautsian BasU Sett S3 

0.10% which is quite small in view of the fluctuations in calculated even 
with large basis sets [6], This differences in <r^) would mean a difference of 
0.006 ‘ in the average diamagnetic susceptibility 


Conclusion 

We have shown that the differences in calculated molecular properties using 
(i) cartesian gatissians and (ii) gaussian lobe functions scaled to the cartesian 
gaussians (using the formula = 0.03 a' ^ where R° is the distance of the lobe 
from the nuclear centre and a is the gaussian exponent) as basis sets, are quite 
small. The basis sets used were of approximately minimal Slater accuracy and 
only differed in the representation of the p-type functioa By surveying the regions 
close to the nucleus (with <r“‘> and <r~^» and those further out (with <r^» we 
have shown that the two basis sets are essentially the same for molecular calcu¬ 
lations. 

It is our conclusion that the representation of a p orbital with a gaussian lobe 
function obtained using the above formula is, for molecular calculations, the same 
as that with the corresponding cartesian gaussian. We find, with our computer 
programs, calculations emplyoing LG basis sets are very slightly faster than those 
with CG basis sets. 
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A LCAO MO CND02 Study of Titanium Complexes 

The authors have studied the compounds TiCI* and TiCI*. 2 HCN, usinga modined GTO-CNDO 2 
technique suitable for application to transition elements. The results coneerning the bond length 
'll Cl and the order of molecular levels in TiCI^ arc in agreement with experimental values. A. Mulliken 
population analysis on TiC.'L, 2 HCN indicates that the Ti-N bond has practically pure a character. 

l.esauteursonlctudi^ Ics molecules TiCLel TiCL, 2 HCN aumoyendelamcthodeGT0-CND02 
mixlirice cn vuc de son application aux elements de transition. Les risultats concemant la distance 
TiCI et I'ordre des niveaux moleculaircs dans TiCI« sent cn accord satisfaisant avee I'exp 6 rience. 
[.'analyse dc populatton sur le complexe TiCl 4 , 2 HCN decrit la liaison TiN comme une liaison 
faible a caractere presque uniquement it. 

Die Molckiilu 1 1 CI 4 und TiCL, 2 HCN wurden mit Hilfe einer verbesserten "GTO-CNDO 2” 
Methode im Rahmen ciner Anwendung auf die Obergangselemente untcrsucht. Die Ergebnis.se in 
be/ug auf den Ti Cl-Hindungsabstund und das Orbitalschema in TiC'U sind in guier Obereinstim- 
mung mit den expcrimentcllcn Werten. Die Mullikensche Populationsanalyse fiir TiCL, 2HCN 
deutet auf einc rclativ schwachc Ti N Uindung mil fast reinem ir-Charakter hin. 


1. introduction 

La structure Electronique des complexes d’elements de transition est un 
domaine tres ctudic de la chimie de coordination. Actuellement, de nombreux 
caiculs ont ete deja efTectues, faisant appel soit a la theorie du champ des ligands, 
[1], soit a la thfeorie des orbitales molEculaires. A cause de la complexitE et de 
la durEe des caiculs mis en oeuvre, celteci est le plus souvent appliquEe sous forme 
approchEc ou semi empirique, comme e'est le cas pour la mEthode de Ballhausen 
et Gray [2], ou la mEthode CNDO [ 6 ]. Un certain nombre d’Etudes non empiriques 
ont EtE entreprises, sur des composes comme CuClJ" [3], MnO^” [4], NifCN)^- 
[5], mais elles sont encore limitEes par des considErations pratiques. La methode 
CNDO2, tres utilisEe pour les molEcules faisant intervenir des ElEments de la 
premiEre et de la deuxieme ligne [ 6 ], avail, jusqu’a prEsent, foumi des rEsultats 
peu encourageants pour des complexes de mEtaux de transition tels que TiC^ 
et VCI 4 [7, 8 ]. Sa modification rEc%nte par Allen et coll. [9], et son application 
^ des complexes octaEdriques du type XFj" et EHjO [10,11], a permis 
d'obtenir des rEsultats corrects concemant la gEomEtrie, I'ordre des niveaux 
molEculaires et la dEflnition de la covalence de ces molEcules. 
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Le but de notie travail est de reprendte les approximations introduites par 
ces auteurs, et de les appliquer d I’^tude de la structure electronique du t6tra- 
chlorure de titane et de son complexe avec I’acide cyanhydrique: TiCl*, 2HCN. 
La methode est testte par rapport 4 TiC^, principalement en ce qui conoeme 
la gtometrie et I’ordre des orbitales moliculaires. Nous pouvons ainsi comparer 
les composes avant et apr4s coordination, et proposer une interpr6tation qualitative 
de la nature des liaisons dans le complexe d'addition. 


2. Partie theorique 

Les Equations classiques de la methode CNDO 2 [6] sont modiri6es de faQon 
a tenir compte de I’intervention, sur le m6tal de transition, de deux couches de 
valence (3d, et 4s — 4p) [9]. Dans notre travail, une modification supplimentaire 
intervient au niveau du choix des orbitales atomiques, et nous utilisons i>our les 
decrire des combinaisons lineaires de fonctions gaussiennes. Celles correspondant 
au titane (4s, 3d) sont tiroes des travaux de Veillard et colL [12], et les fonctions 
Ap (Ti) sont calculees 4 partir d’un crit4re de recouvrement maximum. Pour les 
autres atomes C, H, N, Cl, nous utilisons les bases donnees par Roos et coll. [13]. 

Par rapport aux travaux precedents [9-11], I’utilisation de fonctions gaussiennes 
permet de calculer explicitement les integrales coulombiennes du type v3d3d 
(monocentriques) et y' Sg (bicentrique) alors que dans les travaux pricites ces 
quantites sont calculees 4 partir de la fonction 3s du metal central. Si cette derniere 
approximation est valable pour des metaux de transition riches en electrons d, 
il nous est apparu qu'elle ne pouvait convenir dans le cas du titane. Dans ce cas, 
en effet, le calcul SCF sur TiCl* diverge. 

Les parametres Pg retcnus pour le titane ont ete optimises de fagon 4 obtenir 
une valeur de la distance TiCl la plus proche de la valeur experimentale 

Po(3d) = 0.5374 u.a. Pg(As, Ap) = 0.318 ua. 

Les parametres Pg pour les autres atomes sont tires des travaux de Pople [6], 
de meme que les potentiels d'ionisation et affinites eiectroniques /l^. Pour le 
titane, ces quantites ont ete calculees 4 partir des donnees spectroscopiques. 

La convergence correcte des vecteurs propres etant difficile 4 obtenir, nous 
avons utilise un procede decrit par Chesnut et coll. [14]. Pour chaque cycle du 
processus SCF, on emploie une matrice densite P*"' definie par: 

pin) _ pill-1) _j_ gfpi"') _ piK-ltj 


matrice densite entrant au n**”* cycle, 

P*" ’ matrice densite sortant du cycle, 

P^"’ matrice densite entrant au (n + cycle, 

S facteur constant pris egal 4 0.7. 

Afin d’etudier les liaisons dans le complexe, nous avons precede a une analyse 
de population selon Mulliken [15] sur les vecteurs propres C', obtenus par 
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deorthogonalisation de la base [16] 

C = . 

C represente les vecteurs propres issus du calcul CNDO. 

Tous les calculs ont etc elTectuds sur le programme FORTRAN V SESOS 5 
ecril par les auteurs pour ordinateurs IBM 360 et UNIVAC 1108 (Centre de 
Calcul dc I'lnstitut de Math 6 matiques, et Centre de Recherches Nucleaires, 
Strasbourg). 


3. R 6 siiltats et discussion 

a) Tetrachlorure de thane 

Lctude du tetrachlorure de titane a porte sur deux points; distance de liaison 
TiCI et ordre des niveaux moleculaires. La valcur exp 6 rimentale de cette distance 
c.st de 2.17 A. et la valcur calculee est de 2.40 A. La difference relative de 10 % 
apparait acceptable, compte tenu des r 6 sultats precedemment obtenus par cette 
methode pour des complexes octaedriques de metaux de transition [ 11 ]. 

Etant donne que la valeur de la distance TiCI dans le complexe TiCU, 2 HCN 
cst de 2.22 A, nous avons retenu la structure electronique obtenue pour TiCU 
avec dTiCl = 2.17 A, afin de permettre la comparaison entre les composes avant 
et apres coordination. En effet, le nombre de parametres intervenant dans une 
optimisation de geometric du complexe est trop important pour permettre un 
calcul compict, et il serait alors atwrrant de comparer les valeurs 2.22 et 2.40. 

L'ordre des niveaux moleculaires ne varie pas lorsque la distance TiCI est 
comprise entre 2.0 et 2.30A (Fig. 1). Au dela de cette valeur, le dernier niveau 
occupc n'est plus un niveau t, mais un niveau (j. Pour la distance obtenue a 
I'cncrgic minimale, l'ordre des niveaux occupes est: 

a, < < fli < <’ < *2 < < 'z • 

Pour la valeur dTiCl experimentale (2.17 A), l’ordre des niveaux avec leurs 
energies (en u.a.) est le suivant; 

la, < 1 12 « 2a, (0.618) < 1 e (- 0.608)< 2t 2 (-0.583)< 31^ (-0.563) < 1 f, (-0.529). 

Cet ordre est a rapprocher de celui obtenu par 6 tude du spectre photo61ectronique 
de TiCU[17] 

e < a, < tj < fz < f, . 

Les 6 nergies correspondantes sont de — 0.433 u.a. (t,), — 0.470 u.a., —0.486 u.a., 
-0.513u.a. (a,). On observe, comme il est courant dans le cadre des calculs 
CNDO [6,18], une valeur absolue des Energies thtoriques plus importante que 
celle des energies experimentales correspondantes. Cependant le rangement des 
niveaux est respect^, sauf en oe qui conceme une inversion e/a,, mais avec une 
faible difference d'^nergie entre ces deux niveaux ( 0.01 u.a.). 

Si Ton compare ces resultats it ceux de Becker et coll. [7], on observe dans 
leur calcul une repartition de ces cinq niveaux entre —0.55 et — 0.88u.a., avec 
une energie extremement basse pour I’orbitale Ztz, qui se retrouve tres en dessous 
du niveau 2a,. 
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Pour la valeur 2.17 A de la distance TiCl, I’ordre est: 

Itj < la, < Ifj < 2ai < !e < Sfj < t, . 

Dans notre cas, nous obtenons une repartition des cinq orbitales dtudiees dans 
un domaine d' 6 nergies relativement restreint (—0.615 k —0.529), ce qui correspond 
bien au domaine experimental (—0.513 4 —0.433), compte tenu de I'abaissement 
des valeurs energetiques, defaut intrinseque de la methode CNDO. 

D'autre part, aucun des travaux precites ne foumit de valeur optimale pour 
la distance TiCl. 

En ce qui concerne la structure eiectronique du tetrachlorure de titane, on 
observe une charge assez importante de 1.56 sur )e titane, correspondant 4 un 
metal 4 un degre d’oxydation 4. En I’absence (k deorthogonalisation, cette charge 
est de 1.27. Ce resultat est 4 rapprocher de celui obtenu par Clack et coll. [10] 
pour Ic complexe Ti"* 6 H 2 O oti la charge sur le titane est de 0.%. La population 
eiectronique 4p paralt cependant un peu forte, si on la compare 4 celle obtenue 
pour de nombreux complexes de metaux de transitioa II est possible que le 
critere de recouvrement maximum soit insuflisant pour determiner la fonction 
4p, ce qui peut entrainer des erreurs lors de la deorthogonalisation, puisque celle 
ci fait intervenir directement la matrice des integrales de recouvrement 
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b) Complexe TiCU, 2 HCN 

Le complexe form6 peut avoir deux structures; une forme cis (Fig. 2A) et une 
forme tram (Fig. 2B). Nous avons essay6 de determiner la structure la plus stable 
au moyen du calcul. Si on reporte sur le compose trans les longueurs de liaison 
donnees pour la forme cis [19], on obtient une difference d'energie de 0.004 u.a. 
cn faveur de la forme cis (110.614 contre 110.610 u.a.). Cette difference est insufil- 
sante et pcut etre facilement inversee si Ton fait varier les pararndtres geometriques 
du compose trans. Dans le cas du compose cis, nous avons envisage une variation 
de Tangle 0 (voir Fig. 2 A), et Tenergie minimale est obtenue pour 0~4O‘’ 
- - 110.640 u.a.). mais la encore la diflerence Eds — Etrans est trop minime 
pour nous pcrmettre de conclure. La valeur de Tangle 6 differe notablement de 
la valeur cxperimentalc (t) exp. 13 ’) et correspond k une deformation assez 
faibic du tetraedre TiCl 4 lors de la coordination avec les molecules d'acide 
cyanhydrique. Cependant, le calcul que nous avons effectue ne tient pas compte 
des interactions intcrmoieculaires existant dans le cristal, et la valeur experimentale 
nc peut pas servir exactement de reference. 


K 


2A form* cit 


t 

H 

C 




Fig. 2 A et B. Structure du complexe TiCI«, 2 HCN 


L’analyse de population elTectuee apres deorthogonalisation montre les effets 
suivants (cf. Tableau 1); un transfert global de 0.10 e s’effectue du groupement 
HCN vers le titane. Ce transfert provient de tous les atomes puisque la charge 
positive sur le carbone augmente de 0.10 c et celle sur Thydrogene de 0.04 e. On 
note une augmentation de la charge negative sur Tazote de 0.04 e. Au niveau de 
la liaison CN, la population electronique passe de 1.46 e (HCN libre) a 1.56 e, 
et ceci est k rapprocher de Taugmentation de la frequence vCN dans le complexe 
[21], qui passe de 2097cm“‘ k 2134cm"*. Cette augmentation correspond a 
un transfert electronique tr + tc du carbone vers Tazote, avec predominance de 
la population it (le rapport <r/jt (CN) passe de 0.63 dans HCN libre k 0.71 dans 
le complexe) [22,23]. 

L'ensemble des electrons apportes par les deux molecules d'acide cyanhydrique 
se repartit uniformement sur le groupement TiC^. La charge negative augmente 
sur les atomes de chlore, et la population de la liaison TiCl diminue lorsqu’on 
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Tableau 1. Populations 61ectronk|ues 




TiCU 

HCN 

TiCU 2 HCN 

Ti 

S 

0,31 

_ 

0,21 


PX 

0.15 

— 

0,16 


py 

0,15 

- 

0,14 


px 

0.15 

— 

0.26 


dx^ — v’ 

0.17 


0,12 


dxy 

0,44 


0,53 


dz^ 

0,17 

— 

0,69 


dyz 

0,44 

— 

0,14 


dx2 

0,44 


0.19 


4 

1,56 

— 

1,56 

Cl, 

S 

1,97 


1,99 


P 

5.42 


5,44 


4 

-0.39 

— 

-0,43 

Cl, 

S 

1.97 

- 

1.99 


P 

5,42 


5,46 


4 

-0,39 


-0,45 

N 

S 

— 

1.80 

1,75 


px 

— 

1,16 

1.20 


py 


1,16 

1.19 


p^ 

— 

1,06 

1,08 


4 

- 

-0,18 

-0.22 

C 

S 


1,19 

1.16 


px 


0,87 

0,85 


py 

— 

0,88 

0,85 


pt 

— 

0,95 

0,93 


4 

- 

0,11 

0,21 

H 

S 

— 

0,93 

0,89 


4 

— 

0,07 

0,11 


passe de TiCl 4 au complete. Ce fait correspond a I’abaissement de la frequence 
dc vibration vTiCl, qui passe de 498 cm'’ (dans TiClJ a 330,380 cm'* (dans le 
complexe) [21]. 

La liaison TiN possede une population 6Iectronique faible de 0.112 e, contenant 
un pourcentage a de 0.85, le reste 6tant constitu6 par un recouvrement p,p,. 
Ce schema donne done une liaison tr k peu pr6s pure entre I'azote et le titane, 
liaison constituee par un transfert des electrons 2.s(N) et 2 /wt(N) vers le titane. 
Les faibles transferts 6Iectroniques mis en jeu indiquent une liaison faible, ne 
contenant pas de participation c(„(Ti)-+p,(N), qui constitue un facteur de stabili¬ 
sation dans de nombreux complexes d'61ements de transition. Ces conclusions 
rejoignent celles des Etudes exp^rimentales effectuees sur le complexe qui d^rivent 
ce dernier comme peu stable, partiellemcnt d6compos6 en ses constituants a 
temperature ordinaire, et totalement des 80° C [20]. 

Le module d6velopp6 id ne tenant pas compte des interactions dans le cristal, 
il ne peut mettre en Evidence la liaison hydrogine entre H et un atome de chlore 
d’une molecule voisine. Cette interaction conduit ^ une diminution de la force 
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Tableau 2. Populations de liaison et frequences de vibration 


HCN 

TiCl* [21] 

Tia*, 2HCN[21] 

I'CN cm * 

20V7 

_ 

2134 

pop CN 

1,466 

— 

1,562 

vTjCJ cm"' 


498,5 

330,380 

pop TiC'l 


0,441 

0,393A357 

vTiN cm ‘ 

-- 


281 

pop Ti N 

~ 

- 

0,112 

vCH cm ' 

3311 

- 

3173 

pop Clf 

0,811 

-- 

0,818 


dc Jiaison CH dans le complexe, alors que notre calcul montre un renforcement 
dc ccllc-ci, par suite d’un transfer! electronique des Electrons de I'hydrog^ne vers 
le carhone. 


4. Conclusion 

A partir des approximations recentes introduites dans la methode CNDO [9], 
cn vuc de son extension aux elements de transition, nous avons 6tudie la molecule 
de tctrachlorure de titanc et de son complexe avec I’acide cyanhydrique. Les 
resultats concernant TiCl* sont en accord satisfaisant avec rexp^rience, compte 
tenu des crreurs que Ton peut attendre d’une telle mfethode: en particulier, la 
distance de liaison TiCl est a 10% de la valeur experimentale, mais I'ordre des 
niveaux moleculaires correspond i celui obtenu par etude du spectre photo- 
electronique de cette mol^ule. Le nombre de renseignements exp6rimentaux sur 
le complexe TiCU, 2 HCN est insufTisant pour pcrmettre une verification complete 
des fonctions d'onde obtenues pour ce compose. Cependant, I'etude des populations 
electroniques permet de confirmer un certain nombre de proprietes mises en 
evidence de maniere qualitative. Comme dans le cas des complexes octa6driques, 
une etude extensive sur les complexes tetraedriques devrait permettre de confirmer 
les approximations introduites dans la methode CNDO 2 appliquee & de telles 
molecules. 
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t'.xlendcd Iliickcl calculations for the free bases of purphin, phlhalocyanine, tetrabenzporphin, 
and tctruzuporphiii show, (i) A marked elTect of carbun-nilrogcn skeletal distortions is expected on 
the Q, (i.e visible) bund splitting that may account for observed environment effects; (ii) bridged 
structures will show very little splitting without cither incipient bond formation between central 
hydrogen and bridge nitrogen or considerable skeletal distortion; (iii) while solution phthalocyanine 
may he bridged, the vapor is not; |iv) n - n* transitions introduced by the bridge aza nitrogens may 
he the cause of Sorcl hand broadening of phthalocyanine and tetrazaporphin. Band polarizations 
with respect to the skeleton are discussed. 

Rcchnungcn mu dcr erweiterten llUckclthcorie fUr die freien Basen von Porphin, Phthalocyanin, 
retrubenzporphin und Tetra/aporphin zeigen, I. duB cine Verzerrung dcs C N-Geriistes einen 
dcullichen l.ffekt auf die Aufspaltiing des - ^,-Bandes zeitigen sollte, 2, daB verbriickte Struk- 
turen kaum cine Aufspaltung hcrvorbrmgcn solltcn wenn nicht heginnende Bindungsbildung 
zwischen den zentralen Wassersloff- tind den Bruckcn-.Stickstoffatomen oder betrachtlichc Ver- 
zerrungen des (ierilstes vorlicgcn, 3. dab Phthalocyanin vielleicht in flussigem Zustand verbriickt isl, 
dagegen im gasfeirmigen nicht und 4. daB nit*-0bergange, die von den BrUcken-AzastickstofTatomen 
induz.iert werden, die Ursache der Sorut-Handenverbreiterung von Phthalocyanin und Tetrazaporphin 
sein kiinnen. SchlieBlich werden Bandpolarisierungen bcz.Uglich dcs C - N-Ueriistes diskulierl. 

Dcs calculs de HUckel Etendu pour Ics bases libres de la porphine, de la phtalocyanine, de la 
tetrabenzoporphine ct de la titraazaporphine montrent que: 

1) un effet marquC des distorsions du squelette carbone-azote est a attendre sur la separation de 
la hande - Q, (c’est-4-dirc visible), cc qui peut rendre comptc dcs elfcls d'environnement observes. 

2) les structures ponties presenteront peu dc separation s’il n'y a pas soit formation d'un debut 
de liaison entre I’hydrogCne central et I'azote du pool soit une distorsion considerable du squelette. 

3) alors que la phtalocyanine en solution peut etre pontee, ellc nc Test pas en phase vapour. 

4) les transitions a a* introduites par les azotes aza du pent peuvent Stre la cause de I’eiargisse- 
ment de la bande de Soret de la phtalocyanine et de la tetrau/uporphine. 

On discute les polarisations des bandes par rapport au squelette. 

Backgroiaid 

Square planar porphyrin.s and related square planar compounds such as 
phthalocyanine (Pc), tetrabenzporphin (TBP), and tetrazaporphin (TAP) show 
an electronic absorption in the visible (Q band) and another in the near uv (B or 
Soret band). It has long been known that replacement of the metal by two 
hydrogens, which reduces the symmetry from to splits these bands into 

* Submitted by A.M.S. in partial fulfillment of the requirement for the Ph. D. degree granted 
by the Department of Chemistry, University of Washington. 

** Present address; see end of paper. 
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four components Q,, Q^, [1]. The splitting is quite different for the Q 

and B regions; it varies very greatly among the four skeletons listed; and for the 
Q band of H 2 PC (free base phthalocyanine), it differs considerably between 
solution and vapor phase [1,2]. 

The location of the free base protons has been the subject of long debate. 
Proposed structures are: (i) two pyrrole and two aza groups, which we shall refer 
to as bonded', (ii) shared protons, which we shall refer to a bridged; (iii) hydrogen 
bonded models somewhere between. Finally we note that x-ray work has shown 
that there can be substantial D 21 , skeletal distortion in the free base. The purpose 
of this paper is to use the extended Hiickel (EH) model to explore the effect of 
proton location and skeletal distortion on the free base spectrum. 

Various theoretical studies of the free base problem have been undertaken 
using the self-consistent molecular orbital Pariser-Parr-Pople (SCMO-PPP) 
method [3,4]. The more recent studies [3b, 4] correctly predict the magnitude of 
the 0,, Qy splitting in free base porphin (HjP) and indicate a wider B^, By 
splitting than was believed earlier [1]. Simple Hiickel calculations have been 
made on phthalocyanine [5], and using this model Chen [6] explicitly con¬ 
sidered the effect of bonded and bridged protons on the phthalocyanine spectrum. 
He concluded that the protons were bridged. However, we believe that Chen 
chose somewhat arbitrarily the ct and fi values for the bridged case. This paper 
draws its inspiration from Chen’s work. But here we use the extended Hiickel 
model to study the problem. Moreover, as we shall see, we find that small Dj* 
skeletal distortions can have effects on Q^ — Qy splitting comparable to the 
bridged hydrogens. 

Finally we note that there is considerable experimental interest in the H^Pc 
crystal primarily because of its photoconductivity both in the ir and visible 
regions [7,8]. Consequently, attempts have been made to calculate the band 
structure of this crystal [9, 10] in order to test the theories of production of 
charge carriers and their mode of transport. However, a knowledge of the mole¬ 
cular wavefunction is required to calculate the band structure of the excess 
electrons and holes. Sukigara and Nelson [9] used a PPP wavefunction of bonded 
HjPe while Chen [10] has used his Hiickel wavefunction for the bridged model 
of H 2 PC. As we shall show, our extended Hiickel calculations provide some 
important cautions for crystal calculations. 

Although Hiickel and extended Hiickel models have been used to calculate 
spectra [6,11], there is an intrinsic difficulty with a one electron model. It is 
long known [1] that the Q and B states of porphyrins are not single electron 
transitions but are based on the transitions a2jjt)-*eg(7t*) and ai„(7i)~*eg(7i*) 
heavily mixed together by two electron terms. This mixing decreases in the 
order H 2 P > H 2 TAP ~ H 2 TBP > HjPe, where the Q bands are reasonably 
closer to purer one electron transitions. Yet we shall ignore two electron terms 
and interpret the Q^ — Qy splitting simply in terms of the energy gap between 
and b3g(7c*) [the labels for the two e,(n*) orbitals in D 21 , symmetry]. Now 
we might note that the EH model does not always predict the energy gap between 
the top filled orbitals biy(n) and a„{n) [^ 2 * labels] in accord with more exact 
SCMO-PPP calculations or with deduction from experiment. However, we 
believe that calculations of the splitting of eg(n*) by D 21 , distortion will be more 
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successful since symmetry forces the orbitals to be degenerate in the metal 
case; thus, all we ask from the EH model is to correctly predict the effect of the 
perturbation. 

While the EH model may be expected to be qualitatively correct, detailed 
quantitative agreement is not to be expected. However, our aim here is to throw 
some new light on the extensive spectral and crystallographic studies that have 
been done on free base systems. Moreover we are encouraged by the fact that 
calculations used judiciously have in the past made fairly accurate predictions 
about molecular geometry of porphyrin systems [ 12 ]. 

The EH program used for most of these calculations has been previously 
described [ 11 J. 


Free Base Porphin 

The crystal structures of free base porphyrins have been extensively studied. 
We did calculations based on three sets of x-ray coordinates: Coordinates I are 
based on tetragonal H 2 TPP (free base tetraphenyl porphin) determined by 
Hamor, Hamor, and Hoard [ 13]; coordinates II are D 4 *, bas^ on HjP (free base 
porphin) of Webb and Fleischer [14]; coordinates V arc based on triclinic 

H 2 TPP studied by Silvers and Tulinsky [15]. (The ZJj* and labels refer to the 

carbon-nitrogen skeleton.) The crystal symmetry of these molecules requires 
tetragonal HjTPP to have four equivalent pyrrole rings, Iriclinic HjTPP to 
have a center of inversion, while HjP has no required molecular symmetry. 
Recent work by Chen and Tulinsky [16] indicates that H 2 P may be closer to 
the D 2 * structure of triclinic H 2 TPP than to the structure earlier reported [14]. 
As a result we have calculated two structures closely related to II: coordinates III 
were obtained from II by moving the pyrrole nitrogens farther from the center 
and the aza nitrogens closer; coordinates IV were obtained with the reverse 
distortion. Case III corresponds to the type of distortion found for HjTPP [15] 
and indicated for HjP [16]. 

It is clear from the evidence in all studies that the central H atoms are 
localized on a diagonally opposed pair of N atoms with a bond distance in the 
range 0.90 to 0.95 A. Fig. 1 gives a generalized atom numbering scheme for 
skeletons and skeletons with ZIja di.stortions which have planes of symmetry 
passing through the central nitrogens. The numbers 1 and 8 can be either H or C 
atoms depending on the molecule. Likewise atom number 5 can be either C or N, 
while atom 4 does not occur in the aza molecules. The planar porphin coordinates 
found for the three different crystal structures are presented in Table 1. Since the 
N-H bond distance is the least accurately determined, a range of values to 
reasonable changes of the N - H distance. For a given set of coordinates, changing 
the N,-H 2 o bond distance by 0.05 A does not reverse the order of the top filled 
and lowest empty MO’s and does not change the energy of any MO by more 
than 0.015 eV. 

An MO energy level diagram for free base porphin with coordinates I, II, 
and V is given in Fig. 2. To illustrate the effect of the central hydrogens, the energy 
level pattern of Zn porphin [11] is also included. Comparison with ZnP shows 
that the four orbitals responsible for the visible and near uv absorption intensity 
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Fig. 1. Skeletal numbering for calculations and f> 2 jt distortions preserving x, symmetry axes 


Table 1. Coordinates (x,y) for various Fig. I skeletons in A 


Atom 

1(04.) 

4 

11(P4. 

_ 

V(Dj. 

)' 

V1(D.,)‘ 

Xm(l>«»)' 

XVlIKf),.)' 


X 

y 

X 

y 

X 

y 

X 

y 

X 

y 

X 

y 

l(H.C) 

1.325 

5.084 

1.309 

5.104 

1.317 

5.111 

1.390 

5.335 

1,394 

5.429 

1.445 

4.888 

2(C) 

0.681 

4.217 

0.671 

4.233 

0.674 

4.244 

0.695 

4.131 

0.695 

4.219 

0.681 

4.120 

3(C) 

1.098 

2.839 

1.104 

2.858 

1.092 

2.849 

1.098 

2.692 

1,098 

2.839 

1.085 

2.692 

4(H,) 

3.208 

3.208 

3.184 

3.184 

3.176 

3.218 



3.208 

3.208 



5{C.N) 

2.444 

Z444 

2.420 

2.420 

2.430 

2.440 

2.387 

2.387 

2.444 

2.444 

2.387 

2.387 

6(C) 

2.839 

1.098 

2.858 

1.104 

2.897 

1.121 

2.692 

1.085 

2.839 

1.098 

2.692 

1.085 

7(C) 

4.217 

0.681 

4.233 

0.671 

4.254 

0.678 

4.131 

0.695 

4.219 

0.695 

4.120 

0.681 

8 (H. C) 

5.084 

1.325 

5.104 

1.309 

5.180 

1.233 

5.334 

1.390 

5.429 

1.394 

4.888 

1.445 

9(N) 

2.054 

0.000 

2.053 

0.000 

2.100 

0.000 

1.910 

0.000 

2.054 

0.000 

1.910 

0.000 

10 (N) 

0.000 

2.054 

0.000 

2.053 

0.000 

2.030 

0.000 

1.910 

0.000 

2.051 

0.000 

1.910 

11(C) 







0.695 

6.539 

0.695 

6.639 



12(H) 







1.235 

7.474 

1.237 

7.578 



13(H) 







2.470 

5.335 

2.478 

5.429 



14(C) 







6,539 

0.695 

6.639 

0.695 



15(H) 







7.474 

1.235 

7,578 

1.237 



16(H) 







5.335 

2.470 

5.429 

2.478 



20(H) 

1.104 

0.000 

1.103 

0.000 

1.150 

0.000 

0.960 

0.000 

1.104 

0.000 

0.910 

0.000 


' Tetragonal HjTPP [13], The D^i, label refers to symmetry of carbon-nitrogen skeleton. 

* HjPCH]. 

‘ Triclinic HjTPP [15], 

HjPe, average of Robertson's D 21 , coordinates [21]. 

* HjTBP, derived from coordinates 1. 

' HjTAP, derived from coordinates VI. 


^ Theorei chjm Acu (Berl.) Vol 25 
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t'lg.J. Top filled and lowest empty MO's of HjP and ZnP. For full geometry sec Tabic 1 


changes as follows; One CgfTt*) of ZnP rises in energy while the energy of the 
other goes down a bit; a 2 jn) rises in energy while the energy of aiJn) stays fixed. 
The energy splitting of the orbitals h 2 g(n*) and is that expected by per¬ 

turbation theory: b 2 g(n*), which has non-zero coefficients on the pyrrole nitrogens, 
is at lower energy than is hjgin*), which has non-zero coefficients on the aza 
nitrogens. That u,.(7i) is unaffected is also expected, since it has zero coefficient 
on all central nitrogens. However the shift of a2„(7i) to higher energy is not 
necessarily expected. It also occurs in SCMO - PPP calculations, when free base 
is compared to metalloporphin [3]. 

The energy level diagram also indicates the presence of two low lying 
transitions, including the symmetry allowed hyg{ff)--^b 2 g(n*). Although 
these are predicted to be in the near ir, our EH calculations generally under¬ 
estimate the energy of charge transfer transitions [17]. Consequently, the allowed 
n-m* transition may appear in the Soret region and be obscured by stronger 
71-*n* bands, a possibility suggested by Sundbom [4] on the basis of theoretical 
work and by Antenson [18] who, on the basis of the sharpness of Q, at low 
temperature, concluded that is the lowest singlet state. 

Although it is reasonably clear that the H atoms in free base porphyrins are 
bonded, EH calculations on the bridged model are useful for comparison 
purposes. The N-H bond distance was varied from 1.45 to 1.53 A. In this con¬ 
figuration there are four equivalent N atoms and the D 21 , perturbation due to 
H atoms is much less severe. The rt electron system is essentially Dgj,; therefore, it 
is not surprising that the splitting of the lowest empty e,(7t*) orbitals is only 
about 16 cm" *. 
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Tabk 2. Calculated and experimental values of Q„ Q, and A for frae base porphins 


Coordinates* 

Gx(ctn”‘) 

G,(cin”’) 


I(D,„H,TPP) 

11190 

13580 

2390 

11(D4..HjP) 

10520 

13190 

2660 

IIKDm.HjP)' 

10400 

12790 

2390 

IV(fl,».H,P)'‘ 

10630 

13560 

2930 

V(P„,HjTPP) 

11110 

12790 

1680 

H,P (vapor, 393“ C) 

15930* 

19550 

3610 

HjP (benzene, 25“ CT 

16200 

19200 

3000 

HjTPP (vapor, 448° C) 

15060 

18310 

3250 

HjTPP (oil, 304“ C) 

15200 

18100 

2900 

H,TPP(oil,30“C) 

15400 

18320 

2830 

HjTPP (benzene, 25° C) 

15380 

18250 

2860 


• See Table 1 for full geometry. 

The calculated value is the energy gap while the experimental value is the 0, — Q, 

splitting. 

Identical to II except with N(9); x->2.083, y=0 and N(10); x —0, y = 2.023. 

'' Identical to 11 except with N(9): x = 2.023, y = 0 and N(10); x = 0, >> = 2.083. 

* All experimental values from Ref. [19], 


Because of the contribution of two electron terms, it is naive to interpret the 
experimental splitting of the and Q, bands in terms of the energy difference d 
between the empty orbitals and big(n*). Nonetheless since the observed 

splitting and calculated d both arise from the lifting of the degeneracy, we 
believe they should be qualitatively correlated. Thus when the bridged model 
gives d = 16 cm” as just mention^, we believe that a splitting of this order of 
magnitude would be expected for a real molecule with this structure. 

Table 2 gives calculated transition energies 62 ,( 71 *). 63 ,( 71 *) for several 

skeletal geometries, the splitting values d, and the experimental values [19], The 
calculated d values are comparable to experimental. There are marked changes 
of calculated d with changes in the carbon-nitrogen skeleton. Experimentally 
d changes with substituents, with temperature, and in going from solution to 
vapor. We believe that some of the effect of substituent and all of the effect of 
temperature and phase change should be attributed to changes in the carbon- 
nitrogen skeleton. 

Although we are confident that observed changes in — Qy splitting can be 
related to changes in the carbon-nitrogen skeleton, because of the crudity of the 
model, the relation of particular geometries to particular experimental conditions 
is on less firm ground. We note that calculated values of d are higher using HjP 
rather than H 2 TPP geometry, consistent with experiment. Chen and Tulinsky’s 
[16] recent work on HjP indicates that the pyrrole nitrogens are separated by a 
greater distance than the aza nitrogens. This result plus chemical intuition 
suggests that the change in g, — g, splitting that occurs in going from solution 
to vapor is due to a change such as from coordinates III to coordinates II. That 
is, in solution the carbon-nitrogen skeleton is /> 2 * with pyrrole nitrogens moved 
farther from the center and aza nitrogens moved closer. However in vapor, we 
propose that thermal motion causes the free base porphyrin to take on a more 
geometrically symmetrical configuration. 
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Other spectral correlations might be mentioned. The low energy transition 
bxJn)-*b 2 f{n*) is predicted to be polarized along the x axis; consequently, the 
band should be polarized along the proton axis. This agrees with the results 
from the polarization reflection studies of Anex and Umans [20]. It is also 
interesting to note that the EH model correctly predicts the band to be more 
intense than the Q, band. This result is a consequence of the fact that both bjJjt) 
and b,^(7z*) are strongly localized on N,o. 


Free Ba.se Phthalocyanine 

In a cla.ssical two-dimensional analysis Robertson [21] determined the x-ray 
structure of free base phthalocyanine. Although the experimental uncertainty of 
f 0 .0.1 A is large by today’s standards, the carbon-nitrogen skeleton is most 
likely Dj*. Robertson, however, did not directly observe the inner protons. There 
are two possible bonding schemes for these H atoms. They can be bonded directly 
to two of the four nitrogen atoms, or each hydrogen can be shared by two neigh¬ 
boring nitrogens. 

The position of the central hydrogens is still a matter of some controversy. 
Both proponents of the bridged and bonded model have used experimental 
evidence to buttress their conclusions. Fleischer [22] has performed a refinement 
on Robertson’s original data and has concluded that the hydrogens are in a 
bridged position. This view is supported by Berezin [23] who proposed a model 
in which the internally dissociate protons are shared by six nitrogen atoms. 
Sharp and Landon [24] also used the bridged H model to characterize the 
spectroscopic properties of a new polymorph of H 2 PC. From a neutron diffrac¬ 
tion study of HjPe, however, Hoskins, Mason, and White [25] have found evi¬ 
dence of four half-hydrogens which lie very nearly on a line which join centro- 
symmetrically related pyrrole nitrogen atoms. Gurinovich [26], studying the 
N H stretching frequency in a variety of porphyrin type compounds, found 
that as the molecule becomes more complicated the value of v(N-H) decreases. 
This suggested to him that the shift of v(N-H) of H 2 PC relative to H 2 P is not 
due to intramolecular H bonding. Although Hoskins et al. make a compelling 
argument for the bonded model in H 2 PC crystals, there is no reason to believe 
that the H atom position is the same in solution, vapor, and crystal. Thus, 
calculations were performed for both bonded and bridged models. 


aj Bonded Model 

The coordinates for the bonded model are given in Table 1 using the 
numbering of Fig. 1: coordinates VI are a average of the 02^ values obtained 
by Robertson. Coordinates VII and VIII were obtained from VI by moving the 
pyrrole nitrogen atoms farther apart by 0.02 A (VII) and 0.05 A (VIll). The aza 
nitrogens were moved closer together by the same amount for each case. The 
NH bond distance was set at 0.95 A, and variation of this value over ±0.05 A 
had little effect on the result. 
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Fig. 3. Top filled and lowest empty MO’s of bonded HjPc and ZnPc. For full geometry see Table 1 


An MO energy level diagram for H 2 PC with coordinates VI and VII is given 
in Fig. 3 along with ZnPc [17b]. Comparison with ZnPc shows that free base 
formation affects the four orbitals responsible for the visible and near uv absorp¬ 
tion intensity in a very similar manner as in porphin, Fig. 2: The orbital 
with non-zero coelTicients on the aza nitrogens, is at higher energy than b 2 g(n*) 
with non-zero coefllcients on the pyrrole nitrogens. Also the orbital a 2 u(fr) 
ZnPc rises strongly in energy while only rises slightly. The latter, as in 

porphin, has nodes at the central nitrogen atoms. 

One important difference between ZnP and ZnPc, as shown by SCMO-PPP 
calculations, is that in ZnP the top filled orbitals ai,( 7 i) are very close in energy 
while in ZnPc a 2 ii(") lower in energy than In ZnPc the Q bands are 

basically one electron transitions Although free base formation 

causes a 2 y(’^) lo rise in energy relative to ZnPc, we believe that in H 2 PC the 0 
bands will still be due to transitions ay(n)-^b 2 ^( 71 *), ^ 3 ,( 71 *). In this case the lower 
energy band will be polarized perpendicular to the H-H axis while in H 2 P 
it is polarized parallel to the H- H axis'-*. 

Table 3 gives the calculated values of Q, and d for coordinates VI, VII, and 
VIII plus the corresponding experimental results [2]. The transition energies of 

' In this paper we follow the general convention that refers to the lower energy Q band as Q, 
and upper one Q^, without implying an absolute orientation. The reader should note in each case the 
polarizaUon predicted. (We note that in chlorophyll the reduced ring is conventionally placed on the 
X axis forcing the protons on the y axis and making the lower energy band y polarized. For this reason 
it is generally called Q,.) 

* Note Added in Proof: Recent PPP calculations by M. Sundbom (Ph. D. Thesis) predict the 
lower energy band is polarized parallel the H-H axis, contrary to what the extended Hiickel cal¬ 
culations suggest. 
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Tabic 3. Calculated and experimenlal values of Q„ A, and the polarization for various geometries of 

free base phthalot^anine 


Geometry* 

Coordinates Hjo (xy) C, (cm ‘) 

A (cm*') 

Polarization*' 

VI 

0.960. 

0.000 

12310 

1440 

y 

VIP 

0.970, 

0.000 

12430 

1270 

y 

VIW 

0.985, 

0.000 

12560 

1120 

y 

IX 

1.081, 

0.000 

13090 

-17 

x(L) 

IX 

1.910, 

0.000 

13460 

88 

y(M) 

IX 

2.110, 

0.000 

13280 

374 

y(M) 

IX 

2.426, 

0.000 

13090 

761 

y(M) 

X 

1.380. 

0.000 

13100 

72 

M 

X 

2.030, 

0.000 

13.300 

335 

M 

X 

2.210, 

0.000 

13160 

612 

M 

X 

0.000, 

I..325 

12990 

242 

M 

XI 

1.8.30, 

0.000 

13340 

480 

M 

XI 

1.977. 

0.000 

131.50 

632 

M 

XII 

1.030, 

0.000 

12690 

577 

M 

XII 

1.830, 

0.000 

1.3090 

582 

M 

XII 

2.030, 

0.000 

1.3020 

819 

M 

XII 

2.21. 

0.000 

12880 

1120 

M 

XII 

0(100. 

1.775 

13260 

617 

M 

XII 

0.000, 

2.110 

1.3.370 

197 

M 

IIJ‘c in C I.NP Ref. [431 



I4.3.V) 

730 


lljPc vapor Ref [2a] 



14580 

1490 



' l-ull geometry given in Tables 1 and 4. 

Polarization of lowest energy Q band given with respect to axes. Figs. I and 4; x(L) refers to 
bridged structure with carbon-nitrogen skeleton. 

' Identical to VI (bonded HjPc) except N,: x= 1.92. y = 0; N,(,: X“0, y = 1.90. 

'* Identical to VI except N.,: x — 1.93.*!, y = 0; N,o: x = 0, y= 1.885. 


the EH model should more properly be compared to the average of the excited 
singlet and triplet energies than to the excited singlets alone. Although phospho¬ 
rescence of HjPe has not been observed, results for metal phthalocyanines [27] 
indicate that the triplet should be in the region 9000 to 10000cm" When this 
is averaged in with the observed singlet, the result agrees reasonably well with 
the EH transition energy. The difference in energy d between and 

corresponds quite well to the energy gap between and observed 
in vapor but tends to be larger than the gap observed in solution, as shown in 
Table 3. 


b) Bridged Model 

The coordinates of the bridged model are given in Table 4 using the number¬ 
ing of Fig. 4. The following coordinates were used; Coordinates IX form the 
same carbon-nitrogen skeleton as VI; coordinates X are the D 21 , carbon- 
nitrogen coordinates reported by Robertson [21]; coordinates XI and XII are 
slight variants of X with bond lengths and angles within Robertson’s experimental 
error. Unlike the bonded model, the proper distance of the central hydrogens 
from the nitrogens is not apparent. Moreover in the Dji, model the distance 




Table 4 , Coordinates |L, M) for various Fig. 4 skeletons in A 

Atom fX(D«t)‘ _ XlCit)* XI(Dj*)‘ XII (DjJ' XX (D^ 
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hi(; 4 Skeletal numbering for bridged model!! and D 2 ,, diKtortinns preserving L, M symmetry axes. 
I'lir distortuin, Robertson [21] found the N., distance to be 2.76A and the N 9 

distance to he 2 . 6 S A 


between and N,,. is 2.76 A while the N, N,,. distance is 2.65 A. It is not clear 
whether the H atoms belong on the M axis between Ng-N,. or on the L axis 
between N„- Ng... Accordingly we varied the distance of the hydrogens from the 
center, and in the Dj* geometry the axis upon which they were placed. 

Table gives the energy gap = d for different carbon- 

nitrogen skeletons and various distances of the protons from the center. More 
values are given in Ref. [17b]. For a carbon-nitrogen skeleton (IX), |d| is 
under 1(X) cm ~ ' until the distance between central hydrogen and bridged nitrogen 
is under ^ 1 ..1 A. As the distance between the central hydrogens and bridge 
nitrogens decreases, the energy of rises above exactly as in bonded 

HjPc. To reach A ~ 730 cm corresponding to the observed solution Q^ — Q,. 
splitting, this distance has to be reduced to 0.95 A. 

For the Dj* model, A depends on the specific carbon-nitrogen geometry, the 
position of the central hydrogens, and the axis upon which these hydrogens are 
placed. For the carbon-nitrogen skeletons studied and for the hydrogen distance 
from the center varying from 0.68 A to 2.43 A we have obtained A values between 
-270 cm"' and -l-1120cm"'. We have done calculations on NiPc using Dj* 
coordinates XII and obtained a splitting of 400cm"' [28]. It would seem, then, 
that if the distance of the hydrogen atoms from the bridged nitrogens is larger 
than ^ 1.3 A, the primary cause for any significant A value is the D 21 , distortion 
of the carbon-nitrogen skeleton. Therefore to obtain the experimental A value of 
730 cm ■' from a bridged model, either there is an incipient NH bond with the 
bridge nitrogens or there is substantial Djt, distortion of the carbon-nitrogen skeleton. 

The energy level pattern for different geometries of the bridged model are 
given in Fig. 5. As in the bonded model (vide ante) we interpret the two Q bands 
as ajn) -* f» 3 ,(jr*). If the splitting of h 2 g(n*), bigln*) is due to incipient bond 

formation between the central hydrogens and bridge nitrogens, then as in the 
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Fig. 5. Top filled and lowest empty MO's for bridged HjPc. The coordinates and distance of the 
hydrogens from the center are given. Full geometry may be found in Table 4 


bonded model, the orbital h 2 g(n*) with non-zero coefficients on the bonded 
nitrogens will be at lower energy and the lower energy transition will be polarized 
perpendicular to the H-H axis. In Fig. 4, if the splitting is due to incipient NH 
bond formation, placing the hydrogens on the L axis makes the lower energy 
transition polarized parallel to M. The Robertson distortion shown in Fig. 4 
also tends to put lower energy than bs^fTr*), so that if the protons are 

placed on the L axis of the Djs model the two effects cooperate to enhance 
splitting. Our calculations suggest that the experimental splitting of 730 cm 
can be obtained from the Robertson distortion alone, from incipient NH bond 
formation alone, or from both effects acting cooperatively. For the effects to act 
cooperatively, the hydrogen atoms must be on the L axis of the Robertson carbon- 
nitrogen skeleton in Fig. 4. 

There are three geometric parameters which significantly influence the calcu¬ 
lated results in bridged HjPc with Dj* skeletal symmetry. From the results of 
free base tetrazaporphin calculations (vide infra), it will be seen that the most 
important of these is the coordinates of the atoms in the inner ring: Cj, Nj, C^, 
N 9 , and N|o. Another factor, although less important, is the inclination of the 
benzene rings toward the M molecular axis. When calculations were done for a 
constant set of inner ring coordinates, A increases as the benzene rings were 
foreshortened in the M direction. The final parameter, which has already been 
discussed in detail, is the position of the central hydrogen atoms. 
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c) Postion of n — n* TYamitions 

In normal phthaJocyanine solution spectra the half-widths of the Q and B 
hands arc approximately 400 and 5000 cm"^ respectively. Hochstrasser and 
Marzzacco [ 29J have proposed that the presence of/i w transitions, even though 
forbidden, under allowed transitions broadens the latter. Although the 

MO diagram.s for both bonded (Fig. 3) and bridged (Fig. 5) indicate the possi- 
bility of n-*n* transitions under both the Q and B bands, only the B shows 
temperature independent broadening. However, Fielding and MacKay [30, 31], 
in a study of the single crystal absorption of HjPe, observed weak tr^sitions 
not split by the crystalline field in the 4(XX) to 10(X)0cm“’ region. Since the 
extinction coelficients of these bands are larger than those usually associated 
with singlet-triplet transitions. Fielding and MacKay assigned them to symmetry 
forbidden transitions which should be allowed to some extent in a single crystal. 
Although we do predict n-* 7 t* transitions in this region, the strong fluorescence 
of HjPe suggests that no other singlets lie under the first n-*n* transition. In 
addition, our F.H method generally underestimates the energy of n — n* 
transitions f 17], 


d) Relation to Experimental Spectra 

Before attempting to summarize our conclusions, let us list some of the 
pertinent spectral behavior of H^Pc [2]. (I) There is a strong variation in the 
Qx - Qy splitting which is more environment than temperature dependent. For 
example, in silicone oil over the temperature range 297" K to 577“ K the 
.splitting varies only from 730 to 770cm”'. (2) In going from solution to vapor 
Qy is blue shifted about 1000 cm”' while g, is blue shifted normally (about 
250 cm''). (3) The Qy band shows anomalous broadening with temperature 
although the relative Q^, Qy intensities are preserved. This latter effect has 
tentatively been attributed to vibronic coupling between the Qy states [ 2 a]. 

From the results of our calculations we can suggest three structural changes 
to account for the striking increase in Q^^ — Qy splitting on going from vapor to 
solution: 

(1) Both structures arc bonded. In vapor the carbon-nitrogen skeleton is 
D 4 .A and in solution with the pyrrole nitrogens more separated than the aza 
nitrogens. 

(2) Both structures are bridged. In the vapor the total splitting results from 
cooperation between a Du, Robertson type distortion and incipient bond for¬ 
mation between central hydrogen and bridged nitrogen. 

(3) In solution HjPe is bridged, most likely with a Robertson distortion 
with protons on the L axis, while in the vapor HjPe is bonded, most likely with 

carbon-nitrogen skeleton. 

Which of these three explanations is most likely? Our bridged calculations 
of A include a range that readily encompasses the observed solution Qx — Q^ 
splitting of ~7(X)cm”*. They are never as large as the ~15(X)cm”* vapor 
splitting, and they only approach this value with central hydrogens essentially 
bound to the bridged nitrogens. Since such a bond seems chemically unreason- 
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able, we rule out a bridged structure for the vapor and reject explanation (2). 
However our bonded calculation of d give values as low as 1100cm"and 
conceivably 700 cmcould be achieved. Thus though our calculations indicate 
explanation (3), the inaccuracy of our method prevents us from ruling out 
explanation (1). 

A great amount of work has been done on crystal and film HjPe. Our 
calculations on the bridged model show that values of J comparable to experiment 
lead to a lower energy band polarized parallel to M axis. Lyons, Walsh, and White 
[32] obtained better agreement between the experimental polarized spectra of 
single crystal of ^-H 2 Pc and spectra calculated using a point dipole approxi¬ 
mation if they assumed the lower energy transition is polarized along the L axis. 
Their conclusion, however, is not completely unambiguous, for there is great 
difficulty in even correctly assigning the transitions in crystal spectra. Lucia and 
Verderame [33] observed that the A of thin films of ^-HjPe is approximately 
the same as the vapor, and they have suggested that the and Q, states are 
each red-shifted by about 600 cm ~' in the crystal site then split by about 200 
to 500 cm“ ‘ under the factor group (Davydov splittings). This explanation seems 
to imply that the structure of the free base in the vapor closely resembles that in 
the crystal, and it is the solution results that are anomalous. Sharp and Landon 
[24] have stated that the spectra of thin films of a-HjPc should be most closely 
related to solution spectra since the a-form is a metastable and less ordered 
polymorph than the usually studied p H 2 PC. However, the A of a-HjPc is 
almost 2000 cm ~' which is closer to the vapor rather than the solution results. 

Recent X-ray work on metal phthalocyanines [34,35] indicates that the 
phthalocyanine skeleton is fairly flexible. Consequently, the phthalocyanine ring 
geometry may be very sensitive to changes in the molecular environment. The 
strong dependence of the — Q, splitting upon solvent may be a reflection of 
such geometry changes. Edwards [2] found that A is much more environment 
than temperature dependent. For example, A is 699,767,870,909, and 1487 cm" ‘ 
in HMPA (300° K.), 1-CLNP (300" K), Kr (20° K), Ar (20° K), and vapor 
respectively. These experimental results plus the calculations rep)orted here make 
clear that “isolated molecule” energies suitable for crystal calculations may be 
dependent on crystal pecking, which can affect the carbon-nitrogen skeletal 
geometry and in turn the proton p>ositions. It may be that neither the vapwr nor 
the solution — Qy split correspond to the “isolated molecule” suitable for a 
zeroth order wavefunction for a perticular solid phase. Since the Davydov splitting 
for a crystal phase will be comperable to the Q„ - Q, splitting, which is not clearly 
known, understanding the crystal sp>ectra of HjPe will be difficult. Metallo- 
phthalocyanines p>ose a much simpler problem. 


ej Relation to Theory of Chen and Berezin 

Using the simple Hiickel model, Chen [6] successfully reproduced the observed 
absorption spiectra of H 2 PC with a bridged hydrogen model by slightly raising 
the Coulomb integral « value of the adjacent bridge nitrogens. Our EH calcu- 
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lations show that the protons Ac « value of the adjacent bndgc nitrogens. 
Moreover they show that unless the hydrogen-bndge nitrogen distance becomes 
comoarable to normal bond lenghts, a carbon-nitrogen skeleton distortion is 
also necessary if the observed 730 cm" ‘ splitting is to be achieved. We also note 
that Chen placed the bridged hydrogens on the M axis of the skeleton 

(Fig. 4), while our calculations show the L axis to more likely. 

Berezin [23] proposed that the internally dissociated H atoms are stabilized 
in the presence of the negative electrostatic field produced by its two dissociated 
electrons. Maximum stabilization would therefore probably occur when the 
proton was situated equidistant from the Aree N atoms (N,, N,., and Nj^). 
Our calculations show that such geometry gives too small a splitting for a 
carbon-nitrogen skeleton. 


Free Ba.se Tetrabenzporphins 

Although work on the X-ray structure of tetrabenzporphin was begun by 
Robertson [36], no detailed analysis of a TBP has been published. It was 
therefore necessary to make some assumptions about the structure of H^TBP 
on the basis of what is known about other free bases. Coordinates XIII 
(Table 1) are derived from the H 2 TPP coordinate of Hamor, Hamor, and 
Hoard [13] with -C^ and C^-C^ increased to 1..39A so that the outer benzo 
rings can achieve the normal hexagonal benzene geometry. Coordinates XIV 
and XV were obtained from XIII by moving the pyrrole nitrogens farther apart 
by 0.06 A (XIV) and 0.10 A (XV) and the aza nitrogens closer together by the 
same amounts respectively. Coordinates XVI are derived from the geometry 
of H 2 PC, coordinates VI. All these cases are bonded with an NH distance of 1 A. 
Coordinates XVII were derived from the bridged Dj* coordinates of HjPe, XII. 

Fig. 6 gives the energy level scheme for ZnTBP [17b] and several geometries 
of H 2 TBP. Unlike ZnP but like ZnPc, the top Tilled MO is a,„(7t) a result found 
by SCMO PPP calculations [3]. Just as for HjP and H 2 PC, the effect of free 
base formation is to raise the lower energy a 2 „{n) of the ZnTBP. We see in Fig. 6 
that the order of a,(n), (the top filled orbitals of H 2 TBP) is dependent on 
geometry. As shown in Table 5, the splitting of h 2 g{K*) and b^gin*) is slightly 
larger for bonded H 2 TBP than for either bonded H 2 Por HjPe. In bridged H 2 TBP 
the splitting is smaller than in bridged H 2 PC. The larger splitting for bonded 
H 2 TBP is due to greater localization of the e,(n*) orbitals onto the central nitrogen 
atoms. For all geometries in Table 5, Ac splitting d is rather larger than the 
1395 cm' * Q^ — Qy splitting given by Solov’ev ei al. [37]. In addition to this, 
they observe the B band clearly split into two components, whose separation is 
1000 cm“ '. This is the only one of the four free bases studied herein that shows 
clear B band splitting. 

The polarization of the transitions relative to the H-H eixis is determined 
by which orbital hi^fa) or u.(a) is higher in energy. Because the energies are so 
close, the neglected two electron terms will be imp>ortant, and we cannot answer 
this question within the present model. 
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Fig. 6. Top filled and lowest empty MO’s of HjTBP and ZnTBP. Geometry of XIII given in Table I 
while XV and XVI are described in text 


Table S. Calculated and experimental values of Q,, A, and the polarization for various geometries of 

free base tetrabcnzporphin 


Geometry 

Q. (cm'*) 

A (cm' *) 

Polarization 

XIII* 

1.3020 

2663 

X 

XV *> 

12850 

2279 

X 

XV ‘ 

12930 

1914 

X 

XVI-* 

14150 

2759 

y 

XVll' 

14660 

99 

M 

MjTBP in pyridine Ref. [37] 

15020 

1395 


HjTBP in CLNP Ref. [41] 

14970 

1363 



* Bonded HjTBP, full geometry given in Table 1. 

Identical to XIII except N,; x = 2.08, y = 0; N,o’, x =0,y = 2.02; Hjoi x= 1.08, y = 0. 
Identical to XIII except N,; x = 2.10, y = 0; N,®; x = 0, y = 2.00; Hj^: x = 1.10, y = 0, 
'* Bonded HjTBP, derived from coordinates VI (Table 1). 

' Bridged HjTBP, derived from coordinates XII (Table 4) with Hjo: x= 1.83, y = 0. 


Free Base Tetrazaporphins 

No complete structural analysis of a tetrazaporphin has been published 
although preliminary investigations have been made on the X-ray structure of 
various aza substituted porphyrins [36,38]. There is thus a fairly large un¬ 
certainty in the geometry of this molecule; e.g., the central protons in HjTAP 
may be either bonded or bridged, while the skeletal geometry may be similar to 
HjP, as was assumed in earlier calculations [3a], or it may be more closely 
related to H 2 PC. Consequently, a fairly wide range of atomic coordinates derived 
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I'lg. 7. Ttip filled and lowest empty orbitals of ZnTAP and HjTAP. Description of geometry given 

in Tables I. 4, and 6 


from bonded HjP, bonded HjPc, and bridged H 2 PC were used. Coordinates 
XVni (Table 1) were derived from D 4 * coordinates VI of HjPc. Coordinates XIX 
were derived from coordinates I of H 2 TPP. Coordinates XX, XXI, XXII 
were bridged structures obtained from D 2 * coordinates X, XI, XII of H 2 PC. 
Coordinates XXIII have the D 21 , distortion of the carbon-nitrogen skeleton as in 
XX, but the central hydrogen atoms are bonded. In all cases the C 2 -C 2 and 
C 7 C '7 bond (Cj C 7 in bridged model) have the porphin bond distance of 1.362 A. 

Pig. 7 compares the calculated MO’s for bonded and bridged H 2 TAP with 
ZnTAP. As in previous cases the a 2 i«(’') orbital of ZnTAP rises in energy in the 
free base. The splitting of the empty orbitals f> 2 g(^*) and is the same as 

in the comparable H 2 PC skeletons, in the bonded cases, therefore, the lowest 
energy Q transition is polarized parallel to the proton axis. In the bridged cases 
with the H -H axis parallel to L, the same is true. With the D 21 , carbon-nitrogen 
skeleton XX and the H-H axis parallel to M, a negligible splitting occurs. The 
polarization predicted for the bonded cases agrees with that predicted by 
SCMO-PPP calculations [3] and is like HjP. As in H 2 PC, there is a fairly large 
number of n-> 7 r* transitions predicted to be in the region of the 0 and B bands. 
If we again assume that we have underestimated the energy of these transitions, 
the dilTuseness of the B and N bands in H 2 TAP [39,40] may be caused by these 
underlying n-*n* transitions. 

Table 6 compares the calculated values of and for various geometries of 
H 2 TAP with experimental results. Comparing these values with those in Table 3, 
one finds that the calculated splitting for bonded H 2 TAP is less than that for 
bonded H 2 PC with a similar geometry, but the reverse is true for bridged HjPe 
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Table 6. Calculated and experimental value of Q, and d for various geometries of free base 

tetrazaporphins 


Case 

Geometry 

Coordinates Hjo (x, y) Q,(cm"‘) 

A (cm" 

Polarization 

1 

XVIII* 

0.91, 

0.000 

12740 

1110 

X 

2 

XIX *■ 

1.054, 

0.000 

9530 

1085 

X 

3 

XX' 

183, 

0.000 

13030 

295 

L 

4 

XX 

0.000, 

1.83 

13020 

10 

L 

5 

XXI ■* 

1.03, 

0.000 

14830 

553 

L 

6 

XXI 

1.83, 

0.000 

12840 

653 

L 

7 

XXII' 

1.83, 

0.000 

12840 

819 

L 

8 

XXII 

2.03, 

0.000 

12130 

1144 

L 

9 

XXII 

2.21, 

0.000 

11510 

1522 

L 

10 

XXIIP 

0.695, 

0.667 

12480 

1193 

I 

11 

XXIII 

0.900, 

0.505 

12640 

1121 

f 

H 2 TAP in pyridine Ref. [39] 


16030 

1960 


HjTAP in chlorobenzene Ref. [40] 


16210 

2140 



* Bonded HiTAP, derived from geometry VI. Full coordinates given in Table 1. 

*’ Bonded HjTAP, derived from geometry I. 

‘ Bridged H^TAP, derived from geometry X. Full coordinates given in Table 4. 

Bridged H^TAP, derived from geometry XI. 

‘ Bridged HjTAP, derived from geometry XII. 

' Geometry of carbon-nitrogen skeleton same as XX, but central hydrogen atoms are bonded. 
' Polarization parallel to axis connecting pyrrole nitrogens. 


and HjTAP. This result is a natural consequence of the percent composition of 
the lowest empty e,(n*) orbitals in ZnTAP and ZnPc which have a 21.8% N,, 
31.3% Nj and 24% N,, 24.7% Nj composition, respiectively. The best agreement 
with the experimental values is obtained either from the bonded model or from 
the bridged model XXII with a relatively short H 2 o~N 4 distance. Although these 
EH calculations are not able to unambiguously assign the best configuration, 
it must be remembered that Weiss et al. [3a] obtained a calculated J of 1870 cm “' 
by assuming a bonded geometry. Our results indicate that small changes in ring 
geometry will lead to measurable changes in d. The 181 cm~' increase in the 
Qx~Qy splitting upon changing the solvent from pyridine to chlorobenzene 
[39,40] can be interpreted on this basis. 

Computer time for these EH calculations is normally reduced by assuming 
that the molecule of interest has two planes of symmetry. In all previously 
discussed calculations, this requirement has been met. If we consider a bonded 
configuration of H 2 TAP or H 2 PC with the D 2 * skeletal symmetry of Robertson 
[21], the resulting structure does not have two planes of symmetry. This 
structure is important, however, in order to test our previous assumption that 
in the bonded model the perturbation due to the central H atoms is much 
greater than that due to the distortion of the skeleton. Since calculations on 
such a structure of H 2 PC would be too costly, we considered the case of HjTAP 
with ^2k molecular symmetry. 

As can be seen from the results of such a calculation (Table 6 and Fig. 7), the 
properties of this configuration should be very similar to those of bonded H 2 TAP 
with skeletal symmetry. This result confirms that indeed the main per- 
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turbation on the molecule is the bonding protons. From a study of the intrinsic 
polarization of the fluorescence of H^TAP [41], it was concluded that the 
symmetry of the molecule was D 2 i,. Although the molecular symmetry of the 
configuration under consideration is formally C 21 ,, the symmetry of the n electron 
orbitals is essentially still Dji,. Consequently, the selection rules for such a con- 
flguration should be effectively equivalent to one that is formally D 2 ,,. 

The neutron diffraction study on HjPe indicates that the protons are not 
exactly on the line connecting the two nitrogen atoms, N 9 -N 9 ... of Fig. 4. 
Physically, this corresponds to an increase in the amount of H-bonding with the 
bridged nitrogen atoms. Although the eflect of placing Hjo and H 20 ' closer to 
N,„ and N,(,. respectively (case 11) is slight, it does result in a smaller calculated 
value of A. The MO diagram for bonded H^TAP with skeletal symmetry 

(case 10) closely resembles that of bonded H^TAP with skeletal symmetry 

(ca.se 1), even with respect to the Np„ orbitals. Although the above discussion is 
specifically about ff^TAP, similar results are expected for Cj* HjPe. 


Other Work 

A Mulliken population analysis [42] for various geometries of HjP, HjPe, 
lljTBP, and HjTAP are reported elsewhere [17b]. The charge density of all 
atoms except the central hydrogens and the pyrrole nitrogens are fairly insensitive 
to changes in geometry. Generally, we find that the net charge of the pi electron 
SC’MO PPP calculations for HjP [3] and HjPe [9] correlates with the net 
charge for all valence electrons in the EH model. Ref. [17b] also includes the 
following: additional calculations on various geometries of HjPe; a population 
analy.si.s for the top filled and lowest empty orbitals of HjP and HjPe; and a more 
complete discussion of some of our results. 


Conclusions 

We have discussed the splitting of the two Q bands in the free bases of four 
porphyrin related skeletons in terms of the energy gap between the vacant orbitals 
h 2 „(n*), h.,g(jr*) that are the degenerate e^in*) of the metal. We have been led to the 
following conclusions; 

(1) The splitting is determined not only by the central H atoms but by 

distortions of the carbon-nitrogen skeleton. Changes in these distortions can 
account for the dependence of the split on environment. 

(2) To obtain splittings of 700cm'* or more by a bridged structure, either 

there is incipient NH bond formation between central hydrogen atoms and bridge 
nitrogens or there is substantial D 21 , distortion. Both effects may work co¬ 
operatively, but even so they cannot explain the large splitting observed 

in vapor of H 2 PC. 

(3) Because of the sensitivity of Qx — Qj splitting to environment in HjPe, 
the “isolated molecule” splitting suitable for the crystal may not correspond to 
either vapor or solution observations. 
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(4) n —n* transitions occur at lower energies in H 2 TAP and HjPc than in 
HjP or H 2 TBP and may account for the great broadening of the Soret region of 
the former two compart to the latter. 

(5) The only case where a bridged structure is likely is solution H 2 PC. Even 
here the calculations do not altogether rule out a bonded structure. 
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The possibilities of utilization of CNDO wave functions for computing molecular electrostatic 
potentials are studied by comparison with ab initio results for H 2 O and HjCO. 

Les possibilit6s d'utilisation de functions d'onde CNDO pour Ic calcul des potenticls electro- 
statiques molcculaires sont 4tudi4es par comparaison avcc des risultats ab initio pour HjO et HjCO. 

Die Mdglichkeiten der Verwendung von CNDO-Wellenfunklionen zur Berechnung molekularer 
elektrostatischer Potentiate werden durch Vergleich mit ab initio Rechnungen fUr H 2 O und H 2 CO 
untersucht. 

Several nonempirical studies using wavefunctions from either STO minimal 
basis sets [1- 3] or GTO basis sets [4,5] have shown that the value of the electro¬ 
static potential created by the electronic distribution and the nuclear charges of 
a molecule in the different regions of the space surrounding it gives valuable 
informations about the sites involved in protonation or in reactions with electro¬ 
philic agents. Large-scale non-empirical computations of this sort being un¬ 
fortunately precluded, we have set out to investigate the possibilities of the 
CNDO-method in this field: in a preliminary study [6] we have determined 
within the CNDO/2 semi-empirical framework the isopotential curves for adenine 
and guanine and have observed that they allow a very neat distinction between 
the two molecules as to the most probable regions for electrophilic attack, in 
remarkable conformity with the known experimental facts. On the other hand, 
the CNDO maps for adenine agree qualitatively with the corresponding ab initio 
maps available [4]. However, some dilTerences appear upon detailed comparison, 
particularly as concerns the depth of the potential wells and the location of the 
bottom of these wells. 

These differences led us to search for their origin and to try to find an approx¬ 
imation for the calculation of the electrostatic potential from CNDO/2 wave 
functions which would be in closer agreement with non empirical results. For 
performing this test we chose water and formaldehyde. For water, non-empirical 
isopotential maps from a wave function expressed in a minimal STO basis are 
available for comparison [7]. The choice of formaldehyde was made, aside from 
the small size of the molecule and the existence in the literature of several ab initio 
minimal STO wave functions which could be used to calculate the non empirical 
isopotential maps [8,9], because the structure of protonated formaldehyde is 
experimentally known [10]. 
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ComputatioBal Details 

The interaction energy between a molecular distribution and an external 
unitary positive charge placed at point P is given by [2]: 


A 


Za 




Midt. 

rp 


where the first summation runs over the nuclei of the molecule and the second 
is carried over all the electrons of the molecule. The integrals appearing in the 
second summation are the nuclear attraction integrals of a hydrogen nucleus on 
the distribution fbe wave functions utilized to calculate the elements 

of the density matrix are obtained from CNDO/2, has to be taken equal to 
the number of valence electrons. 

Approximation 1. If one chooses to stay exactly within the CNDO/2 approxi¬ 
mations, only the diagonal elements of the density matrix are retained and the 
nuclear attraction integrals are approximated by minus the repulsion integrals 
between s orbitals. This was the approximation we used previously [6], in which: 

Kp = 5 ] ^ ^ PaaVai^ ■ 

This approximation corresponds to Fig. 1. 

Approximation II. Another possibility is to keep the same elements of the den¬ 
sity matrix, but to abandon the y-approximation and to use instead the corres¬ 
ponding correct nuclear attraction integrals ^AH over s atomic orbitals (so as 
to retain the spherical symmetry of the interaction). The corresponding maps are 
those of Fig. 2. 

Approximation III. Instead of averaging the nuclear attraction integrals on 
each atom A, all the nuclear attraction integrals are computed exactly and in¬ 
troduced in the summation with the corresponding P^, element, provided that 




(b) 


Pig. I a and b. Electrostatic molecular potential energy maps for a) water molecule, b) formaldehyde, 
using Approx. I. Energies are in kcal/mole. The upper part of the Tigure corresponds to the y or z plane, 

the lower part to the molecular plane 
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Fig. 2. Same as Fig. 1. Approx. II 

and X, are Icxated on the same atom. The only nuclear attraction terms left out 
are the three-center terms. This approximation corresponds to the maps of Fig. 3. 

Approximation IV. The first three approximations utilize the usual CNDO/2 
density matrix made with the coefficients admittedly considered as coefficients 
over Slater orbitals in spite of the ZDO approximation. Now, the CNDO eigen¬ 
vectors may be conceived instead [11] as expressed in terms of orthogonalized 
orbitals X derived from Slater orbitals x by the Lowdin's transformation [12]. 
Thus, one may retransform the CNDO coefficients into coefncients over Slater 
orbitals by the matrix product: 

a=s-*'^c\ 

where S is the overlap matrix over the Slater orbitals, and use these “deortho- 
gonalized” coefficients for calculating a new density matrix. This approach was 
utilized for studying charges and dipole moments [13,14], and very recently, 
density distributions [20]. 

If one uses this deorthogonalized density matrix for the computation of the 
potentials, all the nuclear attraction integrals must be retained since the two- 
center distributions x^X„ no longer zero. This approximation of the potential 
Vf differs from an exact computation only by the freezing of the Is electrons 
into the nuclei and by the fact that the density matrix is obtained through a 
CNDO deorthogonalization process instead of a complete ah initio SCF procedure. 
This approximation corresponds to Fig. 4. 




Fig. 3. Same as Fig. 1. Approx. Ill 
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I'ig. 4, Same as Fig. 1. Approx. IV 


Reference ah ini/io Compulations. The reference curves for H^O (Fig. 5a) are 
those of Bonaccorsi et al. [7], corresponding to the molecule-optimized Slater 
basis set of Aung, Pitzer and Chan [15]. 

For HjCO we have computed the isoenergy values using two different wave 
functions, one in a Slater minimal basis set (best atom C® with Ch= ^-2) [8], the 
other in a molecule-optimized Slater basis (isotropic) [9], The corresponding 
maps are those of Figs. 5b 1, and 5b2 respectively. 

For these potential computations (and those of Approx. IV), we have used 
an adaptation of a part of an integral program written by Stevens [16]. 



Fig. -Sii and b. Non-empirical electrostatic potential energy maps for: a HjO of Ref [7], bl II,CO 
(Slater exponents. = 1.2), b2 HjCO (optimized isotropic basis) 
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Results and Discussion 

The maps of Approx. I (full CNDO) show a similar behaviour for the two 
molecules: the potential wells are rather shallow and located on the molecular 
axis. These results when compared to the non-empirical ones of Bonaccorsi et al. 
for water and ours for formaldehyde show that the computed values are too 
small (in absolute vslue) and that the bottoms of the wells are located too far 
from the oxygen atoms when approximating the nuclear integrals by the y-values. 
This appears as a general deficiency of Approx. I, which has partly been discussed 
before [6]. As expected, replacing the y’s by the average K 4 ,^values (Approx. II) 
increases the numerical potential values and brings the minima closer to the 
molecule (Fig. 2). But in the two approximations, the minima are located on the 
molecular symmetry axis for both molecules whereas the ab initio calculations 
find the bottoms of the potential wells away from the molecular axis, somewhat 
above (and below) the molecular plane in the case of water, and in the molecular 
plane but clearly away from the C=0 axis in the case of formaldehyde (Fig. 5). 
For this molecule the non-empirical isopotential maps are in agreement with 
experimental findings on the structure of protonated formaldehyde: high resolu¬ 
tion proton magnetic resonance indicates unambiguously [10] an unsymmetrical 
structure for the protonated species'. 

As concerns the non-empirical curves it is interesting to note that the location 
of the potential well is very similar whatever basis set is utilized. From a qualitative 
point of view the two sets of curves are very similar, but they differ in the extension 
of the attractive zone and in the numerical value of the minima. The greater 
extension occurs for the optimized basis and is probably related to the fact that 
the optimized exponents for the oxygen atom are smaller than the corresponding 
Slater exponents. 

Approx. HI leads to numerical values of the potentials which are much larger 
than in the preceeding computations, and even larger than the ab initio values. 
For water the largest potential is now slightly off the molecular plane. But for 
formaldehyde the molecular axis is still found to be the most attractive region 
for a positve charge. 

If we turn now to Approx. IV, we observe a better quantitative agreement 
with non-empirical calculations. The numerical agreement between the two types 
of calculations shows that the accuracy of the representation of the core electrons 
(the Is electrons from oxygen and carbon atoms in the present cases) plays a 
negligible role on the value of the electrostatic potential at the distances con¬ 
sidered. On the other hand, the introduction of the two-center distributions 
seems required for obtaining the directionality of the attraction energy when the 
bottoms of the potential wells are very small depressions in a rather deep arc¬ 
shaped valley, as it is the case in the neighbourhood of oxygen atoms. 

As far as the depth of potential wells is concerned. Approx. IV appears in 
better agreement with the values obtained from the wave function using an opti¬ 
mized basis set than those from a wave function using regular Slater exponents. 

' The expcTimental evidence on the geometry of H 30 '^ is less clearcut: crystal data indicate 
pyramidal structures but the free ion is claimed to be planar [17~I9] with very easy distortion. 
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These calculations show that one way to obtain quantitatively good isopotential 
maps from a CNDO/2 wavefunction is to transform the eigenvectors from the 
orthogonal basis set into a regular Slater basis and to introduce all the integrals. 
Although the calculation of nuclear integrals is very rapid for one point of space, 
the large number of points required for a map renders the computer time necessary 
for such calculations rapidly prohibitive when the size of the molecule increases. 
However, for large molecules this approximation might be useful for the explora¬ 
tion of a relatively small region of space where a preliminary study has shown 
that the potential well has the largest probability to be found. Such an exploratory 
study may be performed very rapidly using Approx. II. (The use of Approx. I, 
which is less good, and slower, may be preferred only when consistency with 
other CNDO results is desired). 

Afknowledgcmcnis. Wc gratefully acknowledge the help of Dr. J. Beaudet in the program intro¬ 
ducing all the nuclear integrals. We thank also Professor Stevens for comraunicating us the form¬ 
aldehyde eigenvectors used for the maps of Fig. 5b2. 
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The relative carbonyl stretching frequency shills in the infrared spectra of cyclopentanone (CP) 
and 0"'CP have been measured in various solvents. The plot of these shills versus those of aceto¬ 
phenone shows that the doublet in the carbonyl stretching region of CP is caused by Fermi resonance 
and the splitting does not take place in 0'‘-CP. In the vaftor phase no doublet was observed in CP 
or 0'"-CP. 

Using these results, the vibrational energy diagrams of CP and 0'*-CP are proposed and the 
energy difference between the unperturbed resonating levels (5**) and interaction terms (f/ij) were 
obtained. These values agree well with those obtained from the intensity data. 

Die relativen Frequenzverschiebungen der Carbonylstreckschwingung im Infrarotspektrum 
des Cyclopentanons (CP) und 0‘'-CP werden in verschiedenen Ldsungsmitteln gemessen. Beim 
Auftragen dieser Werte gegen die des Acetophenons zeigt sich, daQ das Dublett im Bereich der 
Carbonylstreckschwingung des CP durch Fermiresonanz hervorgeruien wird und bei O'^-CP keine 
Aufspaltung stattfindet. In der Dampfphase wurde weder bei CP noch bm 0‘*-CP ein Dublett 
beobachtet. 

Aufgrund dieser Ergebnisse wird ein Schwingungsenergiediagramm von CP und 0"-CP vor- 
geschlagen und die Energiedifferenz zwischen den ungestdrten Resonanzzusiknden (^°) und den 
Wechselwirkungstermen (H,j) erhalten. Diese Werte stimmen mit den aus Intensitiitsmcssungen er- 
haltenen gut Uberein. 

The carbonyl stretching region of the infrared and Raman spectra of cyclo¬ 
pentanone (CP) contains a doublet band. This splitting has been investigated [1,2] 
extensively by examining the effects of solvent, concentration, and temperature 
on the doublet and by comparing the infrared and Raman spectra of CP and 
CP —a:a:It was concluded that the doublet is caused by Fermi 
resonance and does not involve conformational isomerism, dimolecular associa¬ 
tion through hydrogen bonding, dipole-dipole interaction or enolization of the 
ketone. According to a microwave study, CP has one major conformational 
structure of Cj symmetry in the ground state [3], Although the dimeric associa¬ 
tion by a dipole-dipole interaction in CCI 4 was reported recently [4], its contribu¬ 
tion to the doublet is not significant as confirm^ in previous works [ 1 , 2 ]. 

In the course of a study of the infrared carbonyl bands of various ketones, 
we have had occasion to synthesize and study the infrared absorptions of O'^-CP 
in comparison with those of 0‘*’-CP. With these spectral data in the carbonyl 
stretching region, the Fermi interaction of CP and 0‘®-CP has been studied 
using its solvent perturbation. 

Several O'‘-labelled ketones such as benzoyl chloride [5, 6 ], p-benzoquinone 
[7] and tetramethylcyclobutane-l,3-dione [ 8 ] have been used for study of the 

* Taken in part from the Ph. D. Thesis of K. S. Kim, Jan. 1971. Paper X. Vibrational Effects 
in Carbonium Ion Reactions. Paper IX. Davis,R.E., Pfaffenberger.C.R.C.; Theoret. chim. Acta 
(Berl.) 20, 364(1971). 
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£-B«n2oquinorw In CCI4 


Tatramethylcyclobulana - 
- 1 , 3 -dlone In CCI4 



l-iK I Sulicniulic intcracimii cncrtiy IcvcK in the cartHinyl stretching region of bcn/.oyl chloride, 
p-hen/oquinonc and tetramcthylcyclohutune-l,3-dione 


doublet splittings of their normal ketones in the carbonyl stretching region. The 
interacting energy levels can be represented by the schematic diagram (Fig. 1). 
The energy levels and the intensities of O'"-ketones depend on the degree of the 
relative shifts of the resonating carbonyl and overtone or combination levels 
caused by O'"-substitution. The overtone or combination bands of benzoyl 
chloride are effected very much by O'"-substitution while those ofp-benzoquinonc 
and tetramethylcyclobutanedione (TMDO) remain at the almost same locations. 
This information is useful for the vibrational assignment with group-theoretical 
considerations and selection rules for TMDO [8]. However, this kind of con¬ 
sideration is not successful for CP because of many numerically possible combina¬ 
tions and its low molecular symmetry. 

CP in solvents is similar to /;-benzoquinone due to the large septaration of 
the resonating levels by O'"-substitution (see Fig. 2). In the vapor phase the 
carbonyl band is shifted to a higher level; the interaction in O'^-CP is weakened 
significantly and it may be negligible (Fig. 3). The same behavior is observed in 
0'"-CP. The half-band width and the relative locations of three sub-bands arc 
almost equal to those of O'^-CP (Fig. 3 and Table 1). If there is interaction in 
the vapor phase, the band would be complex and broad due to the contribution 
from rotational states. These behaviors are shown schematically in Fig. 4. 

With different solvents, the carbonyl band can be shifted. In Fig. 5, the relative 
frequency shifts (dv/v) calculated on the basis of the vapor state frequency are 
plotted against those of acetophenone [9], In the case of O'^-CP in which the 





Frequency (cm~’) 

Fig. 3. Infrared spectrum of partially O’"-substituted cyclopentanone in vapor phase in the carbonyl 
stretching region, 15 mm Hg, 10 cm cell with C'sBr windows 


resonating levels are very close, the carbonyl level can be lower and higher than the 
other level interacting with it. The latter level depends only weakly upon the nature 
of solvent. Therefore, the stronger band has been assigned as the carbonyl absorp¬ 
tion O'^-CP gives a good straight line as ketones do whose carbonyl band does 
not involve Fermi resonance [9], 0'*’-CP shows the same tendency as 0‘*-CP 
in the low and high relative shifts (J v/v). However, the line is not connected in 
the middle region (the broken line of Fig. S). This effect takes place in solvents 
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Table I. Infrared dau in the carbonyl stretching region of O'*- and 0"-cyclopentanones and the 

calculated parameters 


Point No. 

Solvent 


‘•c 

‘'is 

0 

S 

SO 

Hij 

a 

1 

Vapor 

Cyclohexane 

1776 

177f 

1759 

1753 

1724 

1743 

1738* 

1725 

1714 

13.78 

29 

17 

11.7 

0.89 

2 

Carbon disulHde 

1747 

1725 

1709 

5.77 

22 

12 

9.2 

0.88 

i 

Nitromclhane 

1733 

1747 

1706 

1.49 

14 

2 

6.9 

0.76 

4 

Chloroform 

1729 

1745 

1703 

1.30 

16 

2 

7.9 

0.75 

5 

Bromoform 

1726 

1743 

1703* 

1.49 

17 

1 

8.5 

0.73 

f> 

Hen/ene 

1747 

1728 

1699 

1710 

4.73 

19 

11 

7.7 

0.89 

7 

Carbon tetrachloride 

1749 

1726 

1711 

5.2 

2.3 

13 

8.9 

0.89 

X 

Acetonitrile 

1746 

1733 

1707 

1.06 

13 

1 

6.5 

0.73 


' Used as standard. 

^ Dinihlol of equal intensities Average value was used. 



In Solvent 


vapor 


f'ig.4. Schematic interacting energy levels of O'*- and 0"'-cyclopenunones in solvent and vapor 
phase in the carbonyl stretching region 


which would be expected to lower the resonating carbonyl level to the overtone 
or combination level. The shift (A v°6„) of 0*‘’-CP can be assumed to be equal to 
A V, gp, and the frequencies of the resonating levels (vfg and v°) can be determined 
(Table 1). The extrapolation to = 0 in a plot of q against 5° gives c = 1 (Fig. 6(a)) 
(e = the intensity of strong band/that of weak band). These two behaviors arc 
those which can be expected from the Fermi resonance scheme which is shown 
in Fig. 4. 









Cyclopentanone 
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Fig. 5. Plot of the relative frequency shift of O'and O' "-cyclopentanoncs versus that of acetophenone 


If the resonating levels {ipf and ipj) have very nearly the same energy, the 
effect can be calculated from the first-order perturbation theory. The solution 
may be written as [10,11] 


where 


and 


Eu = W + £?) + + , 


H includes the perturbation operator. 

The eigenfunctions after interaction are 


( 1 ) 


where 

and 


Vi = «V>f - bVj 
xpj=b\pf + a\pj, 

a = \_d + d°/ 26 y'^ 
h = [S-5^/2Sy^^ . 


( 2 ) 


Subscripts i and j indicate the carbonyl and overtone or combination band 
respectively. If the resonating overtone or combination level (\pj) is assumed to 
have negligible intrinsic intensity [12], 

Q = = (3) 

and combining Eqs. (2) and (3), 

5<' = 5(e-l)/(e + l). 


(4) 
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I m Plot ol H,i versus (i". u was obtained from the scheme in Fig. 4 and b from the intensity data 



Fig. 7. Plot of <5/2 versus <5®. u was obtained from the scheme m Fig. 4 and b from the intensity data 


Using these equations, Hjj and a can be calculated (Table 2). These values are 
plotted in (b) of Figs. 6 and 7, in comparison with those (a) obtained from the 
scheme in Fig. 4. They agree well, but discreptancies are found when is large, 
e.g. in nonpolar solvents. According to Fermi resonance theory, will decrease 
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Table 2. Calculated parameters from intensity data 


Point No. 

Solvent 

6“ 


a 

1 

Cyclohexane 

25.1 

6.2 

0.97 

2 

Carbon disulfide 

15.5 

7.8 

0.92 

3 

Nitromethane 

2-8 

6.9 

0.77 

4 

Chloroform 

2.1 

7.9 

0.75 

5 

Bremoform 

3.4 

8.3 

0.77 

6 

Benzene 

12.4 

7.2 

0.91 

7 

Carbon tetrachloride 

15.6 

8.5 

0.92 

8 

Acetonitrile 

0.4 

6.5 

0.72 


(Fig. b) and 5/2 will approach to the broken line (Fig. 7) as 5“ increases. There¬ 
fore the values from q data give a better agreement when 5® is large. That is, the 
postulated energy scheme (Fig. 4) may not be completely valid in the nonpolar 
solvent because v, g get close to and the interaction may take place between 
them. 


Experimental 

Preparation of 0‘*-CP: 0“*-CP was sealed in a glass tube with dry tetra- 
hydrofuran, “normalized” (low deuterium content) HjO'® and perchloric acid 
as catalyst. This mixture was heated for 10 h on a steam bath. CP was isolated 
in purity of 99.5% or better by gas chromatography (6 ft. column of 20% di- 
isodecylphthalate on 60-80 Chromosorb P). The exchange reaction were carried 
out by D. Samuel of the Weizmann Institute of Science, Rehovoth, Israel. This 
product was found to contain 38.2% 0'®-CP by mass spectrometric analysis. 

Spectrography: Spectra were measured on a Perkin-Elmer Model 421 spectro¬ 
photometer with a dual grating interchange. Solvent absorptions were removed 
by using matched KBr cells, 0.05 mm thick. The calibration was performed by 
using water vapor. Overlapped bands were resolved by a graphical method on an 
assumption of their symmetric shapes to determine the location and the relative 
absorbance of each band. For q, the maximum relative absorbance of each band 
was used. 

Acknowledgement. The author wishes to express his thanks to his major professor, R. E. Davis, 
'or guidance throughout the course of this work. He al.so wishes to express his thanks to Prof. 
Walter F. Edgell for valuable discussions and the use of his infrared spectrophotometer. 

Dr. David Samuel provided the O" water and Mrs. I. Wassermann performed the exchange 
'eaction. 
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f'lg h I'lot of H,i versus li". a was obtained from the scheme in big. 4 and h from the intensity data 



Fig. 7. Plot of Ai'2 versus d”. u was obtained from the scheme in Fig. 4 and h from the intensity data 


Using these equations, H/j and a can be calculated (Table 2). These values are 
plotted in (b) of Figs. 6 and 7, in comparison with those (a) obtained from the 
scheme in Fig. 4. They agree well, but discrepancies are found when S° is large, 
e.g. in nonpolar solvents. According to Fermi resonance theory, //,y will decrease 
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Table 2. Calculated parameters from intensity data 


Point No. 

Solvent 

6" 


0 

1 

Cyclohexane 

25.1 

6.2 

0.97 

2 

Carbon disulfide 

15.5 

7.8 

0.92 

3 

Nitromethane 

2.8 

6.9 

0.77 

4 

Chloroform 

2.1 

7.9 

0.75 

5 

Brcaioform 

3.4 

8.3 

0.77 

6 

Benzene 

12.4 

7.2 

0.91 

7 

Carbon tetrachloride 

15.6 

8.5 

0.92 

8 

Acetonitrile 

0.4 

6.5 

0.72 


(Fig. b) and S/l will approach to the broken line (Fig. 7) as 5“ increases. There¬ 
fore the values from q data give a better agreement when 5° is large. That is, the 
postulated energy scheme (Fig. 4) may not be completely valid in the nonpolar 
solvent because v, ^ get close to and the interaction may take place between 
them. 


Experimental 

Preparation of 0‘®-CP: O'^’-CP was sealed in a glass tube with dry tetra- 
hydrofuran, “normalized” (low deuterium content) H^O’® and perchloric acid 
as catalyst. This mixture was heated for 10 h on a steam bath. CP was isolated 
in purity of 99.5% or better by gas chromatography (6 ft. column of 20% di- 
isodecylphthalate on 60 -80 Chromosorb P). The exchange reaction were carried 
out by D. Samuel of the Weizmann Institute of Science, Rehovoth, Israel. This 
product was found to contain 38.2% 0‘®-CP by mass spectrometric analysis. 

Spectrography : Spectra were measured on a Perkin-Elmer Model 421 spectro¬ 
photometer with a dual grating interchange. Solvent absorptions were removed 
by using matched KBr cells, 0.05 mm thick. The calibration was performed by 
using water vapor. Overlapped bands were resolved by a graphical method on an 
assumption of their symmetric shapes to determine the location and the relative 
absorbance of each band. For q, the maximum relative absorbance of each band 
was used. 

Acknowledgement. The author wishes to express his thanks to his major professor, R. E. Davis, 
for guidance throughout the course of this work. He also wishes to express his thanks to Prof. 
Walter F. Edgell for valuable discussions and the use of his infrared spectrophotometer. 

Dr. David Samuel provided the O'* water and Mrs. I. Wassermann performed the exchange 
reaction. 
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The complete spin-orbit coupling constants have been evaluated, including both the spin-own 
orbit and the spin-other orbit terms, for all the positive ions, neutral systems, and negative ions from 
He to Kr, as well as for various isoelectronic series. 

FUr alle positiven und negativen lonen und flir die neutralen Atome von He bis Kr sowie fiir 
verschiedene isoelektronische Serien werden die kompletten Spin-Babn-Kopplungskonstanten ein- 
schlieDIich der Spin-Bahn-Wechselwirkung verschiedener Elektronen berechnet. 


Introduction 

Because of its importance, as the main contributor to the splitting of the terms 
of a multiplet, the spin-orbit interaction in many-electron atoms has received 
great attention. 

The complete spin-orbit interaction consists of one-body spin-orbit couplings 
and two-body, mutual spin-orbit interactions, the latter including both direct and 
exchange terms. Horie [8] developed the formulation for the two-body, mutual 
spin-orbit interactions between the open-shell electrons; in the literature this 
contribution is known under the designation of spin-other-orbit interaction. Blume 
and Watson [2], on the other hand, treated the one-body couplings and the 
remaining two-body, mutual interactions, which behave (including both the direct 
and exchange terms) as an effective one-body spin-orbit coupling; in the literature 
this contribution is known under the designation of spin-own-orbit interaction. 

The most extensive calculations have been carried out by Fraga and 
co-workers [6, 11, 14], but unfortunately only the spin-own-orbit interaction 
(without the exchange terms) was considered in that work. On the other hand, 
Blume and Watson [3], Froese-Fischer [7], and Malli [10] have evaluated the 
complete spin-orbit interaction for a limited number of systems, using Hartree- 
Fock functions. 

The purpose of the present work is to report now the values of the complete 
spin-orbit interaction for all the positive ions, neutral atoms, and negative ions 
from He to Kr, as well as for a number of isoelectronic series. 

* This work has been supported in part by the National Research Council of Canada. 

7 Tbeoret. chtm \cu(BcrUVoL2S 
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Theoretical CoosideratioBS 

The spin-orbit hamiltonian for a many-electron atom is 

= i ** Z ^ (it s,) - Z '■J ’ (•‘iJ ^ Pi) + 2sj) 

i I J*l 

where the summations extend to all the electrons in the system, characterized by 
the momentum (p), angular momentum (IX and spin angular momentum (s) vector 
operators; dehnes the position of electron i with respect to the nucleus (with 
charge Z) and rtj is the interelectronic distance between electrons i and j. The fine 
structure constant is represented by x. 

The spin-orbit interaction for a given state may be expressed, 

^ ^ ’|(t)SZ.||jr„||i»SL), 

in terms of 6-j symbols and double-barred matrix elements. The state under con¬ 
sideration is labelled by the total quantum numbers S, L, J, and the seniority 
number, v. 

The spin-orbit coupling constant. A, is dehned by the relation 
(vSLJI.)t,JvSLJ) = Jir, 

with 

r= i [J(J+ 1)-UL+ l)-S(S+ D], 

so that 

A = [S(S + 1) (2S 1) /.(L + 1) (2L + 1)] - * (vSL ||.?r„ || vSL ), 

which can be transformed into 

(for configurations involving up to d electrons). The spin-own-orbit parameter, 
Cr. defined by Blume and Watson [2], includes the spin-orbit coupling of the 
electrons in the nuclear coulombic field and the direct and exchange terms of the 
elTcctive one-body couplings arising from the two-body interactions not included 
in the spin-other-orbit contribution of Horie [8]; the latter is given by the last 
two terms in the above expression. The radial integrals, have been defined 
by Marvin [12], 

The values of the coefficients rjivSL) can be determined from the formulas 
obtained by Horie [8] for the double-barred matrix elements. The corresponding 
values for up to half-filled shells are presented in Table 1. The values for the 
conjugated configurations can be obtained by the relations. 

»;i(n= -riiin, 

min = min + [2(m + n) - 6] mU "), 
n3icr) = min-¥rit{d^), 

with m + n = 2(21 + 1), where I is the orbital angular momentum quantum number 
of the shell under consideration. These expressions are valid only for p” and d” 
configurations. (The values in Table 1 might also be obtained from the coefficients 
given by Barnes et al. [ 1 ].) 
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Table 1. Values of the paiameters tiit'vSL) for some important configurations* 


Configuration 

State ‘ 

% 

92 

9j 

P* 

iP 

1 



P* 

IP 

4 

-6 


P’ 

|o 

0 




\P 

0 

-5 


d‘ 


1 




\P 

4 

-¥ 

H 

d’ 

zP 

4 


“A 

d* 

ID 

4 

-6 

4 


• These parametera vanish for the states 'D{p\ 'S(p\ and *S(d*}. 

*’ The seniority number, v, is given as a left subscript. 


Results and Discussion 

Tables 2-5 collect all the values of A for the systems under consideration, with 
comparison to the experimental values obtained from the data of Moore [13], 
as given by Fraga and co-workers [5, 14]; the latter are given in brackets. The 
values* of C, and have been obtained from the analytical Hartrec-Fock 
functions of dementi [4] and Malli [9]. 

Calculations have also been carried out for the first positive ion of the con¬ 
figurations K(2) L(8) 3s^ 3p^ 3<f 4s^. The corresponding absolute values are: Ti, 
3d‘ ^D, 147 (93); V, 3d^ ^F, 101; Cr, 3d^ *F, 88 (84); Mn, 3d* 85 (87); Co, 3d* 

158 (144); and Ni, 3d'' *F, 256. (The experimental values are given in parentheses.) 

The agreement with the experimental values, excellent for the light elements, 
deteriorates as one progresses along the periodic system, reflecting the fact that 
the LS coupling is not appropriate for the heavy elements. 

For simplicity, no comparison is made here with the results of Blume and 
Watson [3], but it must be mentioned that the agreement is excellent, better for 
the light elements than for the heavy atoms: the largest difference is 4 cmfor 
Cl, Ga, and Se. The exception, however, is Br, where the present value is 2211 cm ” ‘ 
while Blume and Watson [3] predict a value of 2194 cm'*; it is evident that the 
difference (17cm'*) between both theoretical results is negligible relative to the 
difference (well over 200cm"*) with the experimental result of 2454 cm"*. 

In addition, it should be pointed out that the relative weights of the direct 
and exchange terms within the spin-own-orbit contribution are similar to those 
observed by Blume and Watson [3]; for that reason the discussion is not repeated 
here. It should be sufficient to mention that a simple comparison (for systems 
with the open shell occupied by only one electron, where the spin-other-orbit 
interaction vanishes) with the values of Malli and Fraga [11], that included only 
the direct terms, reveals that the exchange contribution may be as high as 30% 
(relative to the uncorrected value) for B, decreasing to about 3% for heavier atoms. 

‘ The values of all the radial integrals needed have been collected in the Technical Report TC-7105, 
Department of Chemistry, University of Alberta. This Technical Report has been placed at the 
Depository of Unpublished Data, National Science Library, National Research CoumaL Ottawa 7, 
Canada KIA OR6. A limited number of copies is available upon request. 
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Table 2. Absolute values* (in cm ') of the spin-orbit coupling constant, 2, for 
positive ions, neutral atoms, and negative ions 


Configu¬ 

ration'’ 

State 

Positive ions 

Neutral atoms 

Negative ions 

System 

A 

System 

>l 

System 

2 

2p‘ 


C 

43 

B 

10 






[43] 


[11] 



2p^ 

'P 

N 

42 

C 

14 

B 

2 




[45] 


[15] 



2p‘ 

V) 

O 

II 

N 

5 

C 

2 


^P 


7 


3 


1 

2p‘ 

'P 

}■ 

171 

O 

81 

N 

31 




[160] 


[74] 



2p’ 

^P 

Ne 

517 

F 

268 

O 

120 




[521] 


[269] 



V 

^P 

Si 

169 

Al 

62 






[191] 


[75] 



3p' 

‘P 

P 

140 

Si 

65 

Al 

19 




[159] 


[75] 



■’P' 

= /) 

S 

2 

P 

1 

Si 

0.4 


^P 


1 


0.7 


0.3 

V* 

'P 

Cl 

319 

S 

183 

P 

90 




[324] 


[188] 



V 

^P 

A 

896 

Cl 

549 

S 

302 




[955] 


[587] 



3</' 

^l) 



Sc 

77 








[67] 




'P 

Sc 

31 

Ti 

59 

Sc 

27 




[27] 


[54] 



3./’ 


li 

32 

V 

55 

Ti 

30 




[30] 


[51] 





V 

35 

Cr 

56 

V 

33 




[.16] 


[53] 



W 

'0 

Mn 

77 

Fc 

112 

Mn 

75 




[62] 


[104] 



.V" 


F'c 

1.11 

C'o 

186 

Fc 

129 




[117] 


[181] 




‘h 

Co 

244 

Ni 

338 

Co 

242 




[227] 


[333] 



3J® 


Ni 

608 

Cu 

821 






[603] 





4p' 

^P 

Ge 

lOIX 

Oa 

464 






[1178] 


[551] 



4p^ 

Sp 

As 

725 

Ge 

399 

Ga 

139 




[740] 


[426] 



4p^ 


Se 

1 

As 

0.7 

Ge 

0.3 




0.8 


0.5 


0.2 

V 

ip 

Br 

1269 

Sc 

829 

As 

472 




[1570] 


[995] 



4p' 

^p 

Kr 

3226 

Br 

2211 

Se 

1381 




[3581] 


[2457] 




• The values for p", with n > 3, and <r, with n > 5, are negative. 

The positive ions of the transition elements (from Sc through Ni) have configurations As® 3<r. 
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Table 3. Absolute values* (in cm ') of the spin-orbit coupling consUnt, Jl, 
for the isoelectronic series^ 2p* 


System 

2p‘, "P 

2p^ *P 

2p*. ’P 

2p’,'P 

B 

10 





[H] 




C 

43 

14 




[43] 

[15] 



N 

118 

42 




[116] 

[45] 



O 

263 

100 

81 



[258] 

[105] 

[74] 



507 

202 

171 

268 


[497] 

[210] 

[160] 

[269] 

Ne 


365 

318 

517 



[382] 

[301] 

[521] 

Na 



543 

906 




[512] 

[909] 

Mg 



869 

1477 




[185] 

[1484] 

At 




2281 

[2293] 

* TTie values are negative for n > 3. 



With configurations K(2) 

2p’. 




Table 4, Absolute values* (in cm ') of the spin-orbit coupling constant. K 
for the isoelectronic series* 3p" 

System 

3p'. "P 

3p>. V 

3p*. ^P 

3p’. "P 

A1 

62 





[75] 




Si 

169 

65 




[191] 

[75] 



P 

338 

140 




[373] 

[159] 



S 

586 

252 

183 



[633] 

[284] 

[188] 


Cl 

930 

411 

319 

549 


[995] 

[458] 

[324] 

[587] 

A 


625 

506 

896 



[699] 

[507] 

[955] 

K 



756 

1362 




[744] 

[1441] 

Ca 



1079 

1969 




[1037] 

[2077] 

Sc 




2741 





[2885] 

• The values arc negative for n > 3. 



* With configurations K(2) i(8) 3s^ 3p". 
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Table S. Absolute values* (in cin~‘) of the spin-orbit coupling constant, X, for the 
isoelectronic series^ 3ir 


System 

3(1', 

3(l^ >F 

3(l^ *F 

3d*. ‘D 

3(1*, 

3d\*F 

3d*.^F 

3dP, *0 

Sc 

86 

31 








[79J 

[27] 







Ti 

158 

63 

32 







[1541 

[60] 

[30] 






V 

253 

106 

57 

35 






[248] 

[lOSJ 

[56] 

[.36] 





CT 

377 

163 

91 

57 






(.3831 

[I65i 

[f2] 

[58] 





Mn 

535 

236 

135 

87 

76 





[5421 

[240] 

[135] 

[90] 

[62] 




Jc 



189 

125 

115 

131 






[(92J 

[13.3] 

[100] 

[117] 



( o 




172 

162 

189 

244 






[186] 


[176] 

[227] 


Ni 





221 

262 

344 

608 








[322] 

[603] 

Cii 





292 

349 

465 

833 









[829] 

/.n 






455 

612 

1107 


* The values are negative for ii -> 5. 

With configurations K(2l /,(K) .1,v^ 3p'’ 3<r. 
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The conformation energies for monohydrated associates M ■ H,0, where M stands for oxirane. 
aziridine, oxaziridine and cyclopropene, have been obtained by using an electrostatic method, tested 
in a preceding paper, which relies on SCF molecular potentials calculated exactly. Stable associates 
have been found in the heterogroup region as well as near the bent bonds (single or double). 

A discussion is made on the errors in calculating thermodynamic properties for such associates 
in gas phase by using a priori calculations. As a numerical example the free energy change in the 
association process is compared for two monohydrated associates of aziridine. 

Die Konformationsenergien (Ur Aniagerungsverbindung M ■ HjO, wobri M fUr Oxiran, Aziridm, 
Oxaziridin und Cyclopropen steht, werden roit einer elektrostatischen Methode berechnet. Dieses 
Verfahren wurde in einer vorhergehenden VerdOentlichung getestet und beruht auf exakt berecbnetea 
SCF-Molekiilpotentialen. Stabile Anlagerungsverbindungen wurden fUr Konformationen gefunden, 
bei denen das WassermolekUl in der Nkhe der Heterogruppe oder der gezogenen Einfiich- Oder 
Doppelbindung liegt Die Fehler bei der Berechnung thermodynamischer Eigenschaften fOr derartige 
Anlagerungsverbindungen in der Gasphase werden abgeschktzt. Als ein numerisches Beispiel wird 
die Differenz der freicn Energie bei der Aniagerung fOr zwei Anlagerungsverbindungen von Aziridin 
und Molekul Wasser verglichen. 


1. Introduction 


In a preceding paper [1] (hereafter called I) we proposed and tested a simple 
procedure useful to obtain a qualitative prediction of the most stable conforma¬ 
tions of molecular hydration associates. Such a procedure must be considered 
only as a guide to reducing the number of geometries to be examined with correct 
quantum-mechanical methods. 

The simple case of a monohydration associate AB where A stands for water 
and B is a molecule having at least a polar (hydrophilic) group is studied here 
using the electrostatic approach of paper I. Once the distance between the water 
molecule and the group chosen for solvation is determined, it is assumed that the 
changes of the interaction energy with orientation are solely controlled by the 
shape of the electrostatic fields generated by the two molecules. According to this 
assumption (the “electrostatic assumption”), the interaction energy can be 
written as: 


d£= IdTi e^(xt) - Z 2,d(xi - xjj • JdT 2 jealJCi)- Z-•*»)] ’ 


(1) 
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4 )^(xi) and ^b(x 2 ) are the electronic density functions of the two single molecules, 

nuci 

Y, Z^SiXi - 1 ,) is the nuclear charge density distribution of A, etc. The second 

s 

integral of the right-hand side of Eq. (1) represents the electrostatic potential 
produced by molecule B. One can therefore write: 


d£= Jdr, 


-xJ 

« 




( 2 ) 


A partial justification of this assumption may be drawn, a posteriori, by 
examining the partition of the hydrogen-bond energy of associates thus far per¬ 
formed on ah initio calculations. From such analysis on H^O dimer [2], formamide 
dimer [.1], and H2CT)-H20 associate [4], it was actually found that the coulombic 
portion of the interaction energy (i.e. the electrostatic energy) is nearly equal to 
the SC'F interaction energy for large separations, beginning from distances a little 
greater than the equilibrium one. This trend is due to a cancellation, in this 
distance range, of the exchange, polarization and charge transfer portion of the 
energy'. At the equilibrium distance the coulombic portion becomes greater than 
the SCI" interaction energy; for the three associates here considered the 
differences are, respectively: 1.4kcal/moIe (22%), 1.2kcal/molc (16%) and 
1.2 kcal/mole (34%). 

As regards the variation of the interaction energy with respect to the recipro¬ 
cal orientation of the two partners, the available data on the three systems con¬ 
sidered, show that the SCF interaction energy and its coulombic portion run in 
a noticeably parallel fashion [1 4]. A unique exception concerns a set of con¬ 
formations of the HjCO-HjO associate (model B of Ref. [4]), where however 
the O - H- -O distance undergoes remarkable changes during the rotation 
involved. 

As a practical method to calculate the electrostatic interaction energy, in I it 
was proposed to use an approximation of Eq. (2), where the molecular potential 
Kglx,) is rigorously obtained via SCF MOLCAO calculations and the water 
molecule charge distribution (molecule A in Eq. (2)) is replaced by a suitable 
point-charge set which has the same dipole and quadrupole moments as those 
of a SCF wavefunction. This point-charge distribution also adequately reproduces 
in the neighbouring regions the same electrostatic potential as is calculated from 
a SC'F wavefunction of H^O. The interaction energy is then reduced to the simple 
sum: 

( 3 ) 

k 

where q,^ are the values of the point charges, which are placed at the pmints k. 

In paper I this procedure was checked, with fairly encouraging results, on the 
water dimer. In the present paper we will use Eq. (3) Hrstly to search for the most 
stable conformations of monohydration associates for some three-membered ring 
molecules, secondly to obtain a first guess about the most important contributions 
to the thermodynamic properties of such associates. The electrostatic potentials 

' We have adopted here the terminology of Ref. [ 4 ] to which reference is made for detailed 
definitions. We note here that the electrostatic energy as defined by Kollman and Allen [S] in their 
analysis of HjO and HP dimers is somewhat difiierait. 
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Kg of the cyclic molecules here considered are taken from previous SCF MOLCAO 
calculations [6,7]; the point charge model for HjO is the same as in paper I. 

The electrostatic method does not allow one to find the equilibrium distances 
between the two associated molecules. Reasonable distances, selected with refer¬ 
ence to the experimental one of other hydrogen-bond associates, were employed 
throughout our calculations, but, as a result of several checks with other distances, 
we can state that the main conclusions of the conformational analysis do not 
depend considerably on the value employed. 


2. Choice of a Reference System for the Geometry of the Associates 

The associates between three membered ring molecules and water, both 
species being considered as rigid bodies, possess six internal degrees of freedom, 
three for determining the position of a point in the H 2 O molecule - which we 
always chose as the oxygen nucleus - and three for describing the orientation of 
water with respect to the organic molecule. 

For the first three degrees of freedom we chose polar systems differing 
according to the hydration zone we are interested in. All polar systems employed 
have the polar axis lying on the ring plane, perpendicular to a bond and passing 
through the opposite nucleus (an arrow in the figures indicates the positive direc¬ 
tion). When hydration of a heterogroup is considered, the origin of the reference 
system will be in the heteroatom nucleus whereas, when the hydration of a ring 
bond is considered, it will be in this very bond. In all cases the azimuthal angles 
will be measured from the ring plane. Typical examples are shown in Figs. 1 and 11. 

As regards the second three degrees of freedom, we shall describe them by 
three rotation angles about three orthogonal axes and C defined as follows: 
the rj axis connects the O nucleus of water to the polar system center, the C axis 
is parallel to the ring plane and the ^ axis is determined by the left-handedness 
of the system. 

Associates having the same values of the polar coordinates will be referred to 
as conformations belonging to the same configuration. Given a configuration, a 
starting conformation must be defined; this will be done in the text according to 
the particular cross-section of the energy hypersurface we are interested in. In 
such a way it is possible to define each set of conformations considered in this 
paper in terms of rotations around an axis alone. For the reader’s convenience 
we have reported for each cross section (Figs. 1 -12) a sketch of the starting con¬ 
formation together with an indication of the direction of axes and of the rotation 
involved. Such a sketch will be also useful for a complete definition of the azimuthal 
0 angles, allowance being made that we assume as origin the molecular half-plane 
on the left of the figure. 


3. Monohydrates of Oxirane: (CHi)20 * HjO 

Chemical intuition suggests that association of oxirane with a water molecule 
will occur through a hydrogen-bond where the HjO molecule acts as a proton 
donor and the oxygen atom of oxirane as acceptor group. We actually find the 
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i'ig I. Interaction energy between oxiranc and water in the associate (CHjIiO - H^O. Rotation of the 
HjO molecule around its C axis. For the position of HjO see the text 

Fig. 2. Interaction energy in the assiKiate (CH2)2(^'H20. Rotation of the H 2 O molecule around 

Its { axis 


most stable a.ssociate (^E= — 3.8 kcal/mole) at ^ = 90" and 0 = 63" (or in the 
equivalent position at (fi —270", 0 = 63 ), i.c. with a direction of the 0—0 axis 
almost corresponding to that of an oxirane O lone pair^. Moreover, in the most 
stable conformation the O—H bond directly involved in the association is exactly 
collinear with the 0—0 axis. This can be verified by the aid of Figs. 1, 2, 3 where 
some cross-sections of the energy hypersurface, related to conformations per¬ 
taining to the most stable configuration, are reported. 

Fig. 1 refers to conformations differing among them by a rotation about the 
C axis. The starting conformation (sketched in the figure) is the most stable; the 
H 2 O molecule lies in the plane perpendicular to the ring with a O—H bond 
pointing directly towards the heteroatom. The second minimum, relating to a 
rotation of C = again corresponds to an almost linear hydrogen bond. The 
non equivalence of the two minima and the slight deviation from linearity of the 
second stable conformation (C = 96” instead of 104°) are presumably due to 
destabilizing electrostatic effects of the CH 2 —CHj group. 

A rotation around ( axis is decidedly hindered (see Fig. 2), the starting con¬ 
formation being at the bottom of a fairly deep hole. On the contrary the rotation 
around rf axis (Fig. 3) is almost free; the barrier height is 1.4 kcal/mole. 

The picture of the association of water to the ring oxygen obtained with the 
present method corresponds to a classical linear hydrogen bond. It may be of 

^ The localization of the molecular orbitab of oxirane, performed in Ref. [6], leads to a couple 
of oxygen lone pair orbitals having its charge centers at 9>> 68" ~ 90" and 270°). 
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Fig- 3 Fig. 4 


Fig. 3. Interaction energy in tbe associate (CHil^O - H^O. Rotation of the H^O molecule around 

its tf axis 

Fig. 4. Interaction energy between (CH])]0 and H^O. Hydrocarbon zone: rotation around C axis 


some interest to point out that the “bifurcated” associate, with the H 2 O molecule 
perpendicular to the ring plane and with the two O—H bonds symmetrically 
pointing towards the two lone pairs, is not favoured. 

For all the configurations thus far considered tbe r value was kept constant 
at r = 2.76A; this value, as above said, was selected according to experimental 
values of other hydrogen bonds, but as a check we have repeated the calculations 
using larger and smaller values (dr= ±0.2 A) and found that the position of the 
minima and the shape of energy hypersurface did not change significantly. 

The electrostatic potential maps of oxirane (Figs. 10 and 11 of Ref. [6]) show 
that the direction of the hydrogen bonds does not correspond exactly either to 
the direction of the minima of V[x) (0 54°) or to the directions of larger potential 

gradient. It is convenient to point out here that we shall not search close relations 
between potential gradient and geometry of associates because it would correspond 
to reducing the H 2 O charge distribution to a single point dipole. It is a well known 
fact that such an approximation is largely unsatisfactory for several reasons, the 
first being that it is not able to reproduce the directional properties of the hydrogen 
bond. 

Keeping in mind such cautionary remarks, one can however use the shape 
and the sign of the electrostatic potential to obtain a first indication of the regions 
of the outer molecular space where association is more probable. For example, 
from Figs. 10 and 11 of Ref. [6] a second minimum of V{x) for oxirane in the 
region near the bent C-C bond is evident. The hydration of tbe C—C bond is 
indeed possible according to our model. The most stable configuration corresponds 
to 0 = 0° in its polar system. The stabUization energy is decidedly lower than in 
the preceding case ( — 1.1 kcal/mole against — 3.8 kc^/mole). As an example the 
rotation around ( axis is shown in Fig. 4. The two minima correspond to two 
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symmetrical conformations, both having an O - H bond along the Cj symmetry 
axis of oxirane, while the HjO molecule lies in the plane perpendicular to the ring. 
This is the best configuration we have found in this region. The electrostatic model 
does not evidence noticeable barriers for rotations around i; axis; a single minimum 
appears for rotations around ij axis (corresponding to the best conformation of 
Fig. 4). In this case, again, the shape of the conformation curves are not heavily 
dependent on the r value; the curve reported in Fig. 4 refers to an r value such 
as to allow a penetration of the van der Waals spheres of about 10%. 

In this molecule each CH 2 group is surrounded by a region of positive F(x) 
values (sec again Fig. 10 in Ref. [6]) which could in principle lead to associates 
where the H 2 O molecule acts as proton acceptor. In this zone we find so small 
a stabilization energy (^ 0.2 kcal/molc) as not to deserve here a more detailed 
analysis. 


4. Vlunohydrates of Aziridine: (CH 2 ) 2 NH * H 2 O 

When compared with oxirane, the situation for aziridine monohydrates is 
more complex. In the hclerogroup region it will now be possible to have hydrogen 
bonds with the H jO molecule acting both as proton acceptor (N—H bond region) 
and as donor (N lone pair region). 



Fig. 5a and b. Interaction energy in the associate (CHjljNH ■ HjO. Rotation of the HjO molecule 
around it.s C axes, a Association to the NH bond, b association to the N lone pair 
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Kig. 6a and b. As Fig. 5, rotations around { axes 


We actually find in the N—H region a minimum of — 7.3 kcal/mole at <^ = 270° 
and $ - 68" (the H 2 O oxygen nucleus exactly lies in the line of the N—H bond), 
the most stable conformation having an oxygen lone pair almost collinear with 
the N-H bond. In the N lone pair region the minimum is found at — 90" and 
0 = 62" its value is nearly the same as in the preceding case (-7.1 kcal/mole) 
but, as it will be shown immediately, the shape of the energy hypersurface is 
decidedly different. 

In order to facilitate comparisons between the two associates, the conformation 
energy graphs are reported two by two in Figs. 5a, b; 6a, b; 7a, b. Figs. 5 refer 
to rotations around C axis. Fig. 5a shows a trend of the stabilization energy very 
close to that found in the corresponding rotation of dimeric water (paper I, Fig. 6) ^; 
we note that in the present case the starting conformation has the O lone pair 
center exactly collinear with the N—H bond. Fig. 5b is similar to the corresponding 
one of oxirane (Fig. 1 of this paper), although differences in depth and curvature 
are evident. 

^ The charge center of the N lone pair localized orbital lies at 0^36", while the minimum of 
y(x) is at 0 = 55" (see Ref. [6]). 

* The electrostatic model there employed was tailored on minimal basis set SCF wavefunctions; 
it is gratifying to observe that the far more accurate calculations of Hankins, Moskowitz and Stillinger 
on the HjO dimer [8] confirm the shape of the curve in question. 
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f-ig 1 a and b. As f'lg. 5. rotations around ij axes 


Rotations about ^ and rj axes are reported in Figs. 6 and 7; in both cases the 
difTcrence between the two associates are evident and will not be further discussed 
here. 11 is clear that such differences in the shape of the energy hypersurface between 
the two associates, if conrirmed by more accurate calculations, could produce 
sensible differences in their thermodynamic stabilities. This topic will be con¬ 
sidered later. 

Solvation of the CH^—CH 2 group leads in aziridine to results very similar to 
those found in oxirane (Fig. 4). The minimum is slightly lower than in oxirane 
— 1.8 kcal/mole) and corresponds to the same configuration. Oxirane had 
two equivalent conformations while in aziridine the most stable one has the HjO 
molecule lying in the half plane which also contains the N lone pair. 


5. Monohydrates of Oxa^ridine: CHjONH ■ HjO 

The main interest in studying the hypothetical water associates of CHjONH 
lies in the fact that oxaziridine contains at the same time in its ring the two 
heterogroups (O and NH) already seen separately. 

The most stable configuration in the oxygen zone is found at 0 = 90°, 6 = 63“ 
(d£= — 3.7 kcal/mole). A second minimum is found at ^ = 270°, 0 = 5T (d£ 
= — 3.5 kcal/mole); this little difference in the minima is presumably due to the 
different electrostatic interaction with the NH bond and the N lone pair orbital. 
In this case, again, a correspondence between the most stable configuration and 
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Fig. 8. Comparison of the stabilization energies in and CHjONH monohydrates with 

association in the O ring region 


the direction of lone pairs can be found; the localized lone pair orbitals of Ref. [7] 
have charge centers at s 90°, 6 ^ 67° and (f> a: 270°, 0 =: 67° respectively. 

Configuration curves are similar in oxirane and oxaziridine. In the first case 
the barrier heigth between the two equivalent conflgurations is about 0.9 kcal/mole 
while for oxaziridine associates we found that the higher of the two different 
barriers is about 0.7 kcal/mole. Fig. 8 reports for both molecules the stabilization 
energies for the best conformation of each configuration considered. In all cases 
the I and C optimum angles are equal to zero, while the orientation of H 2 O 
around the hydrogen bond changes with 0 angle and at the minimum corresponds 
to ^ = 240° for oxaziridine and to ^ = 0" for oxirane. The curves here reported 
refer to the best configurations we have found; however an analysis of the stabili¬ 
zation energy for configurations having the H 2 O oxygen nucleus in planes different 
from that shown in Fig. 8 showed a relatively high freedom in the motion relating 
to the 0 coordinate. 

Conformation curves for the oxaziridine associate in this oxygen zone arc not 
reported; they are very similar to the corresponding one of oxirane (see Figs. 1-3). 

The most stable configuration for the associate in the N—H region corresponds 
to ^ = 270°, 0 = 68° (i.e. the same values as in the aziridine monohydrate), with 
a stabilization energy of — 7.6 kcal/mole. Fig. 9 shows the rotations around ( axis, 
starting from the conformation having the water O lone pair charge center on 
the N—H---0 axis; the resemblance with Fig. 5a is very close. Also in this case 
the best conformation has not the lone pair charge center exactly collinear with 
the hydrogen bond axis; the angle between the N—H straigth line and the oxygen 
lone pair center direction, which was about 20° in the aziridine case is now 30°. 
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fig 9 Fig. 10 

Fig. 9. InteracUon energy between CHjNHO and HjO. Association in the NH region 
Fig. 10. Interaction energy between CHjNHO and H^O. Association in the N lone pair region 


Rotations around r/ axis (almost free) and around ^ axis (a deep hole) are very 
similar to the corresponding ones of the aziridine monohydrate and are not 
reported here. 

The association in the N lone pair region leads to a minimum at ^ 

0 = 63" (d E = -6.1 kcal/mole). Such conilguration is at the bottom of a relatively 
deep hole with respect to the 0 coordinate. Also in this case two conformations, 
nearly equivalent and both corresponding to linear O—H -N bonds, are possible. 
Such conformations are evident in Fig. 10; a comparison with Fig. 5b shows that 
interactions with the oxygen atom of the ring lead to a small stabilization of the 
conformer having the second H atom pointing downwards. Other sections of the 
interaction energy hypersurface (rotations about rj and axes) are again very 
similar to the corresponding one of aziridine and are not reported here. 

From the comparison between oxaziridine and the two molecules of oxirane 
and aziridine, we could state, as a sort of conclusion, that both the geometry of 
most stable associate and the interaction energy do not change drastically when 
substitutions are made in a molecule. The changes we found can be explained in 
terms of electrostatic effects of the substituent groups. 
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6. Monoliydntes of Cyciopropeoe: (CH) 2 CH 2 ■ H 2 O 

For a study about the hydration of hydrocarbon groups we chose cyclopropene 
instead of the saturated analogue cyclopropane because the association near the 
C—C single bond has been already seen in oxirane and aziridine while the C=C 
double bond presents obvious interesting features 

The electrostatic potential V(x) for cyclopropene has four nearly equivalent 
min i m a. The first two are in the region of the double bond and are symmetrically 
placed on either side of the ring plane (see Fig. 17 of Ref. [6]); the presence of 
such minima may be related to a description of a strained double bond system 
in terms of two banana bonds. The other two minima are near each C—C single 
bond, and are placed in the ring plane (see Fig. 18 of Ref [6]). 

We found four configurations of water monoassociate having practically the 
same energy. The first couple corresponds to the two double bond potential 
minima. In a polar reference frame centered on the midpoint of the C=C bond 
and with polar axis pointing outwards (see also Fig. 11) the best configurations 
are at 0 = 50" (the minima of V(x) are at 0=58° and the banana bond charge 
centers at 0 = 71") and ^ = 90" and 270°. The energy changes for variations of 
0 arc very small and the barrier heigth at 0 = 0° is of the order of 0.5 kcal/mole. 
The best conformation (/iE= — 2.9 kcal/mole) has the H 2 O molecule in the plane 
perpendicular to the ring, with a O—H bond pointing approximately towards the 
C—C midpoint while the other H nucleus is at a 0 angle greater than the O nucleus. 
A secondary minimum corresponds to a hydrogen bond made with the other 
O—H bond: see Fig. 11 where the starting conformation has the HOH angle 
bisector pointing towards the polar axes center. 



Kcal/mol« 



Fif. 11. Interaction energy between (CHINCH] and HjO. Awodaticm in the C—C double bond region 

’ It is perhaps superfluous to remark that the trend of association of water to C—C and C»C 
bonds will surely change in going to unstrained molecules. 


t Theom. dui Acu (Bnt) VoL 25 
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f 'lg. 12 As 1'ig. 11, ass«>ciation in the C~C single bond region 


The second couple of symmetrical configurational minima is related to water 
asstKiation near the two C-C single bonds. One of such two configurations is 
depicted in Fig. 12 (If = 0'). In the best conformation (d £ = — 2.9 kcal/mole) the 
M jO molecule lies in the cyclopropcne ring plane with an OH bond perpendicular 
to the C-C bond. The second OH bond, is directed as shown in the sketch of 
Fig. 12. Rotations around ^ axis show a second conformational minimum having 
the other OH almost perpendicular to the C-C bond. 

Hydration of the CHj group leads to stabilization energies always less than 
I kcal/mole and no minima have been found; in this region the energy hyper- 
surface presents a saddle point. 

All results for cyclopropcne have been checked by changing the distance of 
the water molecule from the relevant functional group (C=C and C—C) in the 
range 2.5 3.4 A. Change.s in the shape of the conformation (and configuration) 
curves are not observed, while, as expected, the absolute values of d£ show an 
r dependence analogous to that found in paper I for water dimer. 


7. Thermodynamic Stability of the Associates 

a) Error Analysis with Use o/SCF Energies 

Thermodynamic information about the associates could be obtained through 
statistical methods once the potential energy hypersurface is known. In order to 
estimate the reliability of results, an analysis of the errors arising from the approxi¬ 
mate knowledge of the energy hypersurface is demanded. 

As an example, we will consider the problem of the thermodynamic stability 
of an associate, AB, in comparison either with the single species A and B, or with 
other associates. 
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The stability of the associate is directly related to the Gibbs free energy change 
in the association reaction 


A 4" B—► AB. 


(4) 


Assuming ideal gas behaviour and the molecules in their standard states, one gets: 

= FXb - (FX + F^) = - D- RT]n . (5) 

where N is Avogadro’s number, D the dissociation energy of AB and the f's are 
the molecular partition functions, measured from the bottom of the energy 
hypersurface. 

The formation of the associate leads to six intermolecular vibration modes 
which have no counterparts in the separated molecules. These intermolecular 
degrees of freedom originate in 3 rotational and 3 translational modes of the 
individual molecules which disappear when association takes place and can be 
interpreted, in a first approximation, as a stretching mode (v,), four bending 
(v,, and v^) and one torsional (v,) mode. The other vibrational modes of the associate 
have analogs in motions already present in A or B. As a first approximation, one 
may assume the corresponding contribution to the partition function unchanged 
in going from separated molecules to the associate^. 

Eq, (5) may be therefore simplified: 


AF = -D-FTln 


J /-AB rAB 

w. n_•^ "**» _ 

I 1 ^A fA fB fB 

a JiTmJ rot. J tr. J roi. 


n/x 


( 6 ) 


Where the three values of a. label the three inertia axes and the index fi the six 
intermolecular vibration modes. 

If calculated with a priori methods, practically all the terms of Eq. (6) are 
subject to errors: 

a) Uncertainties in the geometry of the chemical species involved in reaction (4) 
are reflected in /„, terms, through the corresponding inertia moments. If one 
assumes that the geometries of both A and B are known and that the association 
does not alter them appreciably, errors are essentially due to the uncertainty in 
the equilibrium distance between A and B. Assuming a comparatively large 
uncertainty range {Ar= ±0.2 A), for monohydration associates like those here 
considered the overall error in the rotational term ART\n fl^ amount to about 
0.01 kcal/mole. Uncertainties in the reciprocal equilibrium orientation of A and B 
give rise to somewhat smaller errors. 

" It is well know that the fomtation of a hydrogen t>ond considerably changes some vibration 
frequencies. In particular the stretching of the X-H bond may change of some hundreds of wave 
numbers. The contribution which such frequency shift gives to 4 F° can be evaluated as 

d[I{Tln/,.]= - i A/Iit .dn-/l[RTIn(I - j Nhc An 

being Avogadro's number, x = hcn/kT and An the shift in question measured in cm'*). The con¬ 
tribution is practically proportional to An because the frequency of the N—H stretching vibration is 
of the order of 3000 cm'' and therefore the exponential term is completely negligible. Assuming for 
our weak hydrogen bonds a shift of 50-250cm'* one gets a contribution of ^0.07-0.36kcal/mole 
for AF". This will be taken into account later. 
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Fig. I y Free energy contribution for a single harmonic vibration mode and its error bounds, assuming 
the error in the force constant to be 50% 


bj More complicated is the analysis of the errors involved in the vibrational 
terms. Errors are due to uncertainties in quite a large portion of the potential 
energy hypersurface, which arc propagated in a different manner according to 
the scheme adopted to evaluate frequencies (see, for example. Ref. [9]). Assuming 
here the harmonic approximation and a complete separation of the motions, the 
error may be reduced to be dependent, for each vibrational degree of freedom, 
on a single parameter, say the force constant k or the corresponding frequency v. 
It is easy to show that the error in the free energy change, due to a single vibrational 
mode, when energies are measured from the potential hypersurface minimum, is: 

d(RTln/,„,)^ -\Nhc (7) 

With such error limits we find the situation depicted in Fig. 13: the free energy 
contribution due to a harmonic oscillator (full line) at a given calculated frequency 
n actually lies between the two dashed curves. For each vibrational degree the 
average error amounts to about ± 0.2 kcal/mole. If one assumes the error to be 
the same also for roto-vibrational modes the errors of all the intermolecular 
degrees of freedom and of the additional intramolecular X—H frequency changes 
produce an uncertainty conspicuous if compared with the expected AF° values 
(about ± 1 kcal/mole). 
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c) The last, but not least, source of error originates in the dissociation energy 
(/>) of the associate. Such a value may be expected to be sufficiently accurate only 
when using very good SCF calculations. 

As an overall impression, approximate thermodynamic previsions on the 
stability of associates seem to be a very delicate problem. However when one is 
concerned in the relative stability of diflerent associates, a rather large compensa¬ 
tion among errors may be expected and therefore the hope of getting reliable 
results is not quite unrealistic. 


b) Error Analysis with Use of the Electrostatic Approximation 

If we now pass on to analyze the electrostatic picture, it is evident that the 
method employed in this paper is too crude to give directly a prevision of suf¬ 
ficient precision for the free energy of formation. It may be however regarded as 
a guide to more rigorous calculations and may give a first guess to the relative 
stability of different associates. 

From paper I the electrostatic method turns out to be able to give a descrip¬ 
tion of the geometry of the associate sufficient for the rotational contribution, if 
the distances for hydrogen bonds are fixed according to experimental data. For 
the vibrational terms the error bounds assumed in the preceding section seem to 
be sufficient to include also the additional errors arising from the electrostatic 
approximation. As an example, in Table 1, a comparison is made among quadratic 
force constants for H 2 O dimer as calculated with the electrostatic method and 
with two different MOLCAO SCF minimal basis set wavefunctions. As a further 
check we may quote a comparison with the accurate wavefunctions of Hankins, 
Moskowitz and Stillinger [8]. For the two sets of conformations reported in this 
paper (curve A and fi, the reader is referred to the quoted paper for the identifica¬ 
tion of the curves) we have calculated the free energy contribution (by means of 
a numerical integration in the WKB approximation) and found; ftrin/=0.09 
kcal/mole for curve A and 0.32 kcal/mole for curve B. The same sections of the 
energy hypersurface, as calculated with the electrostatic model give, in the order, 
0.04 and 0.26 kcal/mole 


Table 1. Comparison of quadratic force constants for intermolecular vibrations in (H 2 O)]* 


Force constant Ref. [5] 

SCF 

Ref. [1] 
SCF 

Ref. [1] 
Electrostatic 

d^e/dOf 

0.040986 

0.0344 

0.0274 

e^e/d]^ 

0.029775 

0.0345 

0.0344 

3h/d0l 

0.011711 

0.0066 

0.0050 

Sh/Oxl 

0.016972 

- 

0.0164 


0.001444 

— 

0.0006 


0.022877 

0,0269 

- 


* The notation is the same as in Ref. [5]. All values in a.u. 

^ Both our electrostatic curve and curve B of Ref. [8] have quite a similar shape and the small 
differences between the partition functions are mainly due to our extrapolation of the higher portions 
of curve B of Ref. [8]. 
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Table 2. Contributions to AF° for two different associates of aziridine* 


Type of motion 

Associate 1 
-RTiiif 

Associate 11 


- 0.0002 

+ 0.1073 

y(i) 

+ 0.2221 

+ 0.7979 

rtO 

- 0.5.t.t9 

- 0.5234 

Mi) 

- I.52.S6 

- 1.3016 

Mv) 

- 1.5515 

- 1.1758 

«(C) 

+ 0.0755 

+ 0.0755 

i«rin /,*“ 

- .T31 

- 2.02 

h 



' /'I' 



X«rin i-'- 

1 f r«il« J rut, 

t / AH 

t Jll, »n. 

1.55 

1.53 

41.65 

41.65 

R 7 In /V 

.32.64 

32.64 

-D 

- 7 .3 

- 7.1 

,1/'" 

- 0.05 

1.42 


* I xpressed in koal/molc. 


In order to give a rough idea of the thermodynamic stability of the mono- 
hydrates considered in this paper, we have selected the two most stable associates 
of aziridine, the first (associate I) having the H^O molecule attached to the N—H 
bond and the second (associate II) bound through the N lone pair. Assuming 
that in both cases during the association process the two molecules approach 
each other along the N -H—O axis direction (i.e. along the electrostatically most 
favoured channel) with the HjO molecule disposed according to the most stable 
conformation, it is easy to visualize how six external modes of the separated 
molecules transform into six intermolecular vibration.s. 

The potential curves for associate I corresponding to y(i), y{rj) and t(0 motions 
have been already reported (Figs. 4a, 5a and 6a); curves for d{^) and S(ti) are not 
reported for brevity; the curve corresponding to the stretching vibration [<r(C)] 
is not obtainable from the electrostatic model and the corresponding contribution 
to d F was evaluated from a Morse function obtained from the stretching SCF 
curve of (H20)2 with the D parameter taken from the present calculations. The 
corresponding contributions to dF” are reported in Table 2: they are calculated, 
according to the case, either in the harmonic approximation, or as rotators 
(restricted or free) or numerically in the WKB approximation. 

The same procedure was utilized for associate II and the results are again 
reported in Table 2. At the bottom of this Table one can find also the other terms 
necessary to calculate dF** according to Eq. (6), the rotational contribution for 
the associates being related to the most stables geometries for I and II found in 
Sect. 4, and the dissociation energies being the corresponding stabilization 
energies reported in the same section. 
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According to the electrostatic model the most stable associate has the HjO 
molecule bound through the N—H bond (associate 1). The equilibrium constants 
for the two associates are Ki= 1.093 and Kj, = 0.092. Such values do not seem 
completely outside any chemical plausibility, but it is necessary to repeat here that 
we have been mainly concerned in their relative - rather than absolute - values. 
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Recensio 


John P. FacUcr, Jr.: Synunctry la Coordiaatkn ChcatMiy. New York and London: Academic 
Press 1971. 139 Seiten, Preis $4.95. 

.Symmetricbeirachtungen sind ein nOtzliches und weit verbreitetes Mine! zur Bestimmung der 
Slruktur- und Bindungseigenschaften von Molekiilen. Koordinationsverbindungen eignen sich 
wegen der meist hohen Symmetrie- und Orbitalentartungen hierfOr besonders gut. Dos vorliegende 
Buchlein ist ein einfuhrender Text in die Theorie der Symmetrie, die an Hand einfacher Beispiele 
dcmonstricrt wird. Die Theorie ist also nicht axiomatisch aufgebaut, sondem wird aus den expcri- 
mentellen Befunden deduziert, wobei soweit als m&glich von mathematischen Formulierungen 
Abstand gcnommcn wird. Ein solches Vorgehen mag bei den einfOKrenden Kapiteln, in dcncn die 
Moleklilsymmelrie, die Symmetrieoperationcn, die Klassifizierung der Symmetrie. die Symmetrie- 
gruppen und die Hlektronentheorie der Atome und lonen besprochen werden, fQr den lemcnden 
C'hemikcr didaktisch von Vorteil scin, jedoch ItlBt sich in den folgenden Kapiteln Darstellungs- 
iheonc, Schwingungsstruktur und Bindungseigenschaften (Ligandenfeld- und MO-Theorie) ein 
unrormalistischer, episch bcschreibender Textaufbau weniger rechtfertigen. Nach Meinung des 
Rezensenten hhtte cine weitgehendere Konzesaion an die Mathematik, die dem Autor vielleicht 
nur schwcr abzuringen wkre, dem VersUlndnis dieser Themcn efacr gcnutzt als geschadct. 

Fur ein einluhrendes Studium der Symmetrieeigenschaften und ihrer Anwendungsmbglicbkeiten 
auf Koordinationsverbindungen der Obergangselemente eignet sich das Bucfa jedoch in hervor- 
ragender Weise. Es kann'zu diesem Zweck und auch wegen des mSBigen AnschafTungspreises 
emplbhlen werden. Wer aufgrund dieses Vorstudiums ein Intcresse an dem StofT findet und defer 
in das Verstlindnis der Dingg eindringen will, muB auf umfassendere Lehrbficher zurOckgreifen, 
von denen es cine ganze Reihe auf dem Biichermarkt gibt. 

H.-H. Schmidtke 


Eingegangen am 14 Januar 1972 
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Energy expressions to the 4th order of accuracy arc derived from a partitioned Cl matrix; these 
expressions are identical in each order, to the corresponding formulas derived in the frame of Rayleigh- 
Schrodinger perturbation theory. 

Von einer aufgespaltenen Cl-Matrix tverden Energieausdrucke bis 7.ur 4. Ordnung entwickelt. 
Diesc Ausdriicke sind fiir jede Ordnung idenlisch mit den im Rahmen der Rayleigh-Schrcklingerschen 
Stdrungstheorie entwickclten Hormeln. 


I. Introduction 

One of the main dericiencies in the Hartree-Fock method is that a single 
determinant represents a wave function, which in principle must be approximated 
by an infinitely long expansion. To correct this inadequacy more terms are 
needed, which arc conventionally introduced by means of admitting configuration 
interaction (Cl). Numerous studies have confirmed the favourable effect that 
either full or judicious inclusion of Cl has on the wave function and on the 
expectation values derived from it. Recent detailed studies have been made on 
Benzene [I] and on CO [2]. Although Cl admission is in principle a straight¬ 
forward process, in practice the labour involved may quickly become prohibitively 
expensive. Suppose 2N electrons and K atomic orbitals are involved {K'^N), 
then for full Cl (limiting ourselves to singlet states only) in a basis that extends 
over all possible eigenfunctions of the operator, one has to build and diagonalize 
a matrix of size 

’ /K-ILUK \ t^K-N,K<2N 

i^o\N-L )\2Lj LHL + i)l t=-N, K^2N 

corresponding to all possible 0,1,2,3, ...,2N excitations'. Even for a relatively 
small system comprized of 4 electrons and 6 orbitals (say, LiH in a double zeta 
basis), Eq. (1) yields Af = 105, which is already quite large. It is concluded that 

' General expressions for M, the dimension of a Cl problem over a basis of operator eigen¬ 
functions, as a function of X, N and S{2S+l being the state multiplicity) have been previously given 
by Mulder [17], and by other authors listed in his paper. The derivation of Eq. (1) in the present 
communication is similar in approach to that given by [17], but differs from it in some details. It 
is therefore documented in the Appendix. 


** Theoret. chim. Acta <Berl.) Vol 25 



122 


M. Kteioer: 


except for very small systems, the effort needed to overcome the Cl size barrier 
may outweigh that invested in computing the basic molecular integrals. Clearly a 
simplifying procedure is needed; in looking for a device to reduce the Cl scheme to 
manageable dimensions one may resort to Perturbation Theory [3-6]. According 
to standard Rayleigh-Schrodinger perturbation theory (henceforth RS) and with 
the familiar notation (W = ##'’+ cff'; one has for the correct energy of a 

perturbed level n: 


C, = £1’ + /; E; + s' E: + - = H > + £ 


E2-EZ 


( 2 ) 


where the power of s determines the order of the perturbation. To make the 
connection with Cl one formally equates integrals of type in (2) with the 
nm'th Cl matrix clement: thus the molecular Hamiltonian implicitly assumes the 
role of a perturbation between the energy levels. Recently this procedure was 
examined in detail [7 -11], The numerical results obtained by these authors 
sugge.st that in many cases it would be feasible to apply second (or higher) order 
perturbation theory to proceed beyond the SCF limit. In view of these encouraging 
results, it would be useful to elaborate on the formal relation between the Cl 
and RS methods, in the particular context of MO calculations. While the relation 
is well understood from the RS tail, it is not as clear when one assumes no 
knowledge of RS. Our starting point therefore will be the Cl matrix: it will be 
stepwise and approximately diagonalized. At each stage the expressions for the 
resulting eigenvalues will be examined and the various matrix elements involved 
assigned numerical values in a manner that will indicate the relation to RS, 
subject to the particular partitioning described next. 


2. Approximate Diagmalization 

The Cl matrix is constructed according to Slater’s rules [12]. Zero's are put 
either for matrix elements of two states differing in more than two orbitals, or 

according to Brillouin’s theorem, for /g-S.IHIeA; the symbol stands for; 

\ m/ m 

£ = state: »i = orbital excited from; n = orbital excited to; f = excitation. Virtual 
orbitals arc used for building the various excited states [13]. For the diagonal 

r d 

elements, closed expre.ssions for states of type EJ } a^h,c:^d or lesser complexity 

a b 

have been given [14]. B is now the Cl matrix (Fig. 1). 

We have now a Hermitian matrix with the property; diagonal elements > off- 
diagonal elements. The matrix B is in the mathematical sense “perturbed" [15] 
and we may assume that it can be expanded in a converging matrix series; c is 
a small parameter which labels “order”, 

B = (3) 

where the B's do not depend on c. Let 5 be an as yet undetermined unitary matrix 
of the form 


S = S‘’-(-cS' + £'S"-(-•••. 


(4) 
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We adjust S in such a way that 

A=SBS-^ y« = Diag(A, ... (5) 

S can always be chosen^ to yield i.e. the eigenvalues of A and B are 

identical in magnitude and order along the diagonal. It is suggested from (3), (4) 
and (S) that A can also be expanded in terms of a converging matrix series 

A-^A’^ + £A' + e^A"+-- (6) 

all the ^'s being diagonal. Our aim now is to compute A. Substitution into a 
rearranged (5) the scries on the right of (3), (4) and (6) yields 

(/<“ + £/4‘ + + ■ • ■)(S'’ +cS' + fi^S" + • • •)=(S‘’ + cS' + + -)(B^+eB' + - ■) (7) 


if (7) is to hold identically in the successive powers of e, the following sequence 
of matrix equations must hold 

= ( 8 ) 

/4®S‘ + /4'S‘’ = S'’B‘ + S'B“ (9) 

/t^S" + /<'S' + /4"S® =S"B'' + S'B' + S"B° . (10) 

.=. (11) 

The only quantities in these equations which are known from the outset are 
the elements of B, i.e. the elements of the Cl matrix. It is possible, however, with 
the help of Eqs. (8-11) to set up one after the other the /4’s and the STs to determine 
A to any degree of accuracy. Now, as we cannot separate the different orders of 
the B's, we are left with some freedom to assign their values, subject to (3) as 
constraint. This can be done in a manner that suits the context of a particular 

^ By elementary row and column operations. 
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problem. To obtain full agreement with expressions derived from RS [9] one 
must choose for the 0’s 



'=y 

^ 1=0, 

i^j 

or f = 0- 

i—j 

l^o. 


0 " = B'" = ■ 

= 0 


=j (and not degenerate) 


This choice can of course be made independently of the RS method. Previously 
the flexibility in partitioning the Hamiltonian in the context of Cl was noted 
by[7|. 


3. Diagonalization to First Order 

Let /; ♦() so that B~>B" and S-+5‘’. Then since the eigenvalues of A are the 
same as those of 0 (identity also in order along the diagonal, as is in (5) above) 
-- 0” and (K) becomes 

B«s'‘ = S°B". (13) 

As S must be unitary for any c it follows that when c->0, S" is unitary. It can be 
verified (.see Appendix) that a unitary matrix (S“) which commutes with a non- 
degenerate diagonal matrix (0“ in (13)) must be diagonal itself and each of its 
diagonal elements be of modulus unity. We choose 

S‘' = l. (14) 

Now it follows from (13) and (14) that (9) takes the form 

0"S'-S'0" = 0'-.4'. (15) 

The nn’th element on both sides of (15) can be written 


X 0“ s:, - =ft - =0 

i I 


since 0" is diagonal. Hence 



(16) 

(17) 


If powers of e higher than the first are neglected, (6) reduces to ,4 =,4° or, 

in view of Eqs. (2) and (17) 


£q. (18) is identical to the expression corrected to first order in the RS method. 
According to the convention adopted for the 0’s in Eqs. (12), 0i„ = O and (18) 
reduces to 




(19) 
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- a similar expression was derived on different grounds in [3]. It should be noted 
that here, = 0 was adopted as a basic assumption due to our particular 
partitioning of the Cl matrix and does not follow from the quality of the zero 
order wave function. 


4. Diagonalization to Second Order 

It can be verified from (9), (13) and (16) (see Appendix) that^ 


0 , 


»=y 


cl _J 
- 


ob 'oO ’ * • 


From a rearranged (10) and taking advantage of (14) one finds 
/4" = B" + S'B'- A'S' + S"B° - B°S" 


( 20 ) 


( 21 ) 


for the diagonal elements of A" one need consider only (22) (as /4'S' vanishes 
along the diagonal and B*^ is diagonal) 


(,4")„„ = BJ^ + (S'B'),„ = B!.>.+ 5: 


( 22 ) 


thus, to the second power of e the diagonal elements of A take now the full form 

(23) 


A„ = B?, + r.Bi. + e=' 


nil . y 

"IM oO ■ nO 

l*n 


when the convention in (12) is introduced (23) is reduced to (24) ~ an expression 
derived from RS by Mollcr-Plcsset [3], and used by Ncsbet [4] for the approximate 
diagonalization of large matrices. 


d 1 dI 

} — -t- V _*!*^"* 

Z- dO dO 
i*H 


(24) 


5. Diagonalization to Third and Fourth Order 

From (10), (13) and (14) one obtains 

^0511 _ = B" - A” + S'B' - /<'S' (25) 


which leads, noting that the y4's are diagonal, to 


Sli = 


0, i =j 

_B!i _ ,__/y 

nQ nO ' nO ijO I oO oO 
On ojj On — iSjj \i ^ I On — On 


Bfi-BjJ' 


i¥=j 


(26) 


substituting to (10) and, as only diagonal elements of A are needed (this eliminates 
terms originating from /t'B", and causes disappearance of S''B° — B“S") we 

^ As we are not interested in "Expectation Values” here, the columns of S matrices will not be 
renormalized at successive intermediate steps. 
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have 


tin. 


Bl.Bi 


Bill , y cl bU , V CM R> — J. ? V ^"J J" 

■ Z. Z. ~ "« ^ 2 - “ItO oO 

I J J*m 


+ T I JQO 


j♦ fi i^n 


_ _ V b'„BIjB% 
-B^,)(Bl-Bl) kn(Bl-Bl)^ 


(27) 


on introduction of the conditions specihed in ( 12 ) the first two terms on the right 
hand of (27) disappear, and one remains with the third order expression in the 
RS theory. However, because of Bj,,, the last term also disappears and only one 
term is left. Thus we have the third order correction for 


1 I 


iBi 


JliBj^jj^ _ 
-^)iBl-B%) 


(28) 


a simplification that viewed from RS [3,7, 8 ] results from the particular nature 
of the variationally obtained SCF energy. A similar treatment yields for Sj" and 
for the correction to 4th order 


.S’" - 

‘’ij 


(). 


'=7 


‘ /V V - - - V . - . -.'1 

B O nO 1 2mt /pi) 0^1/of’ \ ^ R^\ /* 


'= V V V__ _ 

I Zrf ^ Zy / do f}f’\ 

lltft {O^ — Oj-j) — Djj) 

^ ^ y' _ 

Z« Zrf / Rf’ Rf’\/Rf’ Rf^ * 
t*ti i*n ^ "nn “ "oM *“ Ojj) 


(29) 

i^j 

(30) 


6 . Discussion 

A scheme was described in which the Cl matrix served as a starting point 
for the derivation of energy expressions identical to those obtained in the RS 
frame. A particular partitioning of the Cl matrix allowed for the simplifications 
similar to those due to M oiler-Plesset [3]. 

It must be empha.sized, following [16], that this identity is formal, as it depends 
on the partitioning of the Cl matrix. It appears that the Cl method is related to 
the “Variation Perturbation" method [16], which encompasses RS as a special 
case. We now consider briefly the reasoning which leads to the partitioning 
adopted in (12). For concretene.ss the expression in (27) is examined. It was 
initially derived for a Hamiltonian of the general form B = B^ + eB' + e^B" H— 
To make the Cl method compatible with ordinary RS, where only 1st order 
perturbation is usually admitted, we must put 0 " = 0"' = • ■■ = 0 and retain only 
0 = 0° -t- £0'. The role of the perturbing matrix 0', is to help us assess the effect 
of extending the basis by adding configurations. At this stage only the last two 
terms on the left of (27) remain, forming the usual 3rd order correction in RS. 
A further simplification is obtained from (18). Although (18) in itself is a simple 
result in RS, it has important implications in the Cl context, as it assures that the 
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eigenvalues of B corrected to first order are “diagonar. It follows that provided 
B° is taken to be the diagonal part of the original Cl matrix, one may put B]„ =■ 0. 
This choice allows us to simulate the Moller-Plesset [3] results, and to drop the 
4th term in (27) leading to the single term expression in (28). 

The arguments given above formally justify regarding a Cl study for some 
state R equivalent to an ordinary RS treatment with the following characteristics; 
H = H° + eH' ; IW' I V?> = 0. Eqs. (28) and (30) must therefore be derivable by 
any of the methods available for construction of correction expressions in RS. 
One may choose to operate within the scheme of rules formulated by Huby^ [18]. 
To apply his “derivation by inspection" method, and using his notation, we define 
a projection operator 

(2o= IlvfXvfl. (Gg = Go) (31) 

(i.e. Qo is the projector onto the space orthogonal to the state n which is presently 
under investigation) and an inverse operator a 

a = (£» - «“)-*, ((£« - ««)-* V? = V?) (32) 

now it is well known [19] that if 

£; = £:' = ••• = £<''->»'= 0 (33) 

then the N’th order correction is given by 

EiT' = (v^\ H' (~ H'J ’ (34) 

where (33) reads 

<V’”|H'IV“>= V’°) =•••= (vn '|v”) =0- 

If however only corrections up to the A’th order vanish, K<N — \ , then additional 
terms (with the correct sign) must be added to expression (34), which arise from 
all possible “Bra-ket”-ing internal H’ factors in (34), according to the prescription 
in [18]. For £"' we thus have 



however 


(//'„ = 0 by assumption) 

and only the first term in (35) survives, which is identical to (28). This identity 
is easily seen after substituting for Qo and a their values defined in (31) and (32). 

* The author is indebted to a referee for bringing to his attention the papers by Mulder [17] 
and Huby [18], 
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Similarly for one obtains 


- /V’" 


H „ H ^ H 
a a a 


V. 


Vn 




~ (v: 


H .9y ^H'y — H' ~H' 


H H' <H > H 
a a a 

H' (h' ~ H'\ -- H' 

a \ a 


V’. 


Vl 


I’l’) 


- / -/'I’ 


H H H H 
a a a 


/v’" 

\ V n 
\ 


II H 

V’n') i V’" 

H' H' 

a 

/ \ 

a 


V’l’)- 


(36) 


l-xpression (36) is identical to (30) obtained for the fourth order correction by 
the approximate diasonali/iition meihcxl. The assertion that perturbation 
eorreelions may be derived from a C‘I matrix independently of the RS methexj 
is therefore shown to he eorrect. 


huted 


Appendix 

I. To derive the expression on the right side of (I). Consider 2N electrons 
and K atomic orbitals, and look at a case where L pairs out of the N available 
are distributed in 2L orbitals, each orbital is occupied by a single electron. This 

can be elTected in ways. Meanwhile the rest of the /V - C pairs can be distri- 

IK _L\ between the vacant orbitals. The total number of ways 

N — 1. j 

to achieve a situation of ((V — C) orbitals doubly occupied and 2L orbitals singly 

( K — 2L\ ( K\ 

independent eigenfunctions, whose total number has been given by [20]. 
For 2L electrons outside a closed shell and a singlet state this number is 
(2L\ I 2L \ (2T)! 

( Z. / 1Z, 1/ ~ Z, !(Z 4 ^1)! this number by the number of realized 

situation and summing over all L yields 


in(' 




t = K-N.K<2N, 
t = N, K2r2N. 


Judging by several numerical checks this expression is identical to that given by 
Mulder's [17] closed formula, 

K + \ 


M = 


{N + l){K-N+\) 


(«r- 
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2. To show that S° is diagonal and each Sf^ is of modulus unity. Starting 

with 5*^8° = B°S°, one obtains on performing multiplication: — B%) = 0. 

As B" is not degenerate, S,“ = 0. Also S" being unitary leads to S°* ■ S{] = 1, hence 
S}{ = 1 • exp( ± iO); choose 0 = 0. 

3. To find 5|y. Since B° is diagonal it follows from (16) that satisfies 

pi 

dO ci cl dO _ Dl . cl _ 

— ^ij ' — “^0 Ho” ‘ 

- ^jj 

Similarly, for S{,;B°-S!, -S},fl® = 0 and S|, is arbitrary. Choose S!, = 0 to satisfy 
orthogonality constraints: (SflSj) = 0. This choice will persist for S{|, S}}‘,.... 
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I'he potential energy curves for two Hj molecules are calculated by a SCF-MO-LCGO-CI 
procedure I he orientational and internal geometry dependence of the interaction energy is studied. 
Numerical results show; a) that repulsive interaction energy increases with increased intramolecular 
dimensions and b) that it has a rough additivity dependence with the number of stretched partners. 
The attractive interaction energies display a behavior similar to the repulsive one. A simple qualitative 
explanation for this fact is advanced. 

Die Putentialkurvcnrur/.wui ll^-MoIckitlewerdenmitHilfceinesSC'F'MO-LC’GO-CI-Vcrfahrens 
hercchnet. Die Abhiingigkcit dcr Wcch.sclwirltungsencrgic von der Orienlierung sowie dcr inneren 
(icometrie der heiden Molektile wird untersucht. Die numcrsichcn Brgebnisse zeigen: a) die ab- 
stoliende Wechsciwirkungsencrgic steigt mit wachsenden iniramolckularen Dimensionen, und 
h) dicser i'.nergieanteil /eigt ungerahr Additivitiit entsprechend der Zahl dcr gestrcckten Wechsel- 
wirkungspartncr. Die anziehenden Anteile der Weehselwirkung zeigen ahniiches Vcrhalien wie die 
abstoUenden. liine cinfache qualitative hrkliirung liir dieses Verhalten wird vorgeschlagen. 

l.es cotirbes d'cnergie potenticllc du systeme forme de deux molecules sont delerminees par 
la methode SCF-MO-LC'CiO-('I et la dcpendancc dc I'energie (Tintcraciion en fonciion dc I'orien- 
tation et de la geometric est cxplicitic. l.cs r6suUats montrent que: a) la partie repulsive dc I'energie 
d'interaction emit avec les dimensions intramolteulaircs du .systeme, b) la dcpendancc est, gros,so 
modo, additive cn function du nombre dc partenaires «etircs». La partie attractive dc I’energie 
d'interaction presente le meme comportement que duns Ic ca.s repulsif. Unc tentative d'explication 
qualitative simphriee de ees rcsultats est presentee. 


1. Introduction 

An increased interest in the knowledge of the internal geometry dependence 
of intermolecular forces has been raised, principally due to work of Bratos et al. [ 1 ], 
on vapor-solution infrared (IR) frequency shifts and band shape. They have shown 
that these shifts depend on the difference between the mean energies of the solute- 
solvent interaction in the two vibrational states implied in the IR transition. 
Speaking pictorially these shifts depend on the variation of the intermolecular 
forces with the effective size of the interacting molecules. Also, in connection 
with chemical reaction mechanism, a vibrational excitation mechanism has been 
suggested for the exchange reaction H 2 + Dj in presence of argon atoms [2, 3]. 
These developments showed the interest to undertake a study of intermolecular 
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Chile, Casilla 23.3, Santiago, Chile. 
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forces and their dependence on the distance, orientation and internal geometry 
from a theoretical point of view. In previous papers [4,5], Pauli repulsive interac¬ 
tion between two H 2 molecules in their electronic ground state has been investigated 
using a SCF-MO-LCGO procedure. For this type of system, repulsive forces 
predominate at short range distances, and the SCF-MO method is the adequate 
theoretical tool for the calculation of the intermolecular potential energy. At inter¬ 
mediate distances, however. Van der Waals forces become important. It has been 
shown by London [6] that these forces come out from dynamic electronic 
correlations. The SCF-MO scheme does not take into account this kind of 
correlation and a configuration interaction (Cl) is needed to introduce it. The 
H 2 ... H 2 system is considered here as a model because it has the main features 
of four centers molecular interactions and nevertheless one is still able to make 
rather exact calculations. This system has been often considered and parallel 
calculations have been carried out by Magnasco et al. [12,13] using a restricted 
basis of Slater orbitals for a different set of distances and geometries. Reference 
to their work and conclusions has been reported in our proceeding paper [5]. 

In Section 2, we present the method, models and details of the calculations. 
Section 3 contains the results and discussion of the dependence of the potential 
energy on intermolecular distance and orientation. The intramolecular distance 
dependence of the interaction energy is discussed in Section 4, and for reasons 
further discussed only the linear geometrical configuration is studied. 


2. Method, Models and Calculations 

a) Wave Function 

The wave function of the composite system is taken as a linear combination 
of a zero'" order, singly and doubly excited electronic configurations state functions 


V’ = + Z ^sWs + Z • 

5 D 


( 1 ) 


The coefficients Cq, Cj, Cp are determined variationally. ipo stands for the SCF 
closed shell electronic wave function of the ground state represented by a single 
Slater determinant. \ps and yp stand for singly and doubly excited state functions. 
The virtual SCF-MO’s have been used to build up the and v’o functions. The 
total Hamiltonian, H, once diagonalized in this basis, the lowest energy eigenvalue 
represents the ground electronic energy, Escf ci- 1" f^e Cl calculation, we consider 
only up to diexcited electronic configurations. The reason follows from a second 
order perturbation analysis of £scf-c'i terms of essentially localized MO’s at 
long range distances. One can show that the total energy can be written ap¬ 
proximately 




V l<yol^lv’fl>l ^ 

pO pO 


( 2 ) 


where £scf = <Vo|^|v’o) ^ expectation values of the 

hamiltonian taken over a non interacting unperturbed system. The second term 
of Eq. (2), is an approximation to the dynamic electronic correlation energy. 
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If the limit of our approximate basis seems to be severe, however a study of this 
expression, using essentially localized MO’s, shows that the Van der Waals 
interaction energy, which behaves asymptotically like - l/R*", is accounted for. 
Owing to the fact that the dielectronic integrals involved are exactly calculated, 
mainly all second order dispersion effects are implicitly contained in within the 
limits of our approximate basis. Of course to take a full account of the Van der 
Waals interaction term, a more extended basis would be required. 


h) Models 

The dependence: of potential energy on orientational and intermolecular 
distance has been con.sidercd by analysing four geometrical configurations, 
a) rectangular configuration b) perpendicular configuration (Cj,), c) linear 

configuration (W, and d) 7'-configuration (r^^). The standard symbols are used 
to indicate the corresponding symmetry point group. Fig. 1. The internal geome¬ 
try dependence is studied by considering one or both partner molecules at an 
intramolecular distance, r, greater than the equilibrium di.stance, r„= 1.4166 a.u. 
1 his model is a consequence of the assumption that a vibrationally excited state 
has ti vibration amplitude greater then the fundamental one. The value /•= 1.6 a.u. 
for the stretched molecule l.s) is considered. 


K 

(ai 




R 

(C) 


R 

(d) 


tTg, 1. ticomclriciit conformulion. frame of reference, parameters: R intermolecular distance, r, 

and Ti intramolecular di.siances 


c) Calculations 

A Ciaussian orbital basis set has been used to expand the MO's. In this basis 
all the electronic many centers integrals could be calculated exactly, so that one 
of the most serious drawback of intermolecular calculations is taken away. We 
have considered twenty four Gaussian functions. Six centered on each hydrogen 
atom; (three of s-type and three of p-type; Pj^Py.p.). The rather great number 
of jx)ints of the energy curve to be calculated prevents any attempt to optimize 
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the Gaussian exponents. More details concerning this basis could be found 
elsewhere [5]. For all geometric configurations, the same Cl basis set built up 
from the first six supermolecule SCF-MO’s is used. This number of MO’s allows 
us to build all singly and doubly excited configurations which can be accomodated 
in the computer core storage; this amounts to 117 Slater determinants arranged 
in 45 S^-operator eigenfunctions with S = 0. A Cl Fortran program for CDC 3600 
computer has been written [7], It needs as input, the “Basint" tape of Gaussian 
integrals and the SCF-MO coefficients. These inputs are directly obtained from 
IBMOL program [ 8 ], 


3. Distance and Orientation Dependence of the Potential Energy. 

Results and Discussion 

For all geometrical configurations the SCF energy, ^s<-F> and the configuration 
interaction energy, £scf 11 - collected in Table 1 as a function of intermoiccular 
distance, R. This distance is expressed in units of the equilibrium distance 
as L = R/ro. The point £ = 20.0 is calculated in order to check the behavior of 
the composite system at very long range distance. We remark that at this 
distance corresponds to almost two non interacting Hj molecules. £ 54 .^ for the 
two isolated molecules is 2.2510089a.u. which compares fairly well with 
Escf (£ = 20) from Table 1, and it is quite independent of the different orientations. 
For the geometries considered; rectangular and linear, the Cl calculation leads 
to nearly the same value of = The imposition to MO's of a lower 

overall symmetry seems to play an important role in the calculation of the total 
energy: 2 £'sc|. ti(Hi) = 2.2703348 a.u. Nevertheless the orientational independent 
value of (£ = 20 ) suggests that one still have a meaningful shape for the 

intermolecular potential. In this calculation, this later value is taken as the energy 
of two almost independent molecules. 

A glance at the columns of E^ f. (Table 1) shows a very different behavior 
of the potential energy for the molecules orientations considered. The rectangular 
and perpendicular configurations do not display a characteristic minimum in 
the experimental Van der Waals region [9]. Our results, for the linear configura¬ 
tion, compare fairly well with experimental ones [9]. For the same case, Wilson 
('/ al [10] do not succeded to get any minimum. The potential energy curve 
has a minimum located at about 3.45 A. Gordon et a/., quote an experimental 
determined value of 3.34 A. The dissociation energy in our scheme is equal to 
£„,„ = 50.5 X 10"^^ £, matching rather well the experimental value of 51.5 x 10“ 

[9], The T-configuration energy curve shows a lesser depth at a larger distance 
R = 3.75A. 

These very different results, when orientation is varied, could be understood 
if one consider the MO’s involved in the calculations. In Fig. 2, we present a 
MO diagram of these orbitals which shows schematically the nodal planes. For 
sake of simplicity two geometries are discussed: the linear and the rectangular 
one. In spite of the total < 7 -character of all MO’s involved in calculations, to each 
one a different local symmetry can be assigned. This is indicated in the Fig. 2 
using a reference frame as defined on Fig. 1. Incidentally one can see that at very 
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I’lt; 2 Molecular orbitals diaitram. I'or each molecular orbital local symmetry is indicated, and 
the nodal plane is represented by broken lines. Sign variations are indicated 


long distances, where intcrmuiccular overlaps arc negligible, the linear combina¬ 
tion of molecular orbitals taken by pairs. (1 ± 2), (3±4), (5±6) would give the 
localised MO’s with local symmetry indicated on Fig. 2. Now, if we consider 
in the terms corresponding to the Van der Waals attraction between molecules, 
it contains, associated with the appropriate denominators, for the linear configura¬ 
tion, two electrons integrals of the type 


(Ta(I)P/,(I)| j<rB(2)p/,(2y 

- - <TB(2)d;,.(2)y 

''12 / 


and for the rectangular configuration 


and 


/ 

I 

(I) 


\ 



1 

'•12 


P.v, ( 2 )^ 

a„{2)d^i(2)y 


In the region where the multipolar expansion of l/r,^ is valid, we can retain the 

leading dipole-dipole interaction operator Vjj= -^(XiX 2 + F, Fj — 2 Z 1 Z 2 ). It 

R 
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follows, for the second order interaction energy, that when 

we use our MO’s basis set. The contributions coming from MO’s, whose local 
symmetry allows the interaction along the direction of the intermolecular axis, 
and which have a higher energy than that used by us, are fundamental in order 
to get a Van der Waals minimum. Work is in progress to test numerically this 
contention. 

The main point is that this kind of “frozen Cl basis”, which does not take 
into account the change of symmetry, cannot reproduce the orientational 
dependence of attractive intermolecular forces. 


4. Internal Geometry Dependence of Intermolecular Interactions 

a) Numerical Results 

The success in getting a significant contribution to the interaction correlation 
energy for the linear configuration, allows us to undertake the study of internal 
geometry dependence of attractive and Pauli repulsion interaction energy. In 
Table 2, the values of £si:f and £scf-ci are given for different intermolecular 
distances R and the following cases; a) both molecules at equilibrium distance 
r, = = To, b) one stretched molecule r, = 1.6 a.u., for the other = Tq and c) both 

molecules stretched r, = = 1.6 a.u. Also Esip for two isolated H 2 molecules in 

the three cases is indicated. The Escp for the stretched systems (b) and (c) at the 
distance L = 20 represents rather well two non interacting molecules. The three 
total energy curves present a minimum nearly at the same intermolecular distance. 
The depth of the potential is independent of the variation of the internal parameters. 
The SCF potential energy curve corresponds to a repulsive state between the 
two molecules. 

The variation of interaction energy with respect to case (a) is presented in 
Table 3. The total interaction energy, l/sc i—nff-; ^ 2 )' defined as: 

f4<.T ^ 1 ' ^ 2 ) ~ ^ 2 ) ^scf-ci(20.0, Tj , r2). (3) 

The correlation interaction energy, r,, r 2 ) is defined to be: 

f4ort(^i f 1' '“ 2 ) “ f4cF-Cl(^> ^ 2 ) ~ ^1 ’ ^ 2 ) > 

where I/jcf comes from formula (3) with SCF instead of SCF-CI energies. Finally, 
the variation of the interaction energy dt/(L, r,,r 2 ) is defined by the formula; 

d U(L, r,, r^) = U{L, r„ Tj) - U(L, r^, r^). (4) 

The comparison of A Uscp, at a given distance L, for the cases (b) and (c) 
shows us that this quantity is rather additive with the number of stretched 
molecules. This same result was found for the rectangular and perpendicular 
configurations [5]. The repulsive energy increases with increased internal dimension 
in accordance with our previous results [5], It is worth to note that, the additivity 
of repulsive energy with the number of stretched molecules is more accurately 
reproduced for the rectangular and perpendicular configuration than it is for the 
linear one. This result seems not surprising because one could expect a great 



electronic cloud deformation in the linear case, this obviously could shade any 
kind of additivity. 

I'he new re.sults eoneern the correlation interaction energy: the attractive 
r,, Tj) inerea.ses with increasing values of r, and or A glance at Table 3 
shows us that d td a given distance, is also a roughly additive function over 
all the ranges studied. It seems that molecules retain a certain identity inside 
the composite system. 


tiihli' I f.v I and /'.'v i , i values for the geometrical conrigurations-. a) rectangular, b) perpendicular, 
L) linear, d) 7. us a function of inicrmoiccular distance L in R/r„ units 


A <1 bed 

f'-v I A'.,,,,, , ‘"Aviii * ^sc I c'l 

I.S .;(I7«40I5 2.I(XI7I()(I 2(IHV;K59 2.l059(l9.t I.74733V6 I 786<«60 2.0652SS2 2.08.371.3.3 

2.0 2 1010301 2.21142.34 2 1034048 2.2121826 2.1440852 2.1732.3.33 2.1862722 2.204025 

to 2.2440125 2.2fi44072 2.24512.36 2.26.30088 2.241.3203 2.2620255 2.2442760 2.26.36663 

4 0 2.2504027 2.2608157 2.2505.365 2.26068.30 2.2501745 2.271.3600 2.2505.500 2.2699005 

5 0 2.2.5tW628 2.2701802 2.2.500771 2.2701715 2.2500032 2.2708407 2.2510103 2.2703179 

6.0 2.25I(8X»0 2.2702014 2.2SI(8)fi6 2.2701004 2.2.500880 2 2703126 2.251026.3 2.2702342 

20.0 2 251(8188 2.2702012 2.251(8180 2.251(8)86 2.2702011 2.251(8)85 


lable 2. St'l- and SCI' Cl energies in a.u. Variation with both, intermolucular L and intramolecular 
distances r,, I'or coniparison, , for two isolated H j molecules is indicated in the last row 


/. Normal molecules (2nc stretched molecule Two stretched molecules 

r,-r^ = r,i r, - 1.6 a.u.. rj - ru r, = r, = 1.6 a.u. 



-K, 

■ 1 1 1 

- hs, , 

■ t'.W 1 1 1 

- hsi ^ 

^st h f » 

1.5 

2.24814 32 

2.2605262 

2.2414105 

2.2649886 

2.2346822 

2.2604253 

4.0 

2.2.501745 

2.2713(881 

2.2437478 

2.2670205 

2.2373082 

2.2626580 

4.5 



2.2444251 

2,266950.3 

2.2.381021 

2.2625769 

.5.0 

2,251881.32 

2.2708007 

2.2446272 

2.2664151 

2.238.3473 

2.2610743 

6.0 

2.2.500880 

2.270.3126 

2.2447315 

2.2657678 

2.23847.30 

2.2612156 

20.0 

2.251(8)86 

2.2702011 

2.2447569 

2.26.56275 

2.2.385041 

2.2610468 

211, 

2.251(8)80 


2.2447561 


2.2.385043 

- 


Table 3. .1 f , and correlation interaction energy d Variation of interaction energy, with respect 
to the intermoleeular distance /. and the intramolecular distances r,. in a.u. 


/. One stretched molecule Two stretched molecules 

r, = 1.6a.u., rj = r„ r, = rj = 1.6 a.u. 







.3.5 

0.01283 

0.01379 

0.02603 

0.02746 

4.0 

0.00475 

0.01136 

0.00985 

0.02215 

5.0 

0.00060 

0.00467 

0.00140 

0.00923 

6.0 

0.00012 

0.00089 

0.00026 

0.00181 
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b) Discussion 

The increase of attractive intermolecular energy with the internal dimensions 
can be understood in terms of molecular properties of the partners, particularly 
their dipolar polarizabilities. Since our numerical results on the variation of 
attractive interaction energy with the number of stretched molecules seems to 
support the idea of a certain independence of the partners, and with the hypothesis 
that, roughly, the main contribution to the correlation interaction energy is of a 
second order dispersion type, can be represented by the London term 
l/jorr* ~ The C**’ Coefficient being intimately connected with dipolar- 

polarizabilities. Proceeding with the Slater-Kirk wood formula, one gets the 
expression 

- ’ “Hi - (5) 

where E is an average excitation energy and a the polarizability of isolated 
molecules. Ishiguro et ai, studied the variation of polarizabilities with interatomic 
distance for the molecule [11]. They found that is an increasing function 
of interatomic distance. Formula (S) shows that, at a given distance, niust 
increase with internal dimensions. This behavior prompts a qualitative picture. 
When bonds are formed, electrons flow to the interatomic region and become 
tightly bound, exactly the opposite is going on when atoms are stretched from 
their “ouilibrium positions. The molecule become larger and more easily polar¬ 
izable. but if this is so, in a given point of space, between the interacting molecules, 
the electron density increases when one (or both) molecule (s) is stretched, then, 
the Pauli repulsion energy increases. This picture seems to be in agreement with 
the numerical results obtained on calculations of this type of forces [4,5]. 
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I'lirlher ii/i milio calculations of proton coupling constants using the L,CGO technique arc 
prcscnieil for the allyl radical, showing varying degrees of success. 

I'.s werden weiterc ah iiiiiio Kechnungen fur die Proton-Kopplungskonstante angegeben wobci 
die i.etiO-Methode auf das Allyirudikal mit untcrschiedlichem Hrfulg angewandt wird. 


Introduction 

In 11 previous publication [ 11 the results of preliminary ah iniiio calculations 
ol l'..SK hypciiiiic coupling constants in the allyl radical were presented. Bach 
Slater type tirhital (STO) was represented by a linear combination of two Gaussian 
orbitals (GTOs), and two different linear combinations (contractions) were 
reported. C'onsidcring the relative lack of sophistication of the wavefunctions 
employed, the results were found to be in fair agreement with experiment, and 
compared well with the results obtained from semi empirical calculations. 

In this publication wc present the results of similar calculations employing 
more accurate wavefunctions. The reason for extending the calculations by 
using a larger number of G'I'Os in the contraction is that, whereas small con¬ 
tractions arc clearly very poor for energy calculations, this gives little guide as 
to their usefulness for Ihc calculation of molecular properties; thus hopefully it 
should be possible to use very simple wavefunctions for the ab iniiio calculation 
of certain molecular properties, although the converse may be true. 

Method 

A number of differet contractions were tried in order to assess the sensitivity 
of the proton ESR coupling constants. The STO hydrogen exponent was a.ssumed 
to be 1.2 throughout, instead of the free atom value 1.0; A number of contractions 
exist in the literature for free atoms, the ones used in the present work being given 
in Table 1 [2, 3]. Thus each STO was approximated by GTO where »i = 2,3,4, 5,6 
(referred to as A. B. C. O. E) and a further calculation was performed (F) to check 
that the proton coupling constant calculation is insensitive to the precise form 
of the carbon l.v orbital. For this calculation, the carbon l.v orbitals were ap¬ 
proximated as 6 GTO whilst the valence orbitals were approximated by 3 GTO. 

All integrals were calculated using a version of IBMOL 4 [4] specially re¬ 
written for the University of Manchester ICL 1906 A computer, running under 
the GEORGE III operating .system [1], It is unfortunately impossible to report 
the exact mill times taken for integral calculation, as this figure cannot be obtained 



Ah initio Calculations 


139 


Table I. Contractions used 


H 


K. 


s. 


X. 



d 

a 

d 

ot 

d 

at 

d 

a 

0.4301 

1.2266 

0.4301 

27.6756 

0.7471 

0.3412 

0.4523 

1.1418 

A 

0.6789 

0.2183 

0.6789 

4.9262 

0.2856 

0.1296 

0.6713 

0.2824 


0.1543 

3.2078 

0.1677 

69.6723 

-0.2888 

8.3652 

0.2332 

2.3235 

B 

0.5353 

0.5843 

0.5434 

12.4425 

0.7008 

0.3794 

0.5743 

0.5014 


0.4446 

0.1581 

0 4320 

.3.2222 

0.3734 

0.1223 

0.4132 

0.1318 


0.0568 

7.5123 

0.0649 

158.7920 

-0.0874 

32.1659 

0.0997 

4.6202 

C 

0.2601 

1.3747 

0.2815 

28.8682 

-0.2444 

5.5509 

0.3560 

1.0573 


0.5328 

0.3819 

0.5339 

7.8246 

0.6465 

0.4253 

0.5289 

0.3113 


0.2916 

0.1267 

0.2707 

2.4906 

0.4479 

0.1346 

0.2545 

0.0988 


0.0221 

16.2804 

0.0267 

331.7210 

-0.0221 

109.0350 

0.0437 

8.4706 

D 

0.1.354 

2.98.33 

0.1.322 

60.6526 

-0.0994 

19.4645 

0.1906 

1.9972 


0.3318 

0.8333 

0.3580 

16.7641 

-0.2188 

4.9297 

0.4054 

0.6365 


0.4826 

0.2845 

0.47.36 

5.5702 

0.6386 

0.4343 

0.4439 

0.2220 


0.1936 

0.1072 

0.1632 

2.0004 

0.4602 

0.1.366 

0.1576 

0.0791 


0.0092 

.3.3.2684 

0.0092 

750.6175 

-0.0042 

73.1160 

0.0079 

15.4981 

E 

0.0494 

6.0997 

0.0494 

137.6249 

-0.0207 

13.4087 

0.0514 

4.0416 


0.1685 

1.7065 

0.1685 

38.5025 

-0.0515 

.3.7681 

0.1898 

1.4461 


0.3705 

0.5862 

0.3705 

13.2266 

0.3.346 

0.5389 

0.4050 

0.6045 


0.4165 

0.2276 

0.4165 

5.136.3 

0.5621 

0.2446 

0.4013 

0.2764 


0.1.303 

0.0938 

0.130.3 

2.1154 

0.1713 

0.1166 

0.10.52 

0.1.307 



from the computer to any degree of accuracy. As a rough approximation however, 
for n — 2 the two electron integrals took 180 seconds whilst for n = 4 the mill 
time was approximately 2000 seconds. 

The self consistent field method used to calculate the wavefunctions was the 
Unrestricted Hartree Fock (UHF) method [5] which averaged 200 sec to obtain 
accuracy in the density matrices to 5 decimals, depending on the goodness of 
the initial guesses for the density matrices. As before, the ally! radical was assumed 
to be planar with regular geometry, all CC bond lengths 1.4 A. all CH bond 
lengths 1.08 A. No attempt was made to find the lowest energy conformation, 
although it was not expected that any change in geometry would affect the 
results significantly. 


Results and Discussion 

The nuclear repulsion energy was 64.83595 a.u., whilst the electronic energies 
are given in Table 2. The best energy was given by the n = 5 set, this contraction 
corresponding to the best n = 5 contraction for the carbon atom in its state [3]. 
The n = 6 set was slightly inferior, due to the different method of finding the 
contraction [2]. For large systems however, the small improvements in energy 
and wavefunction that result from using n > 4 seem hardly justifiable in the face 
of the increased cost of the calculation (proportional to approximately). 
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Table 2 


Basis Energy Density 

at nucleus 


0.262 

0.362 

0.429 

0.495 

0.486 

0.368 


I ncrgics and density nl nucleus in atomic units. 


Table 3 


Basis I 2 3 


A 

- 26.79 

- 8.78 

- 26.89 

- 8.81 

+ 19.06 
f 6.49 

B 

- 28.35 

- 9.32 

-28.61 
- 9.41 

^ 20 .14 
+ 6.86 

C 

-.36.76 

-12.06 

- 37.14 
-12.18 

+ 26.21 
+ 8.88 

D 

- 42.45 

- 1.1.91 

- 42.96 
-14.08 

+ 29.99 
+ 10.18 

i: 

-53.95 
- 17.64 

-54.30 
- 17.76 

+ 39.94 
t 1.3.67 

I- 

- 28.33 

- 9.32 

-28..59 
- 9.40 

+ 20.10 
f 6.78 

Experiment 

-13.93 

-14.83 

+ 4.06 


A 

1.0252 

0.7632 

-176.5639 

11 

0.9657 

0.7548 

-179.6109 

( 

0.9902 

0.7580 

-180.6720 

r> 

09954 

0.7587 

- 180.9997 

1, 

1.0597 

0.7679 

-180.9893 

1 

0.9645 

0 7548 

-180.7283 


Proton coupling constants (gau.ss). 


UHF calculations, as is well known [5] are not accurate descriptions of 
spectroscopic states, since they are not spin eigenfunctions. Such wavefunctions 
can he improved by the spin annihilation technique of Amos and Snyder [5]. 
Values of and <S^>„ in the notation of [5] are given in Table 2; spin 

annihilation generally makes a large improvement in the value of <S^>. 

The results for Basis A (« = 2) were reported previously [1], but unfortunately 
there was an error in the coupling constants reported in [1], for that particular 
basis set. We report here the corrected values in Table 3, together with the results 
for the other basis sets. 

In general, the coupling constants calculated before spin annihilation are too 
large, whilst the ones calculated after spin annihilation are in much better agreement 
with experiment. The results for the central proton become less good as n increases, 
and a general unwelcome trend is obvious from the table, that the coupling 
constants increase in modulus as n increases. This is because the one and two 
electron integrals for all except the carbon Is orbitals change little as n increases. 
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SO consequently the molecular orbital coefficients change little as n increases. 
However, the density of the hydrogen Is orbital at the nucleus changes by 100%, 
as can be see n from Ta ble 2. For comparison, the exact value for a Slater hydrogen 
Is orbital is = 0.55 for C=l-2. The density at the nucleus is 

seriously in error, even for the most accurate contraction taken (« = 5). Further, 
the shapes of GTOs and STOs around the nucleus is quite different. 

Treating the density at the nucleus as a variable parameter still gives the same 
overall pattern of coupling constants, and does not correctly reproduce their 
experimental ratio. 

As before [1] we may compare our results with the results of a semi empirical 
calculation using the Pariser-Parr integrals [ 6 ]. The Pariser-Parr model may 
be regarded as using an orthogonalised basis of n type atomic orbitals {^p^ ... <p^) 
for the construction of n molecular orbitals. These are related to the non-orthogonal 
orbitals {<pi ... <p^) by the transformation 

... (p„)=={q>i ... 

where = <<pi I <pj> is the matrix of overlap integrals. Ab initio calculations are 
generally performed using a non orthogonal basis, for ease of computation, and 
if ('■)i Qi ('■) the one electron charge and spin density functions respectively [7], 
where 


P,(r)= I.<pT{r)(Pt),j(pj(r) 
Qi{r)=l<pr{r)(Q,),j(pj{r) 
and F], Q, are their matrix representations, and also 


then 


F,(r)= 

Q,(r)= l.vnr){QthjiPj{r) 
P, =S*F,S* 


( 1 ) 

( 2 ) 

(3) 


so the elements of F,, Q^ obtainable from our ab initio calculation by (3) should 
be directly comparable to the semi empirical results. 

For the semi empirical calculation we find 

/1.000 0.693 0.000 \ / 0.551 0.000 - 0.425 \ 

Pt = l 1.000 0.693 0, = -0.102 0.000 

\ 1.000/ \ 0.551/ 

whilst for the n = 5 ub initio calculations we obtain 



jM.OOO 0.671 0.000 \ 

/0.570 0.000 - 0.370\ 

i^l = l 

1.000 0.671 = 1 

-0.140 0.000 


1 1.000 / 

1 0,570/ 


which compare reasonable well. It is interesting to note that, assuming the 
proton coupling constants can be calculated using McConnell’s relation [ 8 ] with 
a proportionality constant — 22.5 gauss, the “experimental” diagonal elements 
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of Q, arc 0.58, -0.16 and 0.58, which compare alomost exactly with our calcula¬ 
tion. It is also interesting to note that the diagonal elements of Py arc 1.000. The 
discrepancy in the ah initio calculation of coupling constants arises because of 
the relatively inaccurate repre.sentation of the a system. 
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In this paper we present the results of a theoretical study of non adiabatic unimolecular dissociation 
processes with applications to the decomposition of NjO(‘D to yield Nji'r,) and 0(^P). Such uni- 
molccular reactions which involve a change in the electronic state can be handled by the theory 
of thermally excited intramolecular radiationless decay processes in analogy to molecular prcdissocia- 
tion and electronic relaxation in the statistical limit. General criteria were advanced for describing 
the decay probability of a single vibronic level in terms of Fermi's golden rule and for specifying 
the (high pressure) unimolecular rate constant in terms of a thermally averaged transition probability. 
The quantum mechanical rate constant for the non adiabatic reaction is characterized by a pre- 
exponential factor determined by the interstate coupling matrix element and by a temperature dependent 
activation energy. At low temperatures the activation energy is equal to the continuum onset, and 
the reaction involves a tunnelling process. In the high temperature limit a general demonstration 
of the Franck Condon principle for thermal reactions was provided, whereupon the non radiative 
iransitton occurs at the intersection of the potential surfaces. Numerical calculations for a one 
dimensional model system for the thermal decomposition of NjO were performed utilizing the 
scmiclassical approximation and confirm our general conclusions. A two dimensional linear model 
has been developed representing the rate constant in terms of a convolution of two generalized line 
shape functions, which enabled us to study the distribution of vibrational energy among the diatomic 
Nj molecules resulting from the thermal decomposition of N^D. Some predictions concerning the 
determination of single level decay probabilities and vibrational distribution of the molecular products 
are presented. 

In die.scr Arbeit werden die Ergehnisse einer thcorctischen Unlersuchung nicht adiahatischcr 
unimolekularcr /.erfallsrcaktioncn mitgctcilt und auf den /erfall von NjOf'D zii Nji'l',) und 
angewandt. .Solche unimolekularen Rcaktionen, bei denen sich der Llektroncnzustand andert, 
kdnncn mit der Thcoric thcrmisch angercglcr intramoickulurer strahlungsloser i^rfallsprozessc 
in Analogic zu molekularcr Prkdissoziatiftn und eicktronischer Relaxation im statistischen Limit 
behandelt werden. Krilerien zur Bc.schrcibung der Zcrfallswahrscheinlichkeiten eines einzelnen 
Vibrationszustands unter Bcriicksichtigung von Fermis Golden Rule werden entwickelt sowie die 
unimolckulare (ieschwindigkeitskonstanle (im Hochdruckbercich), wobei thermisch gemittcitc 
Obergangswahrschcinlichkeiten beriicksichtigt werden, mitgetcilt. Die quantenmechanische Gc- 
schwindigkeitskonstante ftir die nicht adiabatische Rcaktion wird durch cinen prhexponenlialen 
Faktor, dcr durch die Matrixclementc der Kopplung beider Zustdnde bestimmt ist und durch eine 
temperaturahhiingige Aktivierungscnergic charakterisiert. Bei tiefer Temperatur stimmt die Akti- 
vierungsencrgic mit der F.ncrgie dcr Kontinuumsgrenze iibercin, die Reaktion vcrlSuft uber cinen 
Tunneleffekt. Fiir hohe Temperaturen wurde ein allgemeiner Beweis des Franck-Condon-Prinzips 
fur thcrmische Reaktionen gegeben, wonach der strahlungslosc Obergang bcim Schnittpunkt der 
Potentialflacben aufiritt. Rechnungen fUr ein cindimensionales Modell des N^O Zerfalls wurden 
in dcr scmiklassischen Ntiherung durchgefiihn und bestatigen uiuserc Folgerungen. Ein zweidimensio- 
nales Modell wurde entwickelt, das die Gcschwindigkcitskonstante als Faltungsintcgral zweicr ver- 
allgemcincrtcr Linicnformintegrale wiedergibl. Oadurch wurde es ermSglicht, die Verteilung der 
Vibrationsenergie auf die zweiatomigen Nj Molekble, die bei dem thermischen Zerfall von NjO 
enstehen, zu studieren. Einige Voraussagen iiber die Bestimmung der Zerfallswahrscheinlichkeiten 
eines Vibrationszustandcs und die Vibrationsverteiluog dcr molekularen Produkte werden mitgeteilt. 

* Present address: Institut fur physikalische Chemie, Frankfurt, Robert-Maycr-StraOe II, 
Germany. 
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1. Introduction 

The key physical idea underlying recent theoretical studies [I] of intra¬ 
molecular radiationless transitions in large molecules is that electronically 
excited zero order molecular states are non stationary (or metastable) being 
degenerate with and irreversibly coupled to a quasi-continuum of zero order 
levels corresponding to lower electronic configurations. This work has established 
the formal analogy between electronic relaxation processes (i.e. internal conversion 
and intersystem crossing) and radiationless molecular decomposition processes 
(i.e. predissociation and autoionization). Forty years ago, Rosen [2], Langer [3] 
and Rice [4] proposed that thermal unimolecular decomposition reactions can 
be considered as an Auger process, in complete analogy to predissociation and 
autoionization. This approach has been revived lately in the work of Mies and 
Kraus [3 7] who stress the point that the ''activated state” in chemical kinetics 
is equivalent to the concept of a resonance state in scattering theory, and is thus 
amenable to theoretical treatment by the Fano configuration scheme. Mies and 
Kraus [5 7] consider the activated molecule in unimolecular decomposition in 
terms of a vibrationally excited zero order molecular state located above the 
threshold di.ssociation energy. A dilTerent class of unimolecular decomposition 
process involve a change in the electronic state. The best documented reactions 
of this type [8 12] (.see Table 1) pertain to the thermal decomposition of some 
linear triatomics to yield an oxygen atom and a closed shell diatomic molecule. 

XY0(‘2,)-XY(*2,')-(-0. 

The di.ssociation energy, D of the ground state molecule XYOf'Z) yielding 
XY('r) and an excited 0(‘D) oxygen atom, usually exceeds the experimental 
Arrhenius [13] activation energy, There exists, however, a non bonding 
triplet state [8-12] dissociating into XY('£) + 0(^P) yielding a ground state 
oxygen atom. The repulsive potential surface intersects the bound ground state 
potential curves at energies well below the dissociation limit, providing a proper 
rationalization for the low activation energy. The intramolecular interstate 
coupling is envisaged to be induced by weak spin-orbit interaction [8-12], so 
that following the usual conventional nomenclature adopted in chemical kinetics 
[11] (which semantically is not quite appropriate) one refers to such a process 
as a non adiabatic reaction. In this context the Landau-Zener [14, IS] formalism 
for non adiabatic proces.ses (such as predissociation) was applied by Steam and 
Eyring [8] for the thermal decomposition ofNjO. The predissociation probability 
calculated by the Landau-Zener formula was identified with the transmission 
coefllcient k in the absolute reaction theory, so that the high pressure rate constant, 
k, is ^ven by [8] k = (KkgT/h){Z*/Z)e%p{~ EJkgT). The ratio Z*/Z of the 
partition functions for the activated complex and for the bound molecule is close 
to unity. An application of the unimolecular reaction rates theories of Hinshel wood, 
Kassel, Rice and Ramsperger [16-18] to the thermal decomposition of NjO was 
given by Gill and Laidler [9]. A useful review of these theories is presented by 
Troe and Wagner [12]. In an interesting recent work, Gilbert and Ross [19] 
have proposed that the formalism of intramolecular radiationless processes can 
be applied for the study of non adiabatic unimolecular decomposition processes. 
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Table 1. Experimental data for nonadiabatic unimolecular rate constants of some triatomic molecules 

(Ref. [12]) 


[kcal/mole] 


ID 


f 1 

|S9 

expt 

k - 


sec 


theory* 


Reaction: N,0('r+)-»Nj(>rn+0(^P) 


NjCm-. 

888 

Njt'r^i + oCD) 


83.S±0.I 

1400- 


2000 


Reaction; CO(’r‘) + 0(^P) 

C0('i-^) + 0('0) 

125.8 ±0.6 171.1 ±0.6 2800- 

3700 

Reaction: CSj(‘r*)-CS('2:’) + S(’P) 
CSjCT^)-. 

CS(‘2:*) + S(‘D) 

91.5 ±5 118 ± 5 1950- 

2800 


7.47 10 2.8x10 

1.6x 10" cxp(- 4.1 X 10" exp(- 

rr) 


Reaction: COS(‘2'*)-.CO('2.*) + S(^P) 
COSI'Z*^)-. 
CO('r")±S('D) 

97.6 ± 1 


1550- 

2700 


3.7xl0"exp(-^f) 
KT ) 


" Theoretical value for a one dimensional system characteri/ed by a Morse type N,-0 potential 
for the initial state and the crossing of the band and repulsive potentials occurring at £q = 21023 cm '. 


performing some approximate numerical calculations for the thermal decomposi¬ 
tion of NjO. In the present paper, we shall pursue further the formal analogy 
between non adiabatic high pressure unimolecular decomposition reactions and 
molecular radiationless processes. The main goals and accomplishments of the 
present work are: 

a) The theory of predissociation [20-24] will be applied for the study of non 
adiabatic unimolecular processes. The only difference between the two types of 
processes involves the excitation mode of the decaying states, which is optical 
in the case of predissociation and thermal for unimolecular decomposition. 

b) Microscopic rate constant for the decay of individual zero order vibronic 
levels cannot be handled by the Landau-Zener formula [14,15] which provides 
an averaged level, neglecting the oscillatory nature of these transition probabilities 
[19]. The WKB semi-classical approximation which was successfully applied by 
Child [23] for predissociation will be adopted by us to derive analytic expression 
for the microscopic rate constant for simple model systems. 

c) Quantum mechanical rate expression will be derived for the decay in a 
two electronic level system without invoking the concept of an activated complex. 
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d) The general features of the rate expression for non adiabatic unimolecular 
decomposition will be elucidated. In the low temperature limit the process corre¬ 
sponds to tunnelling between two zero order states, being completely analogous 
to the common situation encountered for electronic relaxation in large aromatic 
molecules. In the high temperature limit, a semi-classical approximation for 
nuclear motion can be adopted and the major oontribution to the rate constant 
originates from the vicinity of the crossing of the potential surface. 

c) The nature of the activation energy and its temperature dependence will 
be established. 

0 I rom the practical point of view numerical calculations will be performed 
for a model system pertaining to the unimolecular decomposition of N^O. 

g) I'rom the point of view of general methodology, we shall establish the 
conditions for the application of the Fermi golden rule to the .study of uni¬ 
molecular dccompcisition processes. 


2. A Physical Model for Non Adiabatic Unimolecular Decay 

To describe a unimolecular decomposition process, which involves a change 
in the electronic state of a triatomic molecule, we shall proceed in a manner 
completely analogous to the treatment of electronic relaxation [1] and decomposi¬ 
tion pr(Kesses (20 241. We shall specify an appropriate zero order basis set to 
describe the approximate vibronic levels of the physical system. The choice of 
this basis set is in principle arbitrary, being just a matter of convenience. The 
total Hamiltonian H can be di.ssected in the form 

( 2 . 1 ) 

where the zero order basis set of W„ corresponds to pure spin states (of difTcrent 
spin configurations) in the Born-Oppenheimer approximation (.see Fig. 1). The 
eigenfunctions of can be represented as a product of electronic wave functions, 
(/j, and vibrational wave functions, y, 

|ia> = v>.(r,R)yi,(iI) 

\f = 

where the indices i and / represent the initial and the final electronic states, 
respectively. The vibrational wavefunctions and in the initial and 

final electronic states correspond (approximately) to the eigenvalues of the 
adiabatic potentials l^(U) = WqIVi) KrW = Wol<)>/>. Finally r and R 

represent the electronic and the nuclear coordinates respectively. The potential 
K,(lt) is bound and the eigenstates |ia> are discrete. The final state potential 
Vf(R) is repulsive at least for one degree of freedom, so that the eigenstates 
1//f> arc continuous. The corresponding energies of the zero order states will 
be denoted by £j, and by Ej^. 

The intramolecular coupling term consists of two parts 


V^Tk + H, 


( 2 . 3 ) 
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-— R 

to) PoiMtial turfacAi (St Zero order energy levels (c) Reeononcee 


Fig. 1. A schematic description of the resonance states involved in unimolecular decomposition, 
a One dimensional potential surfaces, h Zero order energy levels corresponding to the two electronic 
states. Near resonance coupling between discrete and continuum zero order levels is designated 
by arrows, c Non overlapping resonances appear above the continuum threshold. These states 
diagonalize the total molecular Hamiltonian 


where T„ is the nuclear kinetic energy operator and H„ is the spin orbit coupling 
operator. Now we assert that: 

(A) Relaxation within a two electronic level system can be considered, where¬ 
upon off resonance second order coupling of |/a> and Ifff} with higher electronic 
states can be disregarded [2S]. 

As the non adiabatic coupling term 7}, conserves spin states, the relevant 
coupling term between near resonance states |/ac) and |/^)» involves just the 
spin orbit coupling and second order mixed type terms involving coupling via 
7^5 and //„ with higher electronic states are neglected. Thus the relevant inter¬ 
state coupling terms are 

= i dRxJR)[^ dr<Pi{r, R) Ry}xjf[R). 

To simplify this result wc assume that 

(B) The electronic matrix clement of the spin orbit coupling operator 

<//„(/?)> = J R) R) (2.5) 

is assumed to be a slowly varying function of the nuclear coordinates R and will 
be taken as a constant <//„(/?)> s <W„> in the double integral (2.4). 

This assumption is equivalent to the Condon approximation in the calculation 
of molecular optical transition moments. Recent studies [25] have indicated that 
for the case of non adiabatic coupling between two electronic states of the same 
spin via 7^ the application of the Condon approximation is not justified. However, 
for the case of coupling via H,„ between two different spin states this approxi- 
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t4K 

mation seems to be reasonable. Thus Eq. (2.4) is recast in the form 

K..//, = <««> f dRxJR) XfpiR) (2.4a) 

which takes the simple form of an electronic matrix element multiplied by a 
vibrational overlap Franck Condon factor [26]. 

I'he zero order states lia) which are quasidegenerate with the continuum 
states \ fP}, are metastable. Thus we encounter the extreme case of the statistical 
limit [ 1] where the density of states in the dissipative channel |/^ is a continuous 
function of the energy, and the physical situation is completely analogous to that 
of predissociation [21,22]. Invoking as.sumption (A) the width /], of a zero order 
state |(a> is given in terms of time dependent perturbation theory by the Fermi 
golden rule 

= ( 2 . 6 ) 

f 

and making use of assumption (B) (Eq. 2.4a) we get 

Fu - 27r|<H„>P X1/ dRx„{R)xMm{E,^ - £/s) • (2.6a) 

p 

It is important to note at this point that the decay probability of an “initially 
prepared” zero order state |fa> can be expressed in terms of the width (2.6) by 
f 'iJh, only provided that it is justified to consider the decay of a single resonance. 
We thus invoke the basic assumption. 

(C) The spacing between the resonances considerably exceeds their widths. 
Denoting by E„the energy spacing between the adjacent order states 
|ia> and \i{a + I )> we imply that 

I (2.7) 

fur all a. Condition (2.7) provides us with the basic relation necessary for describing 
the decay process in terms of the perturbation theoretical results (2.6), so that 
the decay probability kkj, of the zero order state |fa> is then given by 

= rjfi = Zn/h K//„>P I f dRxJR) Xfp(li)m, - Efp) • (2-8) 

p 

Thus, when interference effects between resonances can be disregarded, each 
zero order state can be described as an independently decaying resonance, its 
decay pattern being exponential and being characterized by the reciprocal decay 
time (2.8). The applicability of restriction (2.7) will imply that the thermally 
averaged rate constant will invoke a preexponential factor which involves the 
interstate coupling matrix element. This physical situation is often referred to in 
chemical kinetics as a non adiabatic transition [11]. The usual semiclassical 
description of a non adiabatic transition is provided [11] by implying that the 
splitting of the zero order potential surfaces at the intersection point is “small”. 
Levich and Dogonadze [27] in their beautiful theoretical study of electron transfer 
processes in solution have provided a complete semiclassical criterion for the 
applicability of the non adiabatic kinetic scheme in terms of the Landau Zener 
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theory, and similar conditions were also provided by Nikitin [28]. Considering 
unimolecularily decaying states as resonances, Eq. (2.7) provides a necessary and 
suflicient quantum mechanical condition for the applicability of the non adiabatic 
limit. To the best of our knowledge a complete quantum mechanical formulation 
of the adiabatic case was not yet provided In this context, Mies and Kraus [5] 
have provided a simpliefied model (equal resonance spacings and widths) which 
exhibits the transition from the adiabatic to the non adiabatic case. For the 
physical case under consideration, which involves a spin forbidden transition 
between two different electronic states of a triatomic molecule the resonance 
widths are r;,~l-10cm"‘ (see Sect. 4), while the spacing between adjacent 
resonances corresponds to the vibrational frequency ~ 1000cm~', thus the non 
adiabacity condition (2.7) is fulfllled. 

Up to this point we have been concerned with the decay of an initially prepared 
isolated resonance, without referring to the “preparation” of the decaying states. 
We now focus attention on thermal excitation by collisions with inert molecules 
(which do not modify the zero order molecular levels or the intramolecular spin 
orbit coupling). Two further assumptions are introduced at this point: 

(D) Thermal vibrational excitation (and relaxation) rates considerably exceed 
the non radiative decay probabilities, whereupon 

(2.9) 

where t,, is the vibrational relaxation time. 

(E) The width of each resonance is considerably lower than the thermal 
energy kgT, in the temperature range of interest [5-7]: 

r,.<kgT. ( 2 . 10 ) 

Condition (2.9) provides us with the conventional basic assumption for the 
applicability of unimolecular rate theory in the high pressure limit. Eq. (2.10) 
implies that the thermal population of ail molecular eigenstates (of H) which 
correspond to the same resonance is equal. 

The high pressure thermally averaged rate constant, k, is now given in the 
form 

k = X exp( - EJkgT) WJY^ exp( - EJkgT) (2.11) 

a a 

where the microscopic rate constants (Eq. (2.8)) represent the predissociation 
probability for the zero order |ia> state. 


3. A One Dimensional Model 

To pursue the formal analogy between decomposition of a thermally activated 
zero order vibrational level of a triatomic linear molecule XYOl'ii') and pre¬ 
dissociation we shall first limit ourselves to a one dimensional model, considering 
only the displacement R along the Y—O linear coordinate. We thus assume that 
only this single R coordinate is reactive while all the other modes remain un¬ 
changed. This “diatomic molecule model” for the decomposition of a triatomic 
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) il! 2 Kvlcvjnt piiranictL-rs fur the semiclassical calculation of vibrational overlap integrals between 
two oite diniensional potential surfaces 


linear molecule implies Ih.'il; a) (he X Y separation is the same in the triatomic 
molecule XYO('2.) and in the resulting dissociation product XY('£). This ap¬ 
proximation can be relaxed as demonstrated in Sec. 4. b) The linear predissocia- 
litm process along the X YO axis of the linear molecule is considered. This assump¬ 
tion neglects the role of the bending modes of the XYO molecules which can 
lead to predissoeiation off the linear axes. 

C onsidering the one dimensional mrxiel the microscopic rate constant (or 
transition probability) (2.8) takes the simple form 

= 2n/h l<H,„>p l<x„(R)|y^,(X)>|^ (3.1) 

where y„(K) (characterized by the energy £„) and (characterized by the 

energy h'^^) are now the eigenfunctions belonging to the one dimensional (bound) 
potential k;(K) and to the (repulsive) potential respectively. We arc 

essentially left with the calculation of the square of the Franck Condon vibrational 
overlap integral between the bound vibrational state Xtjl^l the continuum 
states Xjpi^l which are quasidegeneratc with it [20,23]. It will be convenient for 
the .sake of bookkeeping to .set x„(K) to be normalized to unity and to choose 
XfiiiR) as a continuum state of Vf{R) which is normalized by the delta function 
of energy. Thus Fq. (3.1) then takes the form 

w;, = 2n/h |<#/,„>|- IJ xJR)Xf,mdR\^ . (3.1 a) 

We will evaluate Eq. (3.1a) with the help of the WKB method recently utilized 
by Child [33] for the ca.se of predissociation of O^. In the semiclassical approxi¬ 
mation the wave functions arc (see Fig. 2): 

)' ’ ™ (I I + “4) 

(i I f) • 


(3.2b) 
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Here Py(R) = \2fi(E^— K,(7?)]''^;V = ia,are the momenta associated with the 
two states, lo is the classical oscillation frequency 



<o 


/dp 

\dE 


* 1 * dr 

-2M 


him 

1/2 j 

Ats 


dr 


[£i.- yi(r)r^ 


(3.3) 


taken at the energy £ = £/,. P assumes the values (v+ i/2)n for the bound states 
by the Bohr quantization condition. In the region of the intersection point R = 
(characterized by the energy Eg) of the potential curves F,(/?) and the 

wavefunctions (3.2) are replaced by the corresponding Airy functions 


M4) = 



where the parameter ^ is defined by 

^=(R+y)(2/iF/h^)''^ 

while the force is 



(3.4) 


(3.5) 

(3.6) 


and y can take cither the value of K(R) (and then we shall take (3.6) as F, and 
(3.5) as (J,,) or the value of Vj- (whereupon we shall denote (3.6) by Fy and (3.5) 
by ^y^). In the vicinity of the crossing point Rg we have 


= (3.7a) 

;(y^(F) = (2/i/l/Fy Ai( - fy^) . (3.7b) 


The major contribution to the integral (3.1) originates from the region R = Ro 
around the energy of the crossing point E Eg. Utilizing (3.4) the predis.sociation 
decay probability can then be recast in the form 



YE*{dp/dE) 

(3.8) 

where 

27r^(2/4)''^l<//„>|^ 

h*(F;.-Fy) 

(3.9) 

and 

£* = |hF,Fy/(2//)''^(F;-Fy)|^'-’ 

(3.10) 

while the linear parameter 



r = -(£,,-£o)/£* 

(3.11) 


represents the deviation of the energy of the zero order level |ia> from the inter¬ 
section point. Eqs. (3.8)-(3.11) arc based on the linear extrapolation 
k}(£) = Eg - FjiR){j = i, /), thus well above the crossing point we have to apply 
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Kq. (3.2) and the transition probability takes the form 

<P{t:) is the phase integral 

)' l2ME,,-VAR))r^dR 

” a/^ 


(3.12) 


(3.13) 


and K+ (R) = Vf(R) for R < R„ and K+(R) = Vj(R) for R > Rq. In the region of the 
crossing point <f> = 2/3|/and Eq. (3.12) reduces to (3.8). Thus Eq. (3.8) was 
u.scd for the calculation of the predissociation probability of zero order states 
characterized by energy g £o while Eq. (3.12) was utilized in the energy 
region £,, > £„• 


4. Numerical Calculations for N,0 

To provide a numerical estimate of the reaction rate NjOI'r)-* N2('2r,) + 0(^P) 
we have chosen one dimensional surfaces similar to those given by Steam and 
Hyring [H| and by Gilbert and Ross [19]. Wc took only a single coordinate 
corresponding to the Nj O mode to be reactive, and described the bound state 
by a Morse potential and alternatively by a harmonic potential. The parameters 
for these potentials arc given in Fig. 3. The repulsive state was specified in terms 



Fig. 3 Morse and harmonic potentials for N]0('2) and repulsive potentials for N,('2;^) + O(^P). 
The formulas arc (see text) Fi(R) = .30319,7 (I _ (|,g Morse potential and ViiR) — )210425 

(r- 1.18)^ for the ground stale ttarmonic potential. The three repulsive potentials have the form 

t>(R) = .4+ ® with ,< = 14517.5 [cm ’], fl, =54000, Bj = 29700, B, = 22600, n, =6.72, n, = 3.12, 

n,= 1.45. The crossing points for the Morse potential are £o"= 17523 cm~', £[,^’ = 21023 cm' '. 
Pq*' = 24524 cm'* while (or the harmonic potential wc look £*d’= 16995 cm"', Elf’ = 21022 cm"', 

£V' = 25262 cm"' 
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of a /{ ” potential 

The value of A = 14517cm"‘ was taken from the known themiochetnical data 
(Table 1). The value of B and n (Fig. 3) were determined by: a) Taking the crossing 
point £o of the two potential curve to be located at SO, 60 or 70kcal/mole. b) Using 
the observed onset for the optical dissociation continuum for the transition 
N20(‘£)-»N2(‘£) + 0(^P), located by Sponer and Bonner [29] at 4.0 eV, to 
correspond to the repulsive potential at the equilibrium distance of the N-O 
bond of NjOf'r). Finally, the spin orbit coupling term was taken to be 
ItfJ^lOOcm"*. 

In Fig. 4 we present the microscopic rate constants Eq. (3.1) for different |/a> 
levels calculated by the semiclassical approximation. It is apparent that this is 
not a smooth function of the energy, but rather a strongly oscillation function, 
as expected for the case of predissociation [23,24]. The detailed features of the 
relative and absolute widths of different vibronic levels depend on the nature of 
the potential surfaces. The most important qualitative conclusion originating 
from these results is that it is not justified to use the Landau Zener formalism 
for the calculation of the thermally averaged rate constant, which is based on a 
“coarse graining" procedure assuming that is a smoothly varying function 
of the energy E„. In Table 2, we display our numerically calculated thermally 


Table 2. Calculated rate constants for the unimolecular decomposition of N ;0 at different temperatures. 

[Units of k are .sec"']. 


re K] 


^2 

^3 


^5 

*6 

100 

9.33(-84) 

7.74(-I02) 

1.98(-131) 

6.77(-86) 

7.73(-101) 

3,72(-132) 

200 

2.69(-39) 

1.52(-50) 

2.42 (-62) 

1.69(-39) 

.3.05(-51) 

1.41 (-65) 

300 

2.32(-23) 

1.09(-30) 

4.11 (-38) 

1.85 (-38) 

1.13(-31) 

7,60(-41) 

400 

4.74(-15) 

1.75 (-20) 

6.66(-26) 

3.33 (-15) 

1.87(-21) 

3.09(-28) 

500 

5.40(-10) 

2.62(-14) 

1.43(-18) 

3.38(-10) 

3.07(-15) 

1.24(-20) 

600 

1.33(-6) 

3.50(-10) 

1.09(-13) 

7.59 (-7) 

4.49(-ll) 

1.47(- IS) 

700 

3.60(-4) 

3.14(-7) 

3.3l(-10) 

1.92(-4) 

4.32(-8) 

6.20(-12) 

800 

2.46(-2) 

5.20(-5) 

I.36(-7) 

1.24(-2) 

7.61 (-6) 

3.25 (-9) 

900 

6.69(-l) 

2.81(-3) 

1.48(-5) 

3.23(-l) 

4.30(-4) 

4.27(-7) 

1000 

9.53(0) 

6.93 (-2) 

6.35(-4) 

4.43(0) 

1.10(-2) 

2.14(-5) 

1500 

9.53(0) 

6.93 (-2) 

6.35(-4) 

4.43(0) 

1.10(-2) 

2.14(-5) 

1500 

2.85(+4) 

l.ll( + 3) 

5.51( + l) 

1.13( + 4) 

1.90( + 2) 

2.85(0) 

2000 

1.81 ( + 6) 

1.58( + 5) 

1.78( + 4) 

6.70( + 5) 

2.87( + 4) 

1.16( + 3) 

2500 

I.35( + 7) 

2.05 ( + 6) 

3.98 (+5) 

4.66 ( + 6) 

3.76( + 5) 

2.97 ( + 4) 

3000 

7.41 ( + 7) 

1.57( + 7) 

4.22 ( + 6) 

2.46 ( + 7) 

2.93 ( + 6) 

3.45 ( + 5) 

4000 

6.87 ( + 8) 

2.16( + 8) 

8.48 (+7) 

2.20( + 8) 

4.15( + 7) 

7.89 ( + 6) 

5000 

2.68 ( + 9) 

1.06(+9) 

5.22 ( + 8) 

8.52( + 8) 

2.11( + 8) 

5.37 ( + 7) 

6000 

5.41 (+9) 

2.49(+9) 

1.41 ( + 9) 

1.71( + 9) 

5.07( + 8) 

1.56( + 8) 

8000 

1.61(+10) 

9.07 ( + 9) 

6.21{+9) 

5.l5( + 9) 

1.96( + 9) 

7.82( + 8) 

10000 

3.21 (+10) 

2.04(+10) 

1.55 (+10) 

1.06( + 10) 

4.69( + 9) 

2.18( + 9) 

It, - 

Morse potential 

£o— 17523cm k 2 =‘Mone potential 

£o-21022cm*V 

, Ic] — Morse 


potential 24524cm= Harmonic potential £,°: 16995cm'*, it,-Harmonic potential 
£o°= 21022 cm— Harmonic potential £a— 25262 cm 

Theorct. chim Acta(BerI.)VoI. 23 
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averaged unimolecutar rate constants (Eq. (2.11)) for NjO. The following points 
are pertinent: 

a) The energy at the crossing point £o determines the high temperature 
activation energy (see Fig. 5 and subsequent discussion), thus at a constant 
temperature the rate constant (for a given F,(R) potential) increases with decreasing 
the crossing point energy Eq. 

b) Anharmonicity effects tend to increase the rate constant. For a given value 
of £o and constant temperature the rate constant calculated for a Morse potential 
exceeds the value calculated for the harmonic potential by a numerical factor 
3-10. the deviation increases with increasing Eo- These anharmonicity effects on 
the vibrational overlap Franck-Condon integrals are well documented in the 
theory of electronic relaxation processes [30]. 

c) In the temperature region 1400'’-2000" K the experimental [31] high pressure 
rate constant for the decomposition of NjO is 

fcon(«Pt)=l-6xlO‘*cxp^- 

The theoretical value for the Morse potential and £o = 60 kcal/mole is 
k(calc) = 4.1 X 10“ exp 

in the same temperature region. This almost perfect agreement between theory 
and experiment should not be taken too seriously in view of the approximation 
involved in the oversimplified one dimensional theoretical model. 

The activation energy, defined in the conventional manner, turns out from 
our theoretical calculations to be temperature dependent. The apparent activation 
energy E^, was defined in the conventional manner 

E^=-dlnk/d(l/k^T) (4.2) 


59Acal \ 

ksT 'I 


where k is the theoretical rate constant. Utilizing Eq. (2.11) one easily obtains 
the formula previously given by Gilbert and Ross [19] 


ZW';.£i.exp(-£JkflT) 




£E,^exp(-EJkgT) 

a _ _ __ 

J^exp(-EJkgT) 

a 


<WE> 


-<£> (4.3) 


where the square brackets represent averaged mean values. 

In Fig. 5 we present the temperature dependence of the activation energy. The 
following points should be noted: 

a) At low temperature where kgT^hu) (co representing the vibrational 
frequency, as discu.ssed in Section S) the activation energy takes the value 


£^ = y4; kgT^hoj 


(4.4a) 


corresponding to the onset of the dissipative continuum (see Eq. (4.1)). 

b) At higher temperatures the activation energy increases monotonously until 
it flattens up at high temperatures. 

c) The constant value of the activation energy reached at high temperatures, 
i e. when kgT>h<o (see Section 5) is very close to the energy £o of the crossing 
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mi 

b 

Fig. 5. a Activation energy derived for the Morse potential defined in Fig. 4a. b Activation energy 
derived for the harmonic potential defined in Fig. 4 b 

point of the potential surfaces, so that 

Ea^^o'- kgTPho). (4.4 b) 

To be more precise, we may utilize the general formula for the high temperature 
rate constant (see Section 5) which reads 

k^k„T-^cxp(-Eo/kgT) 


(4.5) 
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where ko is a numerical constant and y is a half integer determined by the number, 
n, of the vibrational degrees of freedom in the initial states, y = m/ 2. Thus, the 
high temperature activation energy obtained from (4.S) is 

EA==Eo-ykgT. (4.6) 

Thus the apparent high temperature activation energy is expected to be somewhat 
lower than the crossing point energy in accordance with the behavior exhibited 
in Fig. 5. 

d) The decrease of the apparent activation energy at very high temperature 
(see Fig. 5) has no physical significance and is attributed to arise from the truncation 
of the basis set ofthe initial vibrational levels including a finite number of vibrational 
levels in the present calculations. Indeed, there is a pronounced effect of the 
number of vibrational states taken into account. In the case of a Morse potential, 
the number ( ~ 50) of the vibrational levels is not very high, the decrease of the 
activation energy with temperature at very high temperatures is faster than in 
the case of a harmonic potential, where we have included 200 levels in our 
calculations. These mathematical artifacts can be improved but not completely 
removed by extending the size of the zero order basis set corresponding to the 
initial vibronic levels. It should, however, be pointed out that for a real life 
situation at extremely high temperature when kgT is of the order of the T ground 
state dissociation energy, D, direct thermally induced dissociation 
+ will become the dominant decompositions mechanism. 

The most important conclusions arising from the present discussion of the 
activation energy involve the distinction between the low temperature case 
hiopkgT and the high temperature case HaxkgT 4.D. In the low temperature 
limit the unimolecular decomposition of the triatomic NjO molecule occurs by 
quantum mechanical decay of very few bound zero order states which arc located 
just above the continuum threshold. A, into the continuum. On the other hand, 
in the high temperature limit, the major contribution to the decay rate originates 
from the contribution of the intersection point of the two zero order potential 
surfaces. These conclusions are identical with the theory of radiationless processes 
in solid state [32] and molecular physics [33]. 

5. Comments on the High Temperature Activation ICnergy 

The general expression for the non radiative thermally averaged decay 
probability, which under the conditions specified in Section 2 is equal to the 
unimolecular rate constant, can be displayed in the general form 

k= (5.1) 

a f 

where Sjj./p is the (multidimensional) vibrational overlap integral with the 

continuum wavcfunction being volume normalized), while Z= ^exp(E/JkgT) 

« 

being the partitition function. Eq. (5.1) can in general be handled by recasting 
the thermally averaged transition probability in terms of a Fourier transform of 
a generating funetion [32-34]. Following the general methods developed by 
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Kubo and Toyozawa [32] and by Lax [34] one can represent (5.1) in the form 




l<W„>|’ ^ expi-EJk gT) 
^2 - L 2 


1 Xi^ 


(5.2) 


where and H^ represent the molecular nuclear Hamiltonians Hj=T^ + Vj(Jf) 
(/ = I. /) in the initial and in the final states. This expression can be written in a 
closed analytical form only for the case of two harmonic potentials, which is not 
very useful for the problem at hand. However, it was previously demonstrated 
that in the high temperature limit a closed expression of (5.2) can be derived for 
a general form of the nuclear potentials [32, 34]. The high temperature limit is 
realized [32, 34] when the variation of the potential energy in the initial state 
within the averaged De Broglie wavelength Ls negligible relative to 

the thermal energy kgT, so that [32] 

l^h/(fik^T)''^ J (5.3) 

l-or all integer values of w note that for 2 Eq. (5.3) yields the well known 
condition 

h<o<k„T (5.4) 


for the validity of the high temperature limit, which was utilized in the qualitative 
discussion in Section 4. When condition (5.3) is satisfied, one can neglect the 
commutator [T^, l^(/f)l in the exponent of the matrix element of (5.2), where¬ 
upon 


1 

h 


I V‘ 

1 


exp(^^ Hjl)exp(- H.tj Xi^dl 


J (z. 


exp 


' ^Vs-y.)i \x„^ji= iclRlxJ^SiVfiR)- K(R))- 


(5.5) 


Furt hcrmorc, we can replace the summation over a states by the classical expression 


* Z \XJ- cxp( - EiJkgT) = cxp(- VSR)lk„T)IZ 

(5.6) 

= exp(- Vi(R)lkgT)l\ dRexp{~ F;(Jf)/fcj,T). 

F.q. (5.2) with the aid of Eqs. (5.5) and (5.6) takes the following limiting form at 
high temperatures 

it = .[<"»»>•' /5 7) 

h ]dRexp{-Vi{R)/kgf) 

The following comments should be made at this point: 

a) The high temperature rate constant is valid for any form (and dimension) 
of the potential surfaces for the initial and final states. 

b) This rate constant was derived for the case of interstate coupling which is 
independent of the nuclear coordinates. When the zero order states are coupled 
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by the nuclear kinetic energy operator, <H„> in (5.7) is replaced by the matrix 
elements of the nuclear momentum and by a temperature dependent factor. 

c) Eq. (5.7) provides the most general proof that in the high temperature limit 
the non radiative transition takes place in the configuration where the two 
potential surfaces intersect, i.e. along the hypersurface where 

V,{R)=Vj(R). (5.7) 


d) Condition (5.7) is usually referred to as the Franck-Condon principle for 
thermal reaction which involve a change in the electronic states. This principle 
played a crucial role in the understanding of electron transfer processes in solu¬ 
tion [36,37,27]. However, from the present discussion it is obvious that this 
argument is much more general. 

For the sake of comparison with the results of the numerical calculations of 
Section 4, let us specialize to the one dimensional case setting R = R. Recasting 
the high temperature partition function in the approximate form corresponding 
to a harmonic potential characterized by a force constant k. 

JdRexp(- Vi{R)lksT)x{Ttk^TlK)'/^ 

and utilizing the well known properties of the delta function, Eq. (5.7) is reduced 
to the simple form 



— 

h 

\4nkgT 


( \ 

h 

\ I 


> 1/2 




Jl = «o 


(5.8) 


« = J»o 


where £„ and Ry correspond again to the distance and energy of the crossing 
point of the one dimensional potential surfaces. Thus in this high temperature 
limit the activation energy in the one dimensional model is just Eq while the 
apparent activation energy being Eo — kgT/l. Finally, it is worthwhile to notice 
that the high temperature unimolecular rate constant is determined by |(F} — £;)!'" 
in a manner analogous to the result of the semiclassical approximation (Eq. (3.12)), 
and ahso to the Landau Zener formula. 


6. A Two Dimensional Linear Model for the Unimolecular 
Decomposition of N,0 

The one dimensional model for the unimolecular decomposition of N jO can 
be extended to include the role of the N- N vibration, still maintaining that the 
dissociation in the final state occurs along the N -N-O('Z') axes. Gilbert and 
Ross [19] have performed approximate numerical calculations for a two dimen¬ 
sional model. In what follows we shall present some general results for such a 
model, which may be of interest for the understanding of the nature of the 
distribution vibrational energy among the molecules resulting from the thermal 
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decomposition of N^O. This problem, which cannot be handled by the simple 
one dimensional model, is of considerable theoretical and experimental interest. 

Denoting by R the N -O and by X the N- N distance, the two dimensional 
potentials representing the initial and the final states are 


Vi{R,X)=ftiR) + f2(X) 

(6.1) 

R 

yj{R,X) = A+ ^~+.f2{X) 

(6.2) 


where ji{R). ji{X) and fi(X) can be chosen to be either Morse or harmonic 
potentials. The ground state potential (6.1) is similar to that previously used for 
,sf)me Irialomic molecules. /,(R} corresponds to the bound N-O potential in 
the ground state. It should be noted that the bound N-N potentials / 2 (X) and 
/ilX) in the initial and final states may differ both in their equilibrium distance, 
in the vibrational frequency (for a harmonic potential) or in the characteristic 
reciprocal length and the effective dissociation energy (for a Morse Potential). 
In this approximate representation the X and R modes are independent and the 
vibrational wave functions are 


/,„■(«■ A) = x.,(R)x,v(^). 

(6.3a) 

Xiiiii ^E, X) = Xiii^E) Xfii (X ), 

(6.3b) 

while the corresponding energies arc given by 


= £j, + Ej,' , 

(6.4) 

£//)/>• — E111 + Ejp. , 

(6.5) 

We now require two indices to specify each vibrational state. 
XjiiiR) represents an unbound state. 

The unimolccular rate constant is now given by 

Note that as before 


(6.6) 

I a V i / 

Rewriting the delta function in (6.6) in terms of a convolution integral involving 
two delta functions we have 


(6.7) 


■ + =) 11 exp(- -^) msf' - E„. - E) 


where Zj,Z, is the product of the two partition functions in the denominator 
of (6.6). 
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It will be convenient at this stage to define two auxiliary functions. 

F(e) = ^ I exp ( - Kz,. | HA + + r.). (6.8) 

G(4 = 2 ; E “P( - -^f) l<Z.vlX//. >l" - Ei.’ - £) (6.9) 

and to rewrite (6.7) in the concise form 

k = J dc£(i:) G(e). (6.10) 


Thus the quantum mechanical rate constant for the present model can be expressed 
in terms of a convolution integral involving two generalized line shape functions. 
The line shape functions i- (t:)(Eq. (6.8)) can be evaluated by the numerical methods 
described in Sections 3 and 4 which are based on the semiclassical approximation. 
Obviously F(<;) involves the decay of the N O zero order vibronic into the 
continuum, however, now the N-N modes come in and the onset energy A for 
tunnelling can be reached by different combinations of N O and N N modes. 
Thus the metastable decaying states correspond to a combination of both N-O 
and N- N vibrationally excited states. The role of the N N modes is incorporated 
in terms of the generalized line shape function G(c) (Eq. (6.9)). An explicit expression 
for Gle) can be provided assuming that the N-N vibrations in the initial and 
final states are harmonic both being characterized by a reduced mass 112 and the 
.same frequency fU 2 . while the origins of the N N potentials are displaced by (AX) 
in thc.se two electronic states. In this simple case one gets the Fourier integral 
[32 36] 


G(i;)= Jdlcxp( —/fi//h)exp|- -cosiWjO-isinwzlj (6.11) 


where the reduced displacement is defined by 



(6.11a) 


In the simple ca.se when J = 0, thus the two N-N potentials are not displaced 
between the two electronic states G(<;) = <5(e) and Eq. (6.10) is reduced to 




( 6 . 12 ) 


which is just the result of the one dimensional model discussed in Section 3. It 
is also interesting to note that in a manner completely analogous to the the¬ 
oretical study of optical selection in electronic relaxation [39], the present 
formalism can be extended to provide the vibrational population of the Nj 
molecules resulting from the unimolecular decomposition. We can define the 
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rate for the production of the Nj in the ^ vibrational state, so that 

= Y\<H.:>\^ldLF{F) G,.(t) (6.13) 

where 

«, (<;) = I exp (- Kzi. I S{Erf-- E„. + e) . ( 6 . 14 ) 


I-rom the formal point of view the decomposition processes resulting in different 
vibrational levels of the Nj product correspond to different decay channels and 
k — ^ kp.. Now in the simple case .4 = 0 we have G^.(t) = (exp( — £,,./fcj,T)) 3{c)/Z,. 
f 

whereupon hq. (6.13) lakes the simple form 




= /c 


Ej. /kgT ) 

Z~ 


(6.15) 


so that the vibrational states of the Nj product assume a Boltzmann distribution 
characteristic of the ground state. In real life the situation when d?6 0 a more 
complex distribution (6.13) is obtained. 


7. Disewesion 

In this paper we consider a general theoretical scheme for the nonadiabatic 
unimolecular decomposition of some triatomic molecules, which involve a change 
in the electronic state, and is thus amenable to study in terms of a thermally 
induced intramolecular radiationlc.ss decomposition, in complete analogy to 
molecular predisstx:iation (classified by Herzberg [38] as case 1 c) and to electronic 
relaxation in the statistical limit. We have advanced some simple general criteria 
(Fq. (2.7)) for describing the decay process in terms of Fermi’s golden rule, and 
were able to present general exprc.ssions for the decay probability of a single 
vibronic level (Eq. (2.8)) and for the thermally averaged unimolecular rate constant 
(Eq. (2.11)). The general quantum mechanical rate expression (2.11) for the non 
adiabatic reaction (subjected to restriction (2.7)) is characterized by a pre- 
exponential factor which is determined by the square of the interstate coupling 
matrix clement.s. in a manner analogous to electronic relaxation process [1], and 
as was previously asserted on the basis of transition state theory for this class of 
reactions [II]. The general behavior of the rate constant at low and high tem¬ 
peratures is of considerable interest. At low temperatures the rate constant is 
determined by tunnelling from the small number of zero order vibrational levels 
{ia} just above the continuum threshold A, so that E.^^A whereupon 

k ^ I exp(- /l/k«r) (7.1) 

n lii 

while at high temperatures the general rate constant (5.7) represents non radiative 
transition occurring at the intersection of the two potential surfaces. Note that 
the notion of an activated complex does not enter into these considerations and 
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this concept can be deflned only in the high temperature limit as corresponding 
to the configuration satisfying Eq. (S.7). 

We have then proceeded to present the results of model calculations for the 
unimolecular decomposition of N 2 O adopting one or two dimensional linear 
models. Applying the semiclassical approximation the microsopic rate constant 
calculated for the one dimensional model result in an oscillatory function of the 
energy and cannot be handled within the framework of the Landau-Zener [14, IS] 
approximate scheme. This conclusion concurs with the results of the original 
work of Gilbert and Ross [19], however, we believe that some of our arguments 
(Section 2 and 6), the physical models and the computational method employed 
by us are somewhat more general. The numerical results obtained herein for the 
one dimensional model confirm our general considerations. Similar results for 
thermally induced predissociation of a diatomic molecule (see appendix) also 
provide support to our general conclusions. In particular, it is important to 
notice that the calculated apparent activation energy varies from the value of A 
corresponding to the continuum onset at low temperatures to a value close to Eq, 
which represents the intersection point of the two one dimensional surfaces, at 
high temperatures. 

An important conclusion originating at this point is that unimolecular 
reaction rates which correspond to processes involving a change in the electronic 
states, cannot be described over a broad temperature region in terms of the 
Arrhenius equation, and experimental activation energies can be compared to 
the theoretical data only over a narrow temperature range. 

The one dimensional and the two dimensional linear models employed herein 
are admittedly crude, but they are very helpful in the elucidation of the gross 
features of the physical problem at hand. In particular, it is important to notice 
that in describing the potential surfaces for the initial and the final states we have 
completely discarded the conventional notion of normal modes [8]. As the 
decaying resonance states involve an admixture of highly excited vibrational 
ground state levels and continuum states, the use of normal modes (which is 
only valid for a small number of low lying bond vibrational levels) is quite useless 
in this context. The use of vibrational modes corresponding to different bonds 
was utilized in the semiquantitative description of molecular ground state potential 
surfaces [8, 38], It was felt for some time that the highly excited vibronic levels 
of a lower electronic configuration which act as a dissipative channel in intra¬ 
molecular electronic relaxation processes in large molecules are inadequately 
dc.scribed in terms of normal modes, however, the problem of an alternative 
description of nuclear motion in a large molecule was not yet resolved. 

We were able to provide a theoretical scheme for the linear dissociation process, 
the inclusion of the N-N vibrational mode being of considerable interest in relation 
to the vibrational states of the molecules which result from the unimolecular 
dissociation of NjO. In the case when the N-N coordinate remains unchanged 
between the initial and the final states the partition of the Nj vibrational states 
in the final product will be the same as in the initial ground state molecule. 

The most serious sin of omission involved in the present treatment is the 
complete disregard of the doubly degenerate ground state bending vibration which 
will result in non linear dissociation (i.e. to an 0(^P) atom flying apart at an angle 
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0<n relative to the N2('2') molecular axes). This problem can be handled (at 
least within the framework of the harmonic approximation) by assigning additional 
out of plane imaginary frequencies for the N-O motion. This interesting problem 
deserves a further study. 

Any theoretical study should be tested in terms of the correlations it provides 
for the available experimental data and. most important, in terms of the suggestions 
for new experiments. The following comments arc now in order: 

a) The activation energy for the nonadiabatic unimolccular dissociation of 
NjO, C02,C'S2 and COS should vary in the range dl/2 ^ .4 ^£o ^ £) 

(see l able I). The only exception of this general conclusion (i.e. £^ <D) involves 
the high pressure dissociation of the COj molecule [40] where £^=110 kcal/mole 
while AH',\ - 126 kcal/mole. As the experimental data were obtained from shock 
wave experiments autocatalytic effects cannot be excluded. A further experimental 
study of k , for this reaction will be desirable. 

h) The thermally averaged rate constant is rather uniformative and it will be 
very interesting to obtain direct experimental information concerning the energy 
dependence of the microscopic rate constants for the decay of a single vibronic 
zero order ground state level. In view of anharmonicity effects these highly excited 
vibrational levels located above the continuum onset A may be accessible to 
optical excitation by either one photon ab.sorption or, alternatively, by multi¬ 
photon absorption utilizing intense high power laser light sources. Such experiments 
of laser induced unimolccular decay of a single vibronic level will be of considerable 
value. Such optical selection experiments seem to be feasible by combining 
modern laser techniques with scn.sitivc mass spectromctric detection methods. 

c) The distribution of vibrational energy among the diatomic molecules 
resulting from conventional thermal dissociation or by optical selection of a 
single level (above /4) is of considerable interest for the test of the general theory 
outlined in Section 6. To monitor the vibrationally excited states of homonuclear 
N 2 resulting from NjO dissociation one can utilize antistokes Raman scattering 
from a laser. In the cases of nonadiabatic unimolccular decomposition of CO 2 , 
('S 2 or COS one can monitor directly the infrared emission from the resulting 
heteronucicar molecule. In the suggested thermal experiments vibrational relaxa¬ 
tion of the products by the buffer gas has to be taken into account. 

In conclusion, we would like to .state that the formalism developed for non- 
radiative proces.scs can be successfully applied to nonadiabatic unimolccular 
reactions. The present treatment is by no means limited to triatomic molecules. 
In the case of large molecular systems, it might be sometimes feasible to consider 
a “submoicculc” within a large molecule (leaving out all the vibrational modes 
which are unchanged between the two electronic states) and to treat unimolecular 
thermally induced nonadiabatic decomposition or optically excited predissociation 
in large molecules by the adaptation of theoretical scheme employed in the present 
work. 
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Appendix 

Some Cakulatioiis on the Collision induced Predissociation of 

In the Schuniann-Runge band of O 2 a line broadening due to predissodation 
can be experimentally observed. Murrell and Taylor [24] calculated this line 
broadening by numerical evaluation of the Franck-Condon factors and investigated 
the influence of the form of the repulsive potential while Child [23] has applied 
the WKB n ethod for this system. We repeated this calculation with the method 
outlined for a RKR potential [41,23] a Morse-potential and a harmonic potential. 
From the results for the line broadening in Fig. 6, it can be seen that the pattern 
of the line broadening is quite sensitive to the different bound state potentials as 
well as to the absolute value of the crossing point. The absolute values for the 
line broadening were calculated with a spinorbit interaction value of 70 cm"' as 
for this value the absolute line broadening is in best agreement with the experimental 
results. The line broadening d v is given by the formula 

AVi = hWi (A.l) 

We next turn our attention to the problem of collision induced predissociation 
[42] of electronically excited states initially excited optically in the pres- 



^■£.6. Line broadening for the Schumann Runge spectrum of O 2 . a for the RKR potential with 

■ Eo'“ 2359 cm"';-£o = 2604 cm"'; b for the harmonic potential with —— £o'“2760 cm"'; 

- £0 = 2610 cm"'; c for the Morse potential with-£,>=2468 cm"';-£Q = 2634cm'' 
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ence of an inert gas at sufficiently high pressure to satisfy relation (2.9). Thus we can 
consider a decay process where the lowest vibrational level of the excited electronic 
state is optically populated and assuming that this electronically excited 
state arrives in thermal equilibrium before nonradiative (predissociated) decay. 
The microscopic rate constants, which are proportional to dv, (Eq. A.1), were 



I 'lg. 7. Rate constants versus T ' for the thermally induced predissoctation of For the 

RKR polctiltal ii„ - 2WM cm . K„ = 235’) cm for the harmonic potential; 

fi,, - 2760 cm 2610 cm for the Morse potential; ■£u=2648 cm"': 

E„ = 26,14 cm ' 



Fig. 8. Activation energy for the thermally induced predissodation of General behaviour 

for - ' - a harmonic potential; — a Mone potential;-a RKR potential 
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used to calculate the thermally averaged rate constants and the activation energies. 
The results are given in Figs. 7 and 8. As expected, the rate constants are of 
the same order of magnitude for the different potentials chosen and yield zero 
activation energy for low temperatures while at high temperatures the energy 
value corresponding to the crossing point of the two potential surfaces is obtained. 
These results for thermally induced predissociation of an excited electronic state 
of a diatomic molecule concern with the results of our general analysis. 
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Ab initio Untersuchungen iiber Stabilitat und Spektren 
des hypothetischen Molekiils SigHg 

BHRND WlRSAM 

In.^iitut fur Theoretiiichc Physik. Justus Liebig-Univcrsiliit. GicBen 
Hingcgangcn am 14. September 1971 

Ah initio Calculations on the Stability and the Spectra 
of the Hypothetic Molecule Si^Hj 

Ab iniiii) SCK MO and Cl calculations lor the ground and excited states of the hypothetical 
molecule Si^Hj arc carried out in order to obtain a theoretical description of the stability and the 
electronic spectrum of this system. The results are compared with the corresponding quantities of 
linear und bent acetylene. 

Mit Hilfe von SCF und Cl Reehnungen warden mit eincm atomaren Basissatz von kontrahierten 
OauB-Lobefunktionen am hypothetischen MolekiilSijH] Ab.solutrcchnungen durchgefiihrt. Eswerden 
die Rindungsverhaltnisse fiir lineare und gcwinkclte Gcometrien untcrsuchu das Spekirum berechnet 
und die Frgebnisse mit entsprcchenden Datcn des .stabilcn C 2 HJ verglichen. 


I. Einfliiining 

Ober ein dem Acetylcn enlsprechendes Moleklil Si^Hj liegen weder experi- 
mcntell noch theoretisch hergeleitete Angabcn vor. Allgcmein nimmt man an, 
daB es zwi.schen Siliziumatomen keinc Mehrfachbindungen gibt, und versucht 
dies mit der GrdBc der Siliziumatome plausibel zu machen. Diese Feststellung 
soli durch Absolutrcchnungen nachgepriift werden. 

Die Frage nach der Existenz dieses Molekiils stellt sich quantentheoretisch 
uls die Frage nach der Existenz und der Tiefe eines Minimums in der Potential- 
hyperfliiche dieses Systems im Grundzustand. Dies bedeutet insbesondere, daB 
ein solchcs Molekiil gegen die Auftrennung der Si-Si Bindung stabil sein muB. 
Es miissen daher zuerst diejenigen Potentialkurven berechnet werden, die durch 
Auseinanderriicken zweier SiH Radikale entstehen. Weitere Untersuchungen be- 
schaftigen sich mit den angeregten Zustanden dieses Molekiils auch bci gewinkel- 
ten Geometrien, da die Kenntnis charakteristischer Eigenschaften des Spektrums 
eines hypothetischen Molekiils moglicherweisc die Suche danach erleichtert. 


2. Rechenmethoden 

Eine quantenmechanische ah initio Behandlung von Molekiilen hat gegen- 
iiber semiempirischen Methoden den groBen Vorteil, daB man neben universellen 
Naturkonstanten keine zusatzlichen Informationen aus dem Experiment iiber 
dasjeweils betrachtete System bendtigt. IhreGenauigkeit sollte bereits ausreichen, 
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um rur Molekiile, iiber die keine oder unsichere Daten bekannt sind, ausHihrliche 
Aussagen zu machen oder gar Hir bisher unbekannte Molekiile zuverl^ige 
Hypothesen fiir ihre Eigenschaften aufzustellen. 

Die hier benutzten Verfahren gehen von reinen GauB-Lobefunktionen aus 
[1, 8, 12, 13]. Nach [11] wird der Lobeabstand mit dem Exponent wie folgt 
vcrkniipft: R=:yai~''^, wobei y = 0.03 sich als giinstig erwiesen hat [7]. Der 
atomare Basissatz flir das Si-Atom ahnelt dem, dcr in [11] verwendet wurde. 

Hr enthalt also nur .v- und />-Funktionen und keine <^-Funktionen, deren 
EinfluB auf Bindungen zwischcn Atomen der zweiten Reihe des Periodensystems 
bcdeutcnd sein kann. Dieser EinfluB soli hier aber nicht untersucht werden. Die 
cin/elncn GauBfunktionen werden zu einer Basis von sechs kontrahierten s-Grup- 
pcn und drei p,,, p^-Gruppen lur Silizium zusammengefaBt. Eine s-Gruppe 
wird Rir das WasscrstofTatom benutzt. Dabei wird der Skalenfaktor flir die Ex- 
poncnlen = 2.0 gewahlt. 

Die SCF Rcchnungcn werden nach der Roothaan-Hall Methode durchgefUhrt 
(3, 4, 9, 10]. Die anschlieBende CI-Rcchnung benutzt ein Verfahren, das von 
Buenker und F'cycrimhofT [2] cntwickelt und programmiert wurde. 


3. Stabilitiit des MolekiiLs Si,H, 

A. SCF-Rechnungen 

Zur Bcantwortung der Frage nach einem rclativcn Minimum fiir die Poten- 
tialkurve des Orundzu.standcs wird diese zunachst mit dem SCF Verfahren be- 
rechnet. AuBcr dem 'I* Grundzustand, der zur Konfiguration 4ff^4<T*5(T^2n|J 
(die inneren MO's sind nicht angefiihrt) gehort, wird noch die einer einfachen 
Anregung cntsprcchende Konfiguration 4<T^4(Tj5(T^5ffi27t* mil den Zustanden 
-'//y und 'fig bctrachtet; weiterhin wird die Konfiguration, aus der der nachst 
hohere Zustand der Symmetrie 'Z* hervorgeht, namlich 40gAa^5ffg5a^2j[^ be- 
rechnet, welche zu den Zustanden fuhrt. Somit konnen Ober- 

schneidungen von Energieflachen oder Kurven und deren gegenseitige Becin- 
flussung verfoigt werden. Der Si-H Kernabstand wird gleich 2.68 atomare Ein- 
heiten gesetzt. Diesen Wert erhiilt man, wenn vorausgesetzt wird, daB sich die 
Bindungslangen zwischen dem Siliziumatom und dem Wasserstoffatom ahniich 
verhalten wie die entsprechenden Bindungsabstande bei den Kohlenwasserstoffen. 
Dort verkicinert sich beim Obergang von CH zu C 2 H 2 der C-H Kernabstand 
geringfiigig um den Faktor 0.935. Der experimenteile Abstand von 2.87 atomare 
Einhciten zwischen dem Siliziumatom und dem Wasserstoffatom beim SiH mit 
dieser Zahl multipliziert ergibt 2.68 atomare Einhciten. Mit diesem konstanten 
Si-H Abstand werden die SCF-Rechnungen fiir geschlossene und offene Schalen 
durchgefUhrt. Tabelle 1 gibt die so erhaltenen Gesamtenergien des linearen Si 2 H 2 
bei Variation des Si-Si Kernabstandes an. die dazugehorige grafische Darstellung 
ist Fig. 1. 

Die Kurve fur den Grundzustand besitzt demnach ein Energieminimum mit 
einer Energie von — 578.6251 DRy. Mit dieser Energie ergibt sich eine Disso- 
ziationsenergie von 1.36 eV fiir das Auflosen des ganzen Molekuls in seine ein- 
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Tabelle 1. Gesamtenergieii dec linearen Si 2 H] bd Variation dec Si-Si Kernabctandes. (Energienull- 

ptuikt: — 578,0 DRy) 


Konfiguration 

Zustand 

R = 2.6 

3,4 

4,2 

5,0 at. Einheit 

5<r?4<ri l7iJ2JtJ 

■z; 

-F0.014S 

-0.5717 

-0.6128 

-0,5061 


+ 0,2648 

-0.4326 


-0,5547 

'n. 

+ 0,3020 

-0,3915 


-0.5149 

S<r^Sciln*2K^ 


+0,5585 

-0.2512 

-0.4998 

-0,5548 


+ a5919 

-0.2220 

-0,4744 

-0,5320 


'x; 

+0,6252 

-0.1928 

-0,4489 

-0,5092 



Fig. 1. Gcsamtcncrgien (SCF-Werte) einiger Zusliindc des iincarcn SijHj bci Variation des Si-Si 

Kcrnabstandes 


zelnen Atome. Aus der Betrachtung der SCF Potentialkurve des Grundzustandes 
allein konnte man schlietkn, daB das Molekul Si 2 H 2 auBerordentlich stabil 
gegen die Auftrennung der Si-Si Bindung sei. Vergleicht man jedoch die Energie 
des Minimums mit der aus einer vollig analogen SCF Rechnung erhaitenen 
Energie zweier getrenntcr SiH Radikale von —578,6300 DRy, so stellt man fest, 
daB die Energie der getrennten Bruchstiicke um 0.14eV unter der des MolekUls 
Si 2 H 2 liegt. Dieser Vergleich spricht also gegen die Aussage, die man allein aus 
der Betrachtung der SCF Potentialkurve fiir den Grundzustand erhalten hatte, 
namlich daB dieses Molekul im Grundzustand stabil gegen den Zerfall in zwei 
Radikale SiH ist. 


12 * 
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Ftine Ursachc fur diesen Widerspruch kann in der Vernachlassigung von 3d 
Funktionen iiegen, da zu erwarten ist, daO sich ihr Beitrag zur Energie beim Mole- 
kiil SijHj starker auswirkt als beim Radikal SiH. Eine weitere Erklarung flndet 
man, wenn man sich daran erinnert, daB SCF Rechnungen fur oflene Schalen 
wegen der in der Regel geringeren Korrelationsenergie relativ bessere Werte flir 
die Energien liefem als vergleichbare SCF Rechnungen fiir abgeschlossene Schalen. 
Die SCF-MO-Rcchnungcn geben auBerdem das Verhalten der wirklichen Poten- 
tialkurvcn fUr groBere Abstiinde nicht immer richtig wieder, da der Grundzustand 
des vcrcinten Systems bci groBer werdendem Abstand der Bruchstiicke nicht in 
den (irundzustand des getrennten Systems iiberzugehen braucht. So geht der 
Cirund/ustand des Moickiils Si^Hj mit der Konfiguration iiber in 

cine Mischung angcregter Zustiinde zweier SiH Radikale. Umgekehrt erhalt man 
durch Kombination /weier Grundzustandskonfigurationen dcs SiH. 4<T^5ff^27t‘ 
nur angeregte Konfigurationen des SijHj Molekiils, so zum Beispicl die Kon- 
figuration 4ff^5ff^5ff^27r^,aus der der tiefste angeregte 'I'J Zustand hervorgeht. 

Aus I'lg. I erkennl man. daB die Kurve dieses Zuslands die entsprechendc 
dcs 'i„' (irund/uslands schneidet. Dies ist moglich, da bci SCF Rechnungen 
Kreuzungsverbole von Potcnlialkurven gleichcr Symmetric nicht geltcn. Eine 
quantcnihcorctische Herechnung, welchc die Wechsclwirkung zwischen den ver- 
schiedenen Konfigurationen beriicksichtigt, sollte hier ein Auswcichcn der beiden 
Kurven, h/w. cinen Wechscl in der fuhrenden Konfiguration ergeben. Das durch 
die SCI Rcchnung erhaltene Minimum crscheint duher als fraglich. und cs ist 
niitig, eine Cl Rechnung durch/uriihrcn. 


B. Cl-Rechnimu 

Bei der Colgcnden Rechnung soli cs darauf ankommen, die EncrgiedilTcrcnz 
zwischen dem Minimum dcs Grundzustandcs von Si^H^ und der Energie zweier 
getrennter SiH Radikale zu bestimmen. Es sollcn also Icdiglich Aussagen iiber die 
rrennungsenergie und die Stabilitiit dcs Molekiils Si^H^ erarbeitet werden, nicht 
aber die genuue Form der Potentialkurven, die daraus Tolgendcn Schwingungs- 
trequen/en und anderc spcktroskopischc Daten. Da bereits Cl-Rechnungen fiir 
uncndlichen Abstand vorliegen, niimlich die Rechnungen am SiH Radikal [14], 
geniigl es, cine vdllig unaloge Berechnung fiir das Minimum des Grundzu¬ 
standcs von SijHj durchzufiihren. Das SCF Minimum liegt etwas unterhalb von 
R = 4.0 atomaren Einhcitcn. In der Rcgel wird bei eincr CI-Rechnung der berech- 
netc Kernahstand fiir das Energieminimum gegeniiber eincr SCF Rcchnung 
etwas vergrdBcrt, so daB in unscrem Fall R = 4.0 atomarc Einhcitcn sicher in 
unmittelbarer Nahc des Cl-Minimums liegt. 

Analog zu dem Vorgehen beim SiH werden alle Konfigurationen gebildet. 
die cntstchen. wenn man die Orbilale lffgl(T,2<7^2<T„3ffg3ff^lngl7r„ in den „core“ 
und die Orbitale 4<T|,4 <t,5(T|,5<7,2jIj2r, in den Valenzsatz aufnimmt. Aus den daraus 
resultierendcn Zustanden werden alle 73 T, Zustande fiir die Berechnung des 
Grundzustandcs hcrangezogen. 

Mil dieser Cl Funktion erhalt man eine Gesamtenergie von —578.7055 DRy. 
Die analoge Energie zweier SiH Radikale betragt —578.6468 DRy [14]. Daraus 
errechnet sich eine Trennungsenergic von 0.0587 DRy oder 1.60 eV. 
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Fig. 2. Orhitaicncrgicn dcr Valenzorbitalc von Si^Hj 


Da die 3d Funktionen nicht beriicksichtigt warden, kann diescr Wert Tiir die 
Trennungsenergie auch hei einer ausfuhrlichen CI-Rechnung mit einem kleinen 
Fchler behaflel scin. Wic aber bereits angedeutet, sollle eine Hinzunahme von 
3(/ Funktionen die Energie des Molekiiis SijHj starker senken als die Energic 
des SiH Radikals. Damit wiirde sich die Trennungsenergie und die Stabilitat des 
Molekuls Tiir den Zerfall in zwei SiH Radikale nur noch vergroBem. Die Stabilitat 
des hypothetischen Molekiiis SijHj konnte also bereits allein mit s- und p- 
Funktionen nachgewiesen werden. 

Der Vergleich mit der aus einer entsprechenden Cl Rechnung erhaltenen 
Trennungsenergie des Molekuls C 2 H 2 von 8.l4eV liiBt schon erkennen. daB die 
hier vorliegende Bindung nicht von der gleichen Starke sein kann wie die chemisch 
feste Dreifachbindung beim Acctylen. 

Um den Unterschied im Bindungseharakter naher zu untersuchen, werden 
die fiir die Bindung in Frage kommenden Orbitale in ihrem Verhalten und ihrer 
clektronischen Struktur genaucr betrachtet. F'ig. 2 gibt die Abhangigkeit der 
Orbitalenergien vom Si-Si Kernabstand wieder. Nach der qualitativen Molekiil- 
orbitaltheorie stellt man fest, daB die beiden Orbitale und 2;t, deutlich bin- 
denden, die Orbitale 2n, und 5(7„ stark antibindenden Charakter besitzen und 
die Orbitalenergien von 4 (t„ und 5a^ keine ausgepragte Tendenz zeigen. Das 
Orbital 4 <t, bildet somit die a-Bindung, das 2n,-Orbital ist fiir die doppelte 
n-Bindung verantwortlich. Die Elektronendichten Tiir die beiden bindenden Or¬ 
bitale sind in Fig. 3 und in Fig. 4 aufgezeichnet. Der Vergleich mit den Ladungs- 
dichten der entsprechenden Orbitale beim C 2 H 2 [6] zeigt, daB beim Acetylen 
die Ladungsdichten des a-Orbitals in der Mitte zwischen den beiden C-Kernen 
auf iiber 0.2 steigt, wiihrend dieser Wert fur SijHj nur bei ungefahr 0.03 liegt. 
Ahnlich verhalt es sich mit der tt-Bindung. Das Maximum der Ladungsdichten 
der rr-Orbitale in der Ebene. die senkrecht zur Kernverbindungsachse durch deren 
Mitte geht, betragt fur C 2 H 2 etwa 0.07, fur Si 2 H 2 dagegen nur 0.02. Diese ge- 
ringeren Ladungsdichten bedeuten natiirlich eine Verminderung der bindenden 
Krafte. 

Dreifachbindungen beim Si 2 H 2 und beim C 2 H 2 unterscheiden sich nach 
dieser theoretischen Betrachtung einzig in ihrer Starke. Die geringen Bindungs- 
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Pig. Berechnete filektronendichten des Orbitals 4<r, 


Y 



Pig. 4 Bcrechneic Elektronendichien dcs Orbitals 2n, 

krafte und eine mdgliche Polymerisation zu Polysilin (SiH). sollten dafiir ver- 
antwortlich sein, daB die Existenz des Molekiils SijHj noch nicht festgestellt 
werden konnte. 

4. Potentialkurveo bei gewinkeltem Kemgeriist 

Die Suche nach bisher experimenteil nicht bekannten Molekiilen wird er- 
leichtert. falls einige charakteristische Eigenschaften des Spektrums und der 
Geometrie bekannt sind. Bisher wurde das Si 2 H 2 Molekiil nur im linearen Fall 
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Fig. S. Orbitalenergien der Valenzorbitale bei cis- und truru-Winkelungen von Si^H, 


betrachtet, und daraus warden Resultate hergeleitet. Das Molekiil konnte aber 
ebensogut in einer der beiden gewinkeUen Geometrien, d. h. in einer trans- oder 
c'is-Form, vorliegen. Die jetzt folgenden Rechnungen sollen zeigen. daB das 
Si 2 H 2 Molekiil im Grundzustand tatsachlich linear vorliegt und somit die bis- 
herigen Oberlegungen zur Stabilitat nachtraglich gerechtfertigt werden. 

Zugleich werden flir die cis- und fruns-Winkelungen auch angeregte Zustande 
betrachtet. Die Rechnungen fur die gewinkeUen Strukturen beschranken sich 
auf SCF Verfahrcn, da das fur einen ersten Oberblick voll ausreichende Ergeb- 
nisse liefert. Betrachten wir zunachst den Grundzustand, also den Zustand 
Tiir die ds-Winkelung, den Zustand der linearen Geometrie und den 
Zustand fur die trans Winkelung. Dieser Zustand besitzt wie erwartet ein Minimum 
fur die lineare Kernanordung (Fig. 6). 

Der Verlauf der Orbitalenergien in Abhangigkeit von der Winkelung soil 
uns zunachst ohne viel Rechenaufwand Vorhersagen iiber den qualitativen Verlauf 
der Potentialkurven auch der angeregten Zustande liefern. In Fig. S sind diese 
Energien fur die Valenzorbitale aufgetragen. 

Man erkennt zunachst nur geringe Abhangigkeit der Energie der besetzten 
Orbitale von der Winkelung, dagegen zcigt das virtuelle 6bj — — Orbital 

einen stark stabilisierenden Verlauf, sobald die beiden Wasserstoffatome aus der 
Geraden herausgedreht werden. Bei der Variation des Kernabstandes war dieses 
Orbital als stark antibindend aufgefallen. Somit verhalt es sich ganz analog zu 
dem 3f>i - Orbital des C 2 H 2 . Anregungen in dieses Orbital sollten dann 

auch zu Zustanden fUhren, deren Potentialkurven Minima zeigen, die zu cis- und 
truns-gewinkelten Geometrien gehoren. Obergange in das 2a2 —Orbital 
diirften wenig EinfluB zugunsten einer Winkelung haben, dagegen sollte die 
Besetzung des 7b, — 5ff„—7/), Orbitals einen Effekt gerade in der umgekehrten 
Richtung bewirken. Bei Besetzung dieser Orbitale scheint eine Stabilisierung in 
Richtung auf lineare Geometrie zu verlaufen. 
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f'lg. 6. C'icsumicnurgicn aus SCH Kcchnungcn fur m- unil truHs-Winki-lungcn des Si 2 ll 2 Molekiils 
im Cirundnustund und in angercgtcn /.astundcn 


Tabellc 2 faBt die Ergebnisse der SCF Rechnungcn ziisammen, in Fig. 6 wurden 
die aus diesen Wcrlen durch Polynominterpolation erhaltenen Potentialkurven 
eingczeichnct. Zur besseren Gegeniiberstellung mit dem Spektrum des Acetylens 
sind die Potentialkurven fiir dieses Molekiil, bcrechnet nach dem Cl Vcrfahren, 
aus einer Arbeit von Kammer [5] bier noch einmal in Fig. 7 wiedergegeben. Aus 
dcr graflschen Darstellung entnimmt man, daB tatsachiich allc Potentialkurven, 
die aus dem Obcrgangdes hochstcn besetzten MO’s in das6&, —Ing — lUg Orbital, 
namlich die Zustande 1^B„, l'-4„, 1^-4,, fUr die fran.v-Winkelung und l^fi,, 
l^/4j, 1 1 'B) fur die tiVWinkelung ein Minimum fiir gewinkelte Geometrien 

besitzen. Selbst die Asymmetric des Verlaufes der MO-Energie von 7a, und 6b, 
beziiglich der beiden Winkclungen spiegelt sich in den Potentialkurven wieder. 
Die Minima auf dcr ri.v-Seite liegen deutlich tiefer als die auf der trans-Seite. 
Die Anregungen in das Taj —2jr, —2b, Orbital fiihren erwartungsgemaB zu Zu- 
sianden, deren Potentialkurven keine ausgepragten Minima Tiir cis- und trans- 
Winkelungen besitzen. Ebenso verhalt es sich mit der einfachen Anregung in 
das 76, —5<r,—7b, Orbital. Von den hieraus resultierenden Zustanden konnten 
auf der m-Seite die Zustande 3^B,,BMj und 3'B,, welche mit ^/7, und 
‘/7, korrelieren, nicht gerechnet werden, da das verwendete SCF Verfahren ver- 
sagt, falls ein tieferes Orbital mit bestimmter Symmetrie nicht besetzt, dagegen 
ein hdheres mit gleicher Symmetrie besetzt ist. 
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f-'iji, 7, Cicsamicncrgien aus C'l Rcchnungen fur rtv- und truns-Winkclungen des CjHj Molekuls im 
(irund/UNtand und in angeregten /ustUndcn. (Aus der Arbeit von Kammer [5]) 


Die Ahnlichkeit zwischen dem 3ft, — —4a, Orbital des Acetylens und des 
6ft, -2TC,-7a, Orbitals beim Si^Hj spiegelt sich auch im Verlauf der Potential- 
kurven wieder, die zu den Zustanden gehoren, die bei Anregung dieses Orbitals 
auftreten. Fig. 7 ermoglicht den Vergleich mit den Potentialkurven des Acetylens. 
(Durch die Wahl eines anderen Koordinatensystems sind die Bezeichnungen yon 
Bi und Bj Zustanden gerade umgekehrt wie in dieser Arbeit.) 

Der tiefste angeregte Zustand ist in beiden Fallen l^B, — 1*2^* — l^B,, der 
bei I'is- und /rans-Winkelung ein Minimum zeigt. Der nachst folgende Zustand, 
l^/lj- Pa,, zeigt bei beiden Moiekiilen wieder ein ahniiches Verhalten. 

Dagegen treten bei den Zustanden, die mit dem 'A, und dem korrelieren, 
also den Zustanden 2*^2—l‘r,” —2‘A, und 1*^2—Pd,—l‘A, beim Molekiil 
SijHj und den Zustanden PAj — I'TJ — PA, und 2* A 2 — 1 'A, —2* A, beimC 2 H 2 
Unterschiede auf. Bei der SCF-Rechnung fiir das Si 2 H 2 Molekiil besitzt die 
energetisch tiefere Komponente des PA, Zustandes ein deutliches Minimum, 
wahrend in der entsprechenden CI-Rechnung Fur das C 2 H 2 kein solches Minimum 
auftritt. Die Erklarung kann aus Fig. 8 abgelesen werden. 
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Fig. 8. Konnguratioiuwechselwirkung zweier Zustande 


Eine Konfigurationswechselwirkung zwischen diesen beiden Zustanden tritt 
itn lincarcn Fall nicht auf, da beide Zustande und unterschiedliche 
Symmetrie besitzen. Diese Verhaltnisse andern sich, sobald zu einer der beiden 
gewinkelten Geometrien iibergegangen wird. Nun kann die eine Komponente 
des urspriinglichen 'd, Zustandes, der ‘A^ bzw. ‘/Ij Zustand, mit dem bzw. 
‘/Ij Zustand, der aus dem 'ZJ Zustand hervorgcht, wechsclwirken. Die Obcr- 
schneidung der beiden Kurven, die bei der SCF Rechnung auftrat, wird in der 
Cl Rechnung durch cin Ausweichen der beiden Kurven gleicher Symmetrie er- 
setzt. Das driickt sich in einem Wechsel der Konfigurationen aus. Bei 20" cis 
bzw. trans hat dieser Wechsel bereits stattgefunden, doch IMBt sich die Tendenz 
der Konfigurationsverlagerung noch gut an den CI-KoefTizienten fiir C 2 H 2 ab- 
lesen [6]. Die zweite Komponente des 'J, Zustandes, der 'B,— ‘B, Zu¬ 

stand, weicht ebenfalls in der SCF Rechnung am Si 2 H 2 erheblich von der CI- 
Rechnung am C 2 H 2 ab. Nach unsercn SCF Rechnungen schneidet dieser Zustand 
den ‘B| — 'Z* — 'B, Zustand, so daQ auch hier mit einem Konfigurationswechsel 
gerechnet werden muB. Die Wirklichkeit verhalt sich jedoch um einiges kompli- 
zierter, da diese beiden Zustande auch noch stark mit weiteren Konfigurationen 
mischen. 

Der Vergleich zeigt groBe Ahnlichkeiten im Aufbau des Spektrums von Si 2 H 2 
und C 2 H 2 . 


5. Zusammeofassiing 

SCF und Cl Rechnungen zeigen, daB die Potentialkurve fiir den Grund- 
zustand des hypothetischen Molekiils Si 2 H 2 ein Minimum besitzt, und zwar 
fiir lineare Kerngeometrie. Daher sollte dieses Molekiil zumindest kurzzeitig als 
stabiler Verband existieren kdnnen. Aufgrund der Elektronendichten und der 
Abhangigkeit der Orbitalenergien vom Si-Si Kemabstand stellte es sich heraus, 
daB die Bindung durch das 4<7, und Orbital verursacht wird. Die im Vergleich 
zum Acetylen geringe Trennungsenergie von 1.60 eV fiir das Aufbrechen der 
Si-Si Bindung sowie die viel geringeren Elektronendichten der bindenden Orbitale 
in der Mitte des Molekiils zeigen, daB sich „Dreifachbindungen” beim Si 2 H 2 
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und bcim in ihrer Art zwar ahneln. aber in ihrer Starke stark voneinander 
ubwcichen. Die Bindung beitn Si 2 H 2 sollte sich im Falle einer experimentellen 
Nachforschung als uuBerst schwach erweiscn. 

Die Bercchnung des Spektrums des gewinkeltcn Si 2 H 2 ergibt gro3e Ahnlich- 
keit mit dem cntsprcchenden Spektrum des Acetylens. Insbesondere besitzen beide 
Molckiile in cinigen angeregten Zustanden Minima, die zu gewinkcltem Kern- 
geriist gehdren. 
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The integral Hellmann-Feynman (IHI') theorem has been applied to various wavefunetions 
representing the ' A, state of acetylene with a view to testing traditional explanations of the excited 
state geometry. When LCAGSCF wavefunetions are used, the electronic energy changes associated 
with the individual corresponding orbitals (CMO's) arc in sympathy with the trend in orbital (i.e. MO) 
energies suggested by Walsh. However, when LMO wavefunetions bused on hybrid AO's are employed, 
the IHF results arc against all experience; and imply that a change in hybridisation, from sp to sp^, 
i.s not a viable model for the change in geometry. 


Introduction 

The experimental fact [1] that acetylene is irans bent in its first electronically 
excited state has long been of theoretical interest. The original qualitative explana¬ 
tion of Walsh [2] argues that, in so far as the change in molecular energy parallels 
the change in orbital energies, bending is favoured by the introduction of .v 
character into the excited MO (jr„ when CCH angle = 180 ) which reduces the 
orbital energy until (when CCH angle = 90 ) the o, MO becomes almost non¬ 
bonding. This tendency is opposed by the MO (corresponding to bonding n 
in the linear case) which becomes destabilised by increasing .v character. The 
experimental bond angle [1] is almost exactly 120 . and it is tempting to suggest 
[.^], in terms of localised molecular orbitals (LMO’s), that these changes might 
equivalently be described by a change in hybridisation from sp to sp^. 

The first SCF calculation on acetylene to consider all the electrons was due 
to Burnelle [4] and confirmed the trend in tt, —u, orbital energy suggested by 
Walsh; but it failed to predict the correct geometry for the excited state from 
the total energy calculation, probably because of excessive integral approximations. 
Most of the theoretical studies of acetylene have since been concerned with the 
linear molecule, but recently Kammer [5] has reported SCF and Cl calculations 
of linear and bent acetylene which agree extensively with the spectroscopic facts. 
Accurate ab-initio wavefunetions must provide the ultimate explanation for the 
shapes of molecules; but it may be difficult in some cases to relate the concepts 
of exact MO theory to the older, qualitative orbital theories. Peyerimhoff, Buenker 
and Allen [6] have shown that the success of the Walsh rules in predicting the 
geometries of AH 2 and AH., molecules with 6 9 valence electrons can be attributed 
to the fact that for these molecules changes in the sum of the SCF one electron 
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energies are approximately parallel to changes in the total energy. On the other 
hand. Pan and Allen [7] have shown that in HCN, with ten valence electrons, 
the total energy and total orbital energy curves diverge as the bond angle is 
decreased from 180'. However, it must be pointed out that in the work cited 
above [6, 7] it has been assumed that the MO energies in Walsh diagrams are 
the one-electron eigenvalues of closed-shell SCF Hamiltonians. The geometries 
of open-shell molecules and of excited states are discussed using the lowest virtual 
orbitals - which do not have the same physical meaning as the MO's used in 
formulating the SCF Hamiltonians. Another difHculty in the interpretation of ab- 
initin wavefunctions arises in the localised orbital approach; that wavefunctions 
expressed in terms of extended atomic basis sets or, as in the calculations [S-7] 
cited above, in terms of gaussian lobe functions [8] may not be easy to visualise 
in terms of hybridisation. 

In principle at least, the integral Hcllmann-Feynman theorem (IHF), revived 
by Parr [9], offers a direct way of analysing the change in geometry from a one 
electron point of view. With a fixed CC bond length for each geometry, the change 
in electronic energy may be expressed as the difference of proton attraction 
operators integrated over the transition density between two configurations. The 
electronic energy change may then be analysed into contributions from the 
corresponding orbitals (C’MO’s) the orbitals which diagonalise the 1-particle 
transition density matrix. Unfortunately, since the successful application of the 
IMF method to internal rotation in ethane [10], there has accrued considerable 
evidence [11 1.^] to suggest that simple LCAO wavefunctions do not give 
reliable IHF total energy dinercncc.s. This, however, docs not prevent the IHF 
theorem from giving insight into isocicctronic changes, particularly when the 
transition density is described in a way which is qualitatively correct [14]. More¬ 
over, the error in an IHF calculation is entirely inherent in the wavefunctions 
u.sed and. therefore, such calculations may be regarded as tests of the molecular 
models which the wavefunctions represent. One of the objects of the present 
study of trans bent acetylene was to see if the assumption of sp^ hybridised carbon 
might account for the geometry of excited acetylene. 


IHF Formula and the Configurations Considered 

Within the framework of the Born-Oppenheimer approximation the IHF 
energy difTcrence between linear and bent acetylene is given by 


/iW,= 




( 1 ) 


where d>, and arc electronic states associated with the linear and bent nuclear 
frames respectively. The normal and excited states of acetylene may be represented 
approximately by the following configurations: 


' r; (1 o,)" (1 ay {lay (lay {3ay {ny , 

' 4. (In,)^ {\hy {lay {Ity {3ay {3hy (4fl,) (aj. 
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Now a direct substitution of the above wavefunctions for and for in 
(1) leads to a § indeterminacy; and it was therefore decided to calculate instead 
the energy variation of the ‘>4. state (‘d. in the linear case) as a function of CCH 
angle. No complication in applying (1) arises from the fact that the 'd. state 
formally requires two determinants. Since the singly occupied MO’s are of 
different symmetry, there are no matrix elements of d between determinants 
which differ by an interchange of the spin factors of the 4a^ and n. orbitals. Thus 
a single determinant is adequate for the IMF calculation. CMO’s for state of 
the linear and bent nuclear frames were constructed by unitary transformations 
[10] of the MSO's with identical spin factors. In terms of single occupied CMO’s 
Eq. (1) becomes 


AW,= 


(=14 


I 






( 2 ) 


Geometry and Orbitals 

Fig. 1 shows the nuclear frame and cartesian coordinates to which all wave- 
functions are referred. 



Fig I. {'oordinale system and hybrid orbitals 


The decision to fix the bond lengths was taken for an important reason. 
With bond lengths at their normal values (CH = 1.0568 A; CC = 1.208 A) a change 
in CCH angle of 60” produces a d F,, value of 0.45358 a.u., which is opposed to 
bending. Thus in order to predict bending one is looking for a change in electronic 
energy, d£| whose magnitude is about seven times as great as the d£, magnitudes 
for the rotation of a bond in a comparable molecule [11]. The percentage error 
in the calculation of d£( for the bending problem will thus be considerably 
smaller than for the rotation. (Of course, the algebraic sum d£, -F d F„, may be 
no more reliable than before.) If, however, the CC bond is allowed to relax (to 
the excited state value of 1.383 A) simultaneously with the change in CCH angle, 
then at 120” the value of d F„ is very small and actually in favour of the bent state. 
The value of d£| might then also be very small - and too subtle for the wave- 
functions envisaged here. 
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Three kinds of LCAO wavefunction were considered: - 
a) The SCF MO*s of Burnelle 

Although these wavefunctions were calculated with integral approximations 
now regarded as too severe, the LCAO coefficients give reasonable populations 
1151 and arc probably not very different from the coefficients of an exact minimal 
basis calculation. They were employed here because they appear to be the only 
MO’s for bent acetylene which have been reported using a Sfater-type AO basis. 
The orbital exponents were; C l.v, 5.7; C2.s, 1.59; C2p, 1.59; and H Is, 1.0. 

h) Two Centre MO's Constructed from Orthogonal Hybrids 

Lmploying precisely the same AO basis and bond lengths as in a), hybrid 
AO's were formed on each carbon atom according to 

4>, = (.s + /,./,,)N, (3) 

where <t>, represents an sp^‘ hybrid pointing in the direction (see Fig. 1) of a 2p, 
orbital. Apart from normalising factors, F.qs. (3) contain six unknowns (/ = 1,2,3) 
of which three may be eliminated by orthogonality criteria, 

(4) 

and the remaining three on the assumptions that 0, and point along the CC 
and CH bonds respectively and that A, —/. 2 . With these assumptions the d>i take 
the usual forms of sp hybrids at 180 and sp' at 120 . Taking the inner shell MO's 
to be the C l.s orbitals themselves, two centre LMO's were constructed (ignoring 
normalising factors) as follows; 

(ff, )^■^^ = kd>2 + fij, 

(aj),i, = kd>< + /i2. 

+d>4(.3a,), 

(ir'lcc = d>., + (4u.,). 

The symbol h represents a hydrogenic l.s orbital. The MO designations refer 
to the linear molecule, while corresponding non-linear species are indicated in 
parentheses. The out-of-plane orbital is identical with the n,. orbital throughout. 

Only the factor k the polarity of the CH bond remains to be specified, 
and this was taken to he l.()9 [16]. It is intere.sting to note that in calculations 
by Woznicki [16] the expectation value of the '/I, state, calculated from the 
above MO’s, gave a minimum in the energy curve when angle CCH = 120. 
(The CC bond length in Woznicki's calculation was 1.383 A, and the Mullikcn 
approximation for polyccntric integrals was used). 

c) Two Centre LMO'.v Constructed from Non-Orthogonal Hybrids 

As an alternative to the conventional sp^ hybrids, it was decided to construct 
two centre MO's for the state at CCH = 120 from the hybrids theoretically 
determined in LMO studies [17] of ethylene from ab-initio LCAOSCF wave- 
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functions [18]. These hybrids may be represented approximately as sp* 

and **. These hybrids are not orthogonal, and the two which are 
equivalent lie at I.!"" to the line of the CH bonds. Referred to Fig. 1, they are 

4>^=N^ (s + ]/VjAp.} 

^2 = ^2 [s + l/l.85 (p^cos31.2"’ — Pj cos 58.8")] 

4'.t = N3[s + lAli5( — p^ cos 31.2“" — Pj cos 58.8")] . 

With these hybrids instead of (3), two centre MO's for the bent state were constructed 
exactly as in b), except that k took the ethylenic value 1.13. For the linear molecule 
the recommended [17] hybrids were: 

4>, =N, (s + [/rm p,); «Pj = JV2(.s-l/Tm p,); <p3 = p,; 

and the value of k was 1.37. 

Both procedures - b) and c) - give LMO's which are not orthogonal (the 
largest overlap is ~0.2), and prior to forming CMO's, the LMO’s were Schmidt 
orthogonalised. These processes did not prevent the form of the hybrids from 
being approximately recognised in the final CMO’s. 

Overlap and nuclear attraction integrals over basis AO's - necessary for 
implementing (2) were calculated by methods discussed previously [II]. 


Results and Discussion 

Table 1 gives the various contributions to AE, for the change in CCH angle 
180 —*120 firansj, using the three different wavefunctions. (The symmetry 
designations are appropriate throughout becau.se, in the LMO wavefunctions, 
inner shell and CH orbitals were symmetry adapted). Tables 2 and 3 show the 
LCAO coefRcients for the CMO’s derived from Bumelle’s wavefunctions. 


Tabic I. Contributions to/IF, (a.u.) for 180 (linear)—• 120 (Iransi 


CMO LCAOSCF wavcfunction.s a) LMO wavefunctions b) LMO wavefunctions c) 
pair Contribution toContribution to/IC| Contribution to/I£( 



a 

P 

a 

P 

(X 

P 


-0.0360 

-0.0440 

-0.0365 

- 0.0356 

-0.03.39 

-0.0330 


-0.0360 

-0.0360 

-0.0360 

-0.0360 

-0.0322 

-0.0322 

2a 

0.0760 

0.0069 

-0.0432 

-0.0963 

-0.0553 

-0.1268 

-K 

-0.0867 

- 0.0867 

-0.0017 

-0.0017 

-0.0473 

- 0.0473 

3o, 

-0.0876 

-0.0561 

-0.0705 

-0.0818 

-0.0691 

-0.0788 

3h. 

0.0230 

0.0230 

-0.0389 

-0.0389 

- 0.0017 

-0.0017 

4.1, 

-0.0396 

-0.0454 

-0.0396 

0.0639 

-0.0369 

0.0848 

Total 

-0.1869 

-0.2483 

-0.2664 

-0.2264 

-0.2774 

-0.2360 


0.4536 0.4536 0.4212 

IH', 0.0176 - 0.0392 - 0.0922 
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'Iablc2 Corresponding orbitals (a spin factors) from Bumelle’s MO's, 180" (linear)—* 120" (trans) 


CMf> 

Overlap 

Coefficients* 






pHir 

integral 

C, l.r 

C,2s 

C, 2pz 

C, 2px 

C. 2py 

H, Is 

iii. 

0 WWb 

0.70572 

0.00425 

-0.00048 

0.00000 

0.0 

0.00160 



0.70557 

0.00652 

-0.00199 

0.00098 

0.0 

-0.00151 

If', 

(I.OWl.t 

0.70447 

0.01816 

0.00541 

0.00038 

0.0 

0.00036 



0 70466 

0.02272 

0.00754 

0.00091 

0.0 

-0.00137 

2,,. 

0 K.Wt 

-0 07576 

0.27100 

-0..12145 

0.00000 

0.0 

0.35193 



• 0.06278 

0.2.1374 

-0.36578 

0.13674 

0.0 

0.36132 


0.42.1.14 

0.1(KK)7 

0.33241 

-0.20515 

0.26721 

0.0 

0.30779 



- 0.11440 

0.48657 

- 0.11937 

0.11384 

0.0 

0.34372 


omsi 

014504 

l)..16587 

-0.38546 

0.00000 

0.0 

0.0.1904 



0.141.15 

0 32058 

-0.41790 

0.00355 

0.0 

-0.02095 


0 4846K 

0.048.15 

0.16225 

-0.10012 

-0.54750 

0.0 

0.15022 



0.0.54.1.1 

0.11427 

0..14478 

-0.51949 

0.0 

-0.05075 


1 (XKXKI 

0.0 

00 

0.0 

0.0 

0.60923 

0.0 



0.0 

0.0 

0.0 

0.0 

0.60923 

0.0 

' ( oelTieienls of the other AO's may be found by symmetry. 




1 able t 

Corresponding orbitals (// spin factors) from Burtiellc's MO's, ISO 

(linear) —• 

120' f trims 1 

CMO 

Overlap 

Coefficients* 






pair 

integral 

C| Iv 

C, 2.V 

C, 2p: 

C'l 2px 

C, 2py 

H, Is 

In, 

I.OOntKI 

064702 

0.2.1051 

-0.20551 

0.14463 

0.0 

0.00018 



0 64701 

0 23004 

-0.20578 

0.14484 

0.0 

-0.00043 

lb. 

O.VW.I 

0.70447 

0.01816 

0.«)541 

0.00038 

0.0 

0.00036 



0 70466 

0.02272 

0.00754 

0.00091 

0.0 

-0.001.17 

2.., 

0.42456 

-0.06845 

0.24460 

- 0.31474 

0.27165 

0.0 

0.335.18 



- 0.0626.1 

0.24.347 

- 0..18997 

0.82680 

0.0 

0.35467 

21.. 

0.42t.Vt 

-0 10007 

t)..13241 

-0.20515 

0.26721 

0.0 

0..K)779 



0.11440 

0.48657 

-0.11937 

0.11.184 

0.0 

0..34372 

.In, 

11.44440 

-0..11734 

0..10326 

-0.26642 

0.167.17 

0.0 

-0.00018 



-0.117.14 

0.30284 

-0.26703 

0.16767 

0.0 

-0.00065 

.tb. 

0.48468 

-0.048.15 

0.16225 

-0.10012 

-0.54750 

0.0 

0.15022 



- 0.054.1.1 

0.11427 

-0..14478 

-0.51949 

0.0 

-0.05075 

4n, 

0.48684 

0.02710 

0.02032 

-0.199.18 

-0.80196 

0.0 

0.11360 



0.01444 

0.1.1524 

-0.30218 

-0.74331 

0.0 

-0.10059 


* CoefTicicnts of the other AO's may be found by symmetry. 


For the LCAOSCF wavefunctions a) the total A E, is not quite large enough 
to cover A F„ and so favour bending. However, it is believed that the contributions 
from the CMO’s are qualitatively correct. The fact that there is some internal 
consistency in Bumelle's wavefunctions may be indicated by the fact that when 
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J£, for 180"—► 120° is compared to the value of AE, for 180“—»150" plus AE, 
for 150“—► 120°, the result is conservative to within 1%. The contributions of 
the CMO pairs show a considerable agreement with the ideas of Walsh, who, it 
should be stressed, was thinking in terms of the change in orbital {i.e. self) energies 
rather than one-electron transition energies. Thus, the CMO pair is in favour 
of bending, and the 3b„ opposes bending. From the coefficients in Table 2 it would 
appear that this is due to the introduction of p, rather than s character into the 
It orbitals. WaLli’s ideas are also supported by the behaviour of the 3a, orbital 
(CC a bond) which becomes less favourable to bending through the acquisition 
of Px character (in the set) than it is when dominated by s and p, (in the a set). 
However, CMO’s being unitary mixtures of MO’s of the same symmetry, it is 
possibly unwise to look too closely at the form of individual CMO's; but rather 
one should compare the total contribution of the a, orbitals when mixed with 4a, 
(i.e. in the P set) with the total contribution of the a, orbitals in the a set. The 
difference is nearly 0.1 a.u. 

For the wavefunctions b) based on hybrid AO’s, the results are quite different 
- and unacceptable. Firstly, the 4a, CMO pair is opposed to bending, and the 
set of orbitals which contains the excited orbital (the p set) gives a smaller A E, 
than the set which does not. Worse still, the orbitals of the a set actually represent, 
on this model, the orbitals of the closed shell ground state, '>4,. Twice the value 
of AE, for the a CMO’s thus represents the change in electronic energy of the 
'y4, state, 180° —»120". Since this quantity exceeds A in magnitude, the hybrid 
wavefunctions indicate a non-linear ground state for acetylene. 

To show that these conclusions were not merely dependent on the arbitrary 
factors in the LMO wavefunctions b), the IHF calculations were repeated with 
various CH bond polarities. First the value of k was increased by 10%; then the 
hydrogenic exponent was changed to 1.2. Finally, the calculations were repeated 
using the excited CC bond length, 1.383 A. Although the increase in bond length 
reduced the magnitudes of both A V„ and AE,. none of the changes mentioned 
materially affected the conclusions drawn from the second column of Table 2; 
the distribution of AE, among the CMO's remained much the same; and the 
ground state orbitals were still more favourable to bending than the excited state 
orbitals. 

The calculations using LMO wavefunctions c) were undertaken to counter 
possible objections to arbitrariness in the actual construction of the LMO’s 
in b) - the two centre approximation; the hybridisation determined on CCH 
angle; and the Schmidt orthogonalisation which ignores orthogonality with the 
unoccupied LMO’s. The hybrids and k values in wavefunctions c) were specially 
determined for two centre MO’s on theoretical criteria [14], from ab-initio wave- 
functions with carefully optimised exponents [15]. These exponents were used in 
the IHF calculation, together with bond lengths appropriate to ethylene [15]. 
The third column of Table 3 shows that the conclusions are the same as for 
wavefunctions b). 

The calculations described in this work have employed very simple wave- 
functions. It will be interesting to see if the conclusions are confirmed by LMO 
and IHF studies of more sophisticated wavefunctions, such as those reported by 
Kammer [4]. 


13* 
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Coulson's contour integration method has been applied to calculate the charge and bond order 
matrices and total energies of conjugated systems composed of fragments whose HUckel secular 
equations have been solved. Integral formulas have been derived for the calculation of these quantities 
for two coupled conjugated systems and for linear polymers. A rapid method for the numerical evalua¬ 
tion of the integral formulas is presented and applied to a linear finite polyene. 


Coulson [1] introduced in 1940 an integration method with which molecular 
orbital calculations can be performed without direct reference to the eigenvalues 
and eigenvectors of the secular problem. Recently, Linderberg [2] showed that 
this technique is useful in conjunction with computers. The purpose of this 
paper is to show that the contour integration method is particularly useful in 
calculating the properties of large molecules composed of fragments whose Hiickel 
.secular equations have been solved. 

The results of Coulson and Linderberg are presented here in a somewhat 
different notation. For simplicity, overlap is not included and the coefficients of 
the atomic orbitals are assumed to be real. The calculations are performed in 
terms of a Hiickel bond matrix B obtained from the normal Hiickel matrix H 
by the transformation 

B=-' (H-Ho/) (1) 

Po 

where a„ and stand for the standard resonance parameter for the carbon- 
carbon bond and the Coulomb parameter of carbon, respectively. The equations 
of Coulson arc converted into two general integral formulas. 

Theorem I. The charge and bond order matrix P i.v gwen by the formula 

P= ^-i(zi-Br'dz (2) 

711 4 , 

where "occ" means that the complex integral is taken over the contour enclosing the 
eigenvalues of B corresponding to the occupied orbitals. 

The integrand is expanded as a sum of dyads 

(z/-B)-* = L— 

J z — 


( 3 ) 



}.}. Kankare: 


where r.j and Cj are, respectively, the eigenvalues and eigenvectors of B. Appli¬ 
cation of the Cauchy integral formula gives 

.. J -Br'dz. J-r 1 Vj c,cj . 1P. 

Z 7i I j *. Ej j L 

llieorem 2. The total n-electron energy in units of and assuming that = 0 
IS given hy the formula 

E= ^ - I zXt{zI — B)~' dz. (4) 

ni 

This theorem is proved by dyadic expansion like the preceding. 


Two SystenLs Coupled by One Bond 

Let B, and B 2 be the Huckcl bond matrices of two conjugated systems S, 
and Sj containing n and m atoms, respectively. The bond matrix of the coupled 
.system is 




1 wo new matrices arc now defined by 


C,=(2/-B,) ' 
G2=(zI-B2) ' 


It is easily shown that 


G/ -K \ ' /(/-CiKCjK^) 'C, CiAd-GjA'C, 

«J7 ”\G2K’(/-G,KCj#f^) 'C, (/-GzA^GjK) * 


G,K{I-G2K^G,K) 'G; 
(/-GjA^G.Kl'Gj 


It is assumed that atom p in the system 5, is bonded to atom q in the system S 2 - 
Let the resonance parameter for the bond be k. The elements of K are then 




With this matrix we obtain 


(I - G. KG,#!’')., = - iGX(G2)„»jpk^ ■ 


This matrix is inverted by partitioning [3]; 


Hence 


Ul-G KG ^ -I- — 

((/ G,KG2K ) i_k^G,)„{G2)„- 

' G KG K^)~^G i — tG t I ^ 


(5) 
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Analogously we find that 


and 




kHG2)i,( G2UG,),, 
1 -kHG,),,{G2)„ 


(G2K^(/-G,KG,K^)-‘G,),,= 


l-fc"(Ci)pr(C2)„ ■ 


( 6 ) 

(7) 


Application of Theorem 1 gives the differences in bond orders and electron 
densities between coupled and uncoupled systems. For instance, for the atoms 
of the system Si we obtain 


n-ii 


kHG iUGiUG2)^ 

i-kHGi)pp{G2U 


The total rt-encrgy difference is given by 


«c 


( 8 ) 


(9) 


Polymers 


Recurrence relations for obtaining the elements of the matrix G for polymers 
are easily derived from Eqs. (5-7). In the case of identical monomer units, explicit 
formulas may be derived. Assuming that 5| represents the monomer unit and S 2 
the polymer, we derive from Eq. (5) 


(c;2)j;""=(c,)„+ 




( 10 ) 


Here the same index q is used to label analogous positions in the monomer and 
n- and n + 1-mers. Using the notation 


e,= 1 -k^Gi)pp(Gj^ 

we have 

(II) 

where 

a=\-k^(Gi)pp{Gi)„ + kHGi)]p 

b^-kHGi)l,. 

This formula shows that Q, is given by a terminating continuous fraction 

b b b 


Q» = a + 


a+ a+ Qi 


( 12 ) 



192 


J.I. Kankare; 


Eq. (9) is now brought into a more amenable form. Performing integration by 
parts, we obtain 

J£ = - - ^ ln(l . (13) 

The energy change that occurs when one monomer unit is joined to an n — 1-mer 
IS obtained from 

A£•”>=- K § In(2,-,rf2. (14) 

occ 

Hence the total n-cnergy of a polymer composed of n identical monomer units 
is obtained from 

X = \ § Inll Q^dz. (15) 

m2 occ m * I 

From formula (11), it follows that 

,Qn 

R'l xQ. zQn ,=(af + ^)^„..,+a,/>, , 


M Q, = a^Qn « 

ft (M 1 

In these equations 

a, — a, h^ — h. 

"« = « ■«« 1 } . 

These simultaneous difference equations are transformed into a linear homoge¬ 
neous second-order difference equation 

+ 2= (16) 

The general solution of this equation is 

where r, and are solutions of the characteristic equation 

r^~ar-b = 0 

and Of and (I are coefficients determined by the initial conditions. In this case the 
initial conditions obviously lead to equations 

ar, -b^rj = a, 
a-f-^= 1. 
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Hence the solutions are 


a 


HI 




rt-r2 


h^ = b 


ri-rj ■ 


Thus we get 


n G« 


+ ^11-2 — 




(17) 


Then, on the strength of the fact that Qi=ri -l-rj —r,r 2 and h=-rir 2 , the 
expression for the total energy is 




L I ,n 
ni Zc 



(18) 


To obtain an explicit formula for the calculation of the electron densities, 
Eq. (S) is written as 


(G,)S?> = (G,),+ 


(G,)$, 

(G.U 



From Eq. (17) we derive 


O = r7(l-r2)->1(l-r,) 

r7-'(l-r2)-»1-’(I-r,) • 


(19) 


Hence the electron densities of the atoms of the terminal monomer unit in an 
n-mer are obtained from 




7tl 






'PP 


M(l-r2)-r-2(l-r,)] 


dz + iPi)]y 


( 20 ) 


where (Pj )jy denotes the electron density of the atom j in the isolated monomer 
unit. 


Numerical Calculation of Integrals 


Proper choice of the integration path is essential to simplify the calculation 
of the integrals. The contour must enclose the eigenvalues corresponding to the 
occupied orbitals of both the coupled system and the subsystems. In the case of 
alternant hydrocarbons and most of their heteroanalogues, the "Coulson contour”, 
i.e. the imaginary axis from + ooi to — ooi and the infinite semicircle to the right 
of the imaginary axis may be chosen. The integral taken over the infinite semi¬ 
circle has a constant value. For example, by the substitution z = iy, Eq. (8) becomes 


(dP0,j= -~ J 

*» or* 


I-fc='(G.U(G2)„ 


(21) 
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The explicit expressions for the elements of the G-matrices are obtained by dyadic 
expansion (3j. 

Extremely cumbersome algebraic formulas are obtained when an attempt is 
made to separate the real and imaginary parts of the integrands. Therefore, the 
evaluation of the integrals is most easily performed using complex arithmetics 
with a computer. On substituting y = x(l — the integration limits change 

to {“ 1,1) and we obtain generally 

‘ ] J{y)dy^ ' ni-.x^)'''^(l+y(x)^)/(y(x))/fx (22) 

^ - 1 . ^ -1 

t'hcbyshev-Gauss quadrature utilizing the fact that /(y) is an even function of y 
gives 


i( 

I 1 ' 


1 + tan^ 


2m-2i+ 1 
4m 


71 j /|tan 


2/77-27 +1 
4m 


77). 


(23) 


This quadrature formula proved to be numerically very stable and rapidly con¬ 
verging. 


Applications 

I he accuracy of the numerical integration was tested by applying Eq. (18) to 
the linear polyene CV(|Hh 2 - The total energy in this case is obtained from the 
explicit formula [4]: 

2.- -2 = 75.67619648. 

7t 

122 

Energy is expressed in units of /fo and assuming that ao = 0- The total 7t-energy 
was also computed using Eqs. (18) and (23) taking ethylene as the monomer unit. 
Approximate values of the energy at a number of integration abscissas arc 
shown in Table 1. We see that the convergence is fairly rapid. 

The .significance of Theorems 1 and 2 lies in the fact that they provide analytical 
cxprcs.sions for quantities otherwise derivable only by comparatively slow diag- 
onuli/.ation procedures. The rapidity of the numerical integration may be utilized 
in computing changes in, e.g., charges, bond orders, and total rr-energies by 


Table I. Numerical calculatKin of the total x-electron energy of the linear polyene C(^oH 62 


m 

£(3<l) 

1 

7.5.51 

2 

76.015 

4 

75.788 

8 

75.699 

16 

75.6785 

32 

75.67624 

64 

75.67619649 
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Eqs. (8) and (9) when two coupled systems are rotated about the connecting bond. 
Eqs. (18) and (20) are perhaps the First explicit expressions to be proposed for 
the calculation of Hiickel energies and charges of arbitrary linear finite polymers. 


References 

1. Coulson,C.A.: Proc. Cambridge Phil. Soc. 36, 201 (1940). 

2. Linderberg,!.: Cbem. Physics Letters S, 134 (1970). 

3. Faddeeva,V.N.; Computational methods of linear algebra, chapter 2. New York: Dover Pub¬ 
lications, Inc. 1959. 

4. CouUon,C. A.: Proc. Roy. Soc. (London) A 164, 383(1938). 

Dr. J.J. ICankare 
Department of Chemistry 
University of Turku 
Turku, Finland 



Theoret chim. Acta (Berl.) 25,196—199(1972) 
it) by Spnnger-Verlag 1972 
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A coiivenicnl Irigoiiomelric expression for the eigenfunctions and eigenvalues of 2 x 2 secular 
problems including overlap is presented 


1. IntroducticMi 

■Secular equations occur in many applications of quantum mechanics to the 
electronic structure of atoms and molecules. Using symmetry-adapted basis 
futictions, the secular determinant can often be factorised. The simplest non¬ 
trivial factor is a determinant with ju.st 2 rows and columns. The solution of this 
problem is simple and is given in many textbooks [1-3]. Since the formulae for 
the coefncienls (Lq. (5)) are somewhat awkward, it has become cu.stomary to use 
them in a more convenient trigonometric form [4]; which however is applicable 
only, if the two basis functions are orthogonal. 

For a nonorthogonal basis, which often is required by the nature of the 
physical problem, no such convenient expressions seem to be available in the 
literature. They arc therefore prc.scnted in this note. 


2. Secular Problem with Orthogonal Basis 

We collect here the pertinent formulae to facilitate a comparison with the 
results of the next section. 

I'he wave function is written as a linear combination of the two orthonormal 
basis functions 

V’ = ‘ l<f>l+t'2'/’2 • (1) 

Minimization of the energy expectation value with respect to c, and 

then leads to the secular equations 

— I"-) + 

‘■i«i* +‘-2(«22-£) = 0. 

From these we obtain the secular determinant 


M22-E 


= 0 


(3) 


with roots 


£,= i (//,, + W22I ± ^ ((«22 - l W+ IH12I' • 


(4) 
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The coefTicients are then obtained from Eq. (2) and the normalization condition 

ci + cl = i _ 

C. = {U {W 22 - W. ,)/2 /[(//„ - H, + 4 |H, , (5a) 

C 2 = ± T {H,, - H, ,)/2 VUHii- H, . (5b) 

The last two equations are somewhat awkward, especially if one does not wish 
to calculate the c,, but only wants to get an idea of their magnitude from quali¬ 
tative considerations. 

If we write the two solutions (1) in the trigonometric form 

I/). = cosO <Pi + sin0 (pj , (6a) 

V'+= sin0<P| —cos0(;(>2, (6b) 

then the normalization of i/)+ and yi_ as well as their orthogonality are auto¬ 
matically assured and a comparison with Eqs. (5a, b) leads to 

Csin2 0=-f/, 2 , (7a) 

Ccos2 0 = (H22-Hii)/ 2. (7b) 

2C = /(7^2. (7c) 

from which the angle parameter 6 can be determined. The two energies (4) are 
now 

£±=T(«.1+W22)±t-. (8) 

The following points are useful for qualitative discussions of the solution (6a, b): 

(a) We will assume that the basis functions (p, are real and that v >2 has the 
higher energy (i.e. H 22 ^ H,,, H, 2 real). 

(b) 0 is then real and its sign is opposite to that of //] 2 . For H, 2 negative - the 
usual case in quantum chemistry - the wave function rp. with the lower energy 
is an in-phase-combination and v’+ an out-of-phase combination of the two 
basis functions. For positive 2 the situation is reserved. 

(c) It follows from (7a, b) that for nondegencrate states (H,, < H 22 ) the angle 
|y| < 45 . This means that in the “lower" solution <pi and in the “higher" solution 
(f >2 makes the larger contribution. For degenerate states (//,, = 7 / 22 ) <7 = 45' and 
both solutions are 50—50-mixtures of <p, and ipj- 


3. Secular Problem with Non-Orthogonal Basis 

Corresponding to Eqs. (2)- (4) wc now have 

f,(//,,-£) + C2{//,2-S,2£) = 0 

Cl(Wl*2 - Sfj £) + f2(//22 - £) = 0, 

Hix — E 7/,2 —Si2£ _ 

H,*2-Sf2£ H22-E 

£± = Y -c 2 ' ("i. + 7/22- 2 S,2//,2) 

i —3 i2 

±l/((Hi 1 -b7/22- 2 S,2 H, 2 )l 2 f-^{\-'W 2 ) (W2• W22)} • 


( 4 ') 



I9fl 


W. A. Bingel; 



I !(;. I KclutKin hclwccii husis functions <Pi,<Pi and wave functions if , ti\ in a 2-dinicnsional vector 
space Note that for both orthogonal and non-orthogonul basis functions v’* obtained from v 

by changing U to 0- 90' 


I lie I'.qs. (5') for the cocITicicnls are even more cumbersome and will therefore 
not be given. 

I he derivation of the trigonometric solution will only be sketched, since it 
is the final result only that is of interest. 

The generalisation of fqs. (6a, b) turns out to be (cf. Fig. 1) 


i/t. =(sin(ot-(/|i/), +sin(/(/> 2 )/sina, 


(6a'| 


where 


(p^ = (cos(a-(/)(/>,-cos 0 (/) 2 )/sin a 
.S ,2 = cosa. 


16b') 


1 o obtain the equations for the angle parameter 0 corresponding to (7a, b) 
the following procedure different from that of Sect. 2 was found more convenient. 
One calculates the energy expcction value with t/i. of (6a') and puls its derivative 
with respect to 0 equal to zero. This procedure leads to 

O sin 2 () ~ sin oc (f/| j cos oc — W,2). (7a') 

rc4)s2 0 = cosa(/f, ,cosa— Hjj) + i (W 22 — Wj 1 ) (7 b') 

f' = ^' {(I - Sf 2 ) (H,, S, 2 - H, 2 )" + ((2 - H.. )/2 + H.. Sf, 2 F}. 

The energy expression (4') now becomes 

= [2 (H,, + H22)— /i,2Cosa±C]/sin^a. (8') 

The.se results can be checked by putting a = 90i.e. 5 ,2 = 0 when the corresponding 
results of Sect. 2 are recovered. 

The following points should be noted in using the trigonometric solution 
(6a', b'); 

(a') With the assumptions of (a) of Sect. 2 we note, that we can choose the 
basis functions such that S, 2 ^ 0. leading to 0 < a g y . 

(b') (7 is again real and from Eq. (7 a') its sign is the same as that of £f, 1 cosa—//j 2 - 
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(c') We Still have the limitation |d|^45°; the contributions of <pi and (p 2 to 
\p^ and \p_ for the nondegenerate case are given by the trigonometric ratios in 
Eqs. (6a’, b’). For the degenerate case (H, , = i/ 22 )- we obtain from Eqs. (7a', b’), 
that 0 = a/2 <45°. In this case, Eqs. (6a', b') simplify to 

V>- = (ip, + <>>2)/1/2(I + Si2 ) 

V’+ = (V*! - 1 - Sj 2 ) 

and (8') becomes 


a wellknown result 


c _ 

* "1T5i2‘ 
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I o smiiiliilc the charge distorlion in the formation of a molecule from the .separated atoms, a set 
III concentric s-type ('iuussiun functions is placed on the internuclear axis in addition to the .s-lypc 
aloinic basis functions to construct the molecular orbital for the one valence-electron sy.stcms Hj , l.ij 
and l.ill '. I Ins simple model givc-s 90 1 75,211. and 61.7'!., respectively, of the improvement over 

miiiiinul basis relative to I lartrce-l-'ock energies. 


1. Introduction 

Uased on the simple I.C'AO-MO approximation, the one-cIcctron wavefunc- 
lion for a diatomic molecule can be written as 

where </i„ and (f>^ arc the atomic basis functions. The charge density will have three 
contributions: two atomic eontributioas, and and the interatomic inter¬ 
ference term This interference term is often called the overlap charge [1], 

I'Or Hi, it has the spheroidal form e jj maximum along the line 

joining the two nuclei, falling off as one goes away from the line. Since the total 
charge density is conserved, a buildup of the overlap charge in the bonding region 
implies a corresponding deletion of the atomic charges. In other words, the total 
charge has been distorted from the atomic region to the internuclear region. This 
charge distortion is an essential feature of the chemical bonding which can be 
shown even by a wavefunction approximated with the minimum basis functions. 
A calculation with a more extensive ba.sis function set is better able to de.scribe 
the charge distortion. For example, in the calculation [2], an .s orbital and 
/) orbital can mix to give direct atomic charge distortion in addition to the overlap 
charge. The purpose of the present study is to lest a more economical way to 
represent the charge distortion. Instead of mixing the s atomic orbital with atomic 
orbitals of higher quantum number, the p, d and / orbitals, we adopt a set of 
concentric Gaussian .s-type functions centered along the bond axis to simulate the 
charge distortion. In view of the reasonable validity of the united atom model [3], 
we expect the present “one-center” .s-type orbitals to be effective basis functions 
complementary to the minimum atomic basis functions for the molecular wave- 
function. especially those for the valence-electron part. In the present study, this 
model has been tested on systems containing one valence-electron, such as Hi. 
Li 2 *^ and LiH *. where there is a strong atomic charge distortion due to charge- 

* Supported in part by a research gram to Rice University from the Robert A. Welch Foundation 
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induced dipole. However, this model can easily be generalized to include the 
electron-pair bond and polyatomic molecule. For these, a similar model has been 
proposed recently by Rothenberg and Schaefer [4]. A calculation on the closed 
shell system CH 4 was first performed using a small basis set containing only s, p or¬ 
bitals on carbon and s orbital on hydrogen atoms. Then, by placing two s-type 
Gaussian functions with identical exponents along each C-H bond axis, they 
obtained about 60% of the energy improvement that was obtained by extending 
the basis set to include d orbitals on the carbon atom and p orbitals on the 
hydrogen atoms. 


2. Calculation 

The results reported in this paper were obtained using the MOLE Quantum 
Chemistry System [5]. This is a general purpose program for quantum-mechanical 
calculation of the electronic structure and electronic energy of moleeules. The 
atomic basis sets used in this work are the grouped Gaussian orbitals suggested 
by Whitten [ 6 ]. For hydrogen the basis orbital is the five term l.s-. For lithium 
the .s-type basis orbitals are the four term Is, three term 2s, and three term 3s 
grouped orbitals. A set of three rather diffuse concentric .s-type Gaussian func¬ 
tions are used as the bond function.s. Thus, the molecular orbital is a linear com¬ 
bination of the atomic basis functions and the bond functions. 

V’j = Z + Z + Z . (1) 

j ( I 

The first two terms are summed over atomic functions and the third term is 
summed over the bond functions. The Roothaan's restricted open shell SCF 
method [7] is used. For convenience in choosing the value of the orbital ex¬ 
ponent a,, it is helpful to replace the orbital exponent «j in Eq. (1) by 

aj= 1/pf. 

The parameter p, has dimension of length and may be called an “orbital radius” 
[ 8 ]. It has the simple interpretation that the sphere of this radium contains about 
74 % of the orbital electron density. Thus, a reasonable way to choose a set of bond 
functions is to select values of p, such that they are of the same order of magnitude 
as the size of the molecule. 

At the beginning, several trial sets of bond functions were combined with 
atomic basis sets for the calculation. Each set of bond functions con.sists of five 
concentric bond functions with smoothly increasing exponents. From these we 
choose a set such that the magnitudes of the SCF coefficients show a rough 
Gaussian distribution. For example, the set chosen for Hj has exponents 2.0, 1.0. 
0.5, 0.1 and 0.05. Their magnitudes of coefficients from SCF results are 0.014, 
0.084, 0.099, 0.325 and 0.030, respectively. This procedure reduces the possibility 
that we may miss important basis functions in the function selection, since basis 
functions whose exponents lie outside the prescribed range will have negligible 
8 CF coefficients following the Gaussian distribution, while basis functions whose 
exponents lie inside the prescribed range are redundant functions, i.e. they have 
too big an overlap with the chosen functions. Subsequently, these five functions 
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7 able I. Results of total energy and valence orbital for H^, Ltj and UH*. (Calculation (A} uses five 
bond functions, (B) uses three bond functions, and R is the bond function to proton distance. For 
and Lij • ^”<1 funtlions are at middle of the two nuclei) 



{R. 

iA) 

= 2.0 a. u.) 

Li* (/?.«. 5051) 

M) 7B) 

i^O.9 " 

= 3.014) 

R = 1.3 

I'H 

U.64X 

0.650 



0.911 

0.940 

0.965 

1',, 



-0.198 

-0.199 

-0.114 

-0.118 

-0.121 




0.157 

0.1.50 

0.066 

0.081 

0.102 

S(7 2.(K)) 

0.014 







sll l.(X)| 

0.0K4 

0.051 

-0.031 

- 




= O-SO) 

0.OIW 

0.127 

0.093 

0.046 

0.134 

0.125 

0.166 

0 10) 

- 0,.125 

- 0..162 

0.591 

0.635 

0.060 

0.048 

0.040 

sit - 0.0.S| 

- 0,0.10 

- 

0.178 

0.I5I 

-0.149 

-0.166 

-0.189 

sit - 0.01) 



-0.019 

- 




E 

0.5<)7<)2 

0.5977S 

I4.7(XX)6 

14.69976 

7.72408 

7.72427 

7.72414 



0.60262 ■ 


14.70971’' 


7.72943* 



* Sec Ref |‘>1 See Ref. [ lOJ. ‘ See Ref. [II]. 


arc truncated to three functions by deleting the two functions with smallest and 
largest exponents. The lo.ss in energy that results from this procedure is essentially 
negligible, O.I4x 10 ^a.u. for Hj and 0.30x 10"^a.u. for Lij*^. The remaining 
three functions have orbital radii comparable in size to the internuclear distance. 
For example, three functions for with exponents 1.0, 0.5 and O.I have cor¬ 
responding values of orbital radii 1.0, 1.4 and 3.1 comparable with the inter¬ 
nuclear distance 2.0 a.u. By the same procedure, a set of functions with more 
diffused exponents 0.5, 0.1 and 0.05 are obtained for the Lij . Their orbital radii 
1.4, 3.1 and 4.5 are to be compared with the internuclear distance 5 a.u. for Lij. 
I'hc same set of functions has been used for the LiH^ system with three different 
po.sitions along the H-Li axis: 0.9, 1.1 and 1.3 a.u. from the proton. The difference 
in their energies is less than 0.2 x 10 ' a.u. 


3. Discussion 

The final results are shown in Table I and 2. From the reported data and 
several other numerical experiments, the conclusions we shall draw are: 

(1) The energy improvement is insensitive to the choice of the set of bond 
function exponents as long as the whole set of orbital radii are complete enough 
to be able to cover the molecule. For the heternuclear diatomic molecule LiH'^, 
the choice of the center for the bond function is not critical. The change in energies 
is less than 0.2 x 10" ^ a.u. for the three values of bond function - proton distance: 
0.9,1.1 and 1.3 a.u. This is probably due to the fact that the variation of each linear 
coefficient of the bond functions can compiensate for the improper choice of the 
function center to a large extent. 

(2) As shown in Table 2, the improvement in the energy resulting from this 
type of bond function is more important than the splitting of the atomic grouped 
Gaussian function which provides the additional flexibility. Splitting the single 
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Table 2. Comparison of the calculation with Gaussian basis and slater basis for « 2.0 a.u.) 


Gaussian basis 

~E 

Slater basis* 

-E 

Is (5) 

0.55373 

s(«-1.0) 

0.55377'’ 

l.s(4,l) 

0.59047 

s 

0.58651* 

Is (3.1.1) 

0.59049 

s + p 

0.59980' 

Is (S) -1- bond function 

0.59778 

s + p + d 

0.60183* 


• See Ref. [2]. 

Slater exponent is frozen at unity. 

Slater exponents are scaled to minimize the energies. 


Table 3. Comparison of various types of bond function for and Li]. (Cases a, b and c use a set of 
concentric bond function; cases d, e and / use two sets of bond functions placed at 1/3 and 2/3 along 

bond distance) 


Case Number of % of the energy improvement over 

bond function* minimum basis relative to Hartree-Fock 
HJ Li]' 


a 

3 

90.1 

15.2 

h 

2 

88.5 

73.1 

c 

I 

69.3 

73.1 

d 

(3.3) 

90.6 

70.0 

e 

(2,2) 

87.8 

67.8 

j 

(LI) 

70.2 

67.7 


* The set of bond functions used here arc those in Tabic I with leading magnitudes of linear coef¬ 
ficients. The coefficients of bond functions arc subjected to variation for each case here. 


group of 1.S' orbitals with five Gaussian functions (denoted as Is (5)) into two 
groufw or three groups (denoted as Is (4,1) or l.s (3,1,1)), gives an energy improve¬ 
ment of about 0.037 a.u. as compared with the value 0.044 a.u. by the present 
bond function method. The latter obtains 92 % of the 0.048 a.u. improvement 
made by a rather accurate calculation with distorted atomic orbitals [2] where 
the s orbital is mixed with p and d orbitals with scaled Slater exponents. For the 
systems Lij and LiH^, the present energies can reach 99.93% of the values 
calculated with extensive Slater-type atomic basis sets by Cade and Huo. 

(3) For , the number of bond-functions reduces from three to two, the 
energies improvement drops slightly, from 90.1-88.5% as shown in Table 3. 
However, one bond-function gives only 69.3 % improvement. For Li^, the energy 
improvement is rather insensitive to the number of bond functions. Furthermore, 
the concentric type of bond functions are compared with the new model where 
two sets of bond functions placed 1/3 and 2/3 along the intemuclear distance. 
This model gives practically no improvement over former as shown in Table 3, 
case d, e and /. We shall conclude that the set of three concentric bond functions 
may be the optimal choice on account of the balance between effectiveness and 
economy. 

The author is grateful to Professor E. F. Hayes for his interest in this work. 
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The electrostatic potential derived from a solution to the molecular Thomas-Fermi-Dirac equation 
for F] is combined with the exchange potential and modified to give the correct behavior far from the 
nuclei. One-cicetron energy levels in this potential are calculated and arc in qualitative agreement 
with SCF orbital energies. Similar compulations are carried through for F and Ar, which correspond 
to the separated and united atoms for F^. To compensate for errors in the potential, we subtract from 
molecular orbital energies the diflcrcnce of TFD and SCF orbital energies for the separated atoms. 
Now all the orbital energies are correct to a few electron volts. 

Das clektrostatische Potential, das sich fur Fi aus dcr Thomas-Fermi-Dirac Theorie ergibt, wird 
mit dem Austau.schpotential kombiniert und so modifizicrt, dal) sich das richtige Verhalten in Kernnahc 
ergibt. Die berechneten F.inulcktronencncrgicn sind in qualitativer Ohereinstimmung mit SCF- 
Werten. Analoge Rcchnungcn fur f' und At warden auttgeruhrl und als GrenzTiillc Fur Korrekturen 
verwendet. Dann ergeben sich alle Orbitaicnergien bis auf wenige cV richtig. 


1. Introduction 

The Thomas-Fermi-Dirac theory [I] gives a relation between electron density 
and electrostatic potential which, coupled with the Poisson equation, yields a 
difTcrential equation from which either of these two quantities may be determined. 
This provides a simple route to approximate electron densities for many-electron 
systems, such as atoms and molecules. However, it appears [2] that the densities 
are not sufficiently accurate for many molecular properties, whose values are 
differences between nuclear and electronic contributions. 

One may also consider using the results given by the theory for the potential 
.seen by an electron at any point within the system. One can calculate the energy 
levels and wavefunctions of a single electron in this potential, and build up the 
atomic or molecular wavefunction from these. The energies arc first approxima¬ 
tions to the one-electron eigenvalues of the Hartree-Fock equations. By Koopman's 
Theorem, these approximate to ionization potentials, while differences between 
them may be related to the energies of electronic transitions [3]. For molecules, 
the variation of these energies with nuclear configuration is used to predict 
equilibrium nuclear positions and potential constants [4, 5]. 

In this article, we report the one-electron eigenvalues for diatomic fluorine 
near its equilibrium internuclear distance, using a potential derived from the 
solution to the Thomas-Fermi-Dirac equation. A number of calculations of this 
kind have been made in the past for atoms [1], but to our knowledge there is 

* Supported by the National Science Foundation under Grant GP-20718. 
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only one for a molecule; Recknagel [6] in 1934, considered the term values of 
Nj and using the Thomas-Fermi potential for the neutral homonuclear 
diatomic system of 13 electrons plus the Coulombic potential of two nuclei of 
charge { e. The energies of the lowest terms of and some excited terms of 
relative to ground state Nj were calculated from differences of orbital energies 
(correcting for the change of equilibrium internuclear distance in the first case) 
and proved accurate to T 2eV. 

The most complete tabulation of atomic results, for both the T-F and TFD 
fields, was given by Latter [7], Unfortunately, he used an approximation to the 
I'M) potential which means his eigenvalues are significantly changed. More 
recent workers fH] also used approximate potentials. An exception is Yonei [9], 
who treated K and Cs with a potential derived from a TFD calculation in which 
a Wei/siieker correction [I] (x 0.2) was used. Results were quite good for energies, 
and fair for calculated oscillator strength.s. For the valence electron, a complicated 
modification of the exchange potential improved the results. 

The computations arc described in the next section. The results are discussed 
in Sect. 3. In Sect. 4, we investigate the use of atomic results to correct the 
molecular eigenenergies for the defects of the potential. The calculated atomic 
energy levels in the Thomas-Fermi-Dirac potential by Latter could not be used 
because of the approximations he introduced, and we have had to recalculate 
the results for atomic systems. Sect. 5 summari/:es our conclusions. 

2. Method of Calculation 

The approximate solution of the Thomas-Fermi-Dirac equation for a homo- 
nuclear diatomic molecule, obtained by a relaxation method discussed and used 
by Sheldon flO], has been used [2] to generate approximate electron densities 
for several homonuclear diatomic systems. In terms of the function u used in 
those computation.s, the potential at some point in space r is given by: 

V = u^(Rin^) '-02n^) K ( 1 ) 

Here. R is the internuclear distance and = ‘ + fn‘, and being the 

distances to nuclei A and B. Atomic units are used (e = fi = m = 1), with the charge 
on the electron taken as — 1. 

It has been shown for many quantum mechanical calculations [11] that the 
exchange energy may be represented as the interaction of the electron density c 
with an exchange potential (3/2) (3/7t)*e'. This is added to V. Expressing g in terms 
of the function u gives for the total potential 

r= F-t-(3/4ir^)[l + M(K/?)'‘]. (2) 

The exchange potential is set equal to zero outside the boundary of the system, 
where the electron density drops discontinuously to zero. Since V docs not 
approach a Coulombic potential as one goes far away from the nuclei, as it 
should. Latter suggested for atoms [7] that V’ be used whenever it is greater 
than r~ ’ and that V be replaced by r~ * when it drops below this. For the diatomic 
molecule, we maintain the expected shape of the problem by replacing V by 
^ ‘ at all points in space where it goes below this quantity. It turns out that 
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replacing ^ ~' by ro Tq being the distance from the molecular midpoint, changes 
our results little. 

The equation which gives the eigenvalues is 


— ^F^y)—V’ip = £tf (3) 

and is treated by linea: variation. The matrix elements are evaluated numerically, 
using crossed Gaussian quadrature formulas, over the two-dimensional grid of 
points used to determine u, extended to larger and smaller distances from the 
nuclei. Outside the boundary of the molecule, the potential is simply Coulombic, 
V = Close to the nuclei, where the molecular potential for is essentially 
that of the F atom, we use the atomic function v’ as a series in r* to compute V 
and add the corresponding exchange potential. The coordinates used [2] are ^ 
and ;;; if if is thought of as giving the distance from the nuclei and hence replacing 
r for a one-center system, ij may be considered as giving angular position. Errors 
in the resulting eigenvalues could be due to numerical inaccuracies or to in- 
sufnciently flexible basis sets. The latter will make all the eigenvalues too high, 
according to the linear variational principle. The former probably would make 
them too low, since the use of sums for integrals is a removal of some restrictions 
on the trial function. The estimation of the overall error is discussed below. 

It was thought originally that a reasonable and convenient set of basis functions 
would be 

= (4) 

ij and k positive integers, at a parameter to be determined) for orbitals, with 
multiplication by suitable factors of c**, x, and r (distances from the midplane 
and from the symmetry axis) for orbitals of other symmetries. This turns out not 
to be so, because of the properties of the coordinate system, which can only be 
characterized as pathological. Sheldon [10] shows that the Laplacian of a q>- 
independent function / at the molecular midpoint (f = ], rj = 0) is given by 

where (df/di)± is the derivative for f = i±s,£->0. Thus any function which is 
continuous in f at this point has a zero kinetic energy here - an unnecessary 
restriction on the trial function. We decided to use the usual basis functions for 
the homonuclear diatomic problem. 

For orbitals, 

(5) 

with m, an integer, n, an even integer, and a to be determined. Here, X and n are 
the confocal ellipsoidal coordinates, 

^ = + li = (r^-r^)/R, ( 6 ) 

where and rg are distances to the nuclei A and B and R is the internuclear 
distance. For orbitals, (S) was used with odd. For n, orbitals, we used 

X, = A"‘ /i*' e -" V"” [{>1* -1) (1 - M^)]* 


15* 


(7) 
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Tabic I. T.igenvalues in a two-ccnter coulombic potential 


Symmciry 

spvcics 

Our calculation 
«b.M -£(a.u.) 

Exact* 

-da.u.) 

<’h 

0 92 

0.9664 

0.9619 

”, 

0.91 

0.3327 

0.3308 

”, 

0.95 

0.2493 

0.2494 

”, 

0.77 

0.1674 

0.1670 

a. 

1.22 

0.7020 

0.6966 


0.74 

0.2551 

0.2549 

”, 

0.60 

0.1384 

0.1364 

”, 

0.60 

0.1330 

0.1280 


1.2.1 

0.3994 

0.3993 


0 77 

0.1943 



0.91 

0.2299 

0.2289 

”, 

0 79 

0.1335 


leitc". D.K . 1 .cilshain.K , Sicwart.A.I. : Philus. Tran.s. Roy. Soc. (London) A246, 215 (195.t). 


with n, tKld; for it^ orbitals, we used (7) with n, even. Twelve basis functions were 
used initially in all the calculations reported here. In most cases, near linear 
dependencies reduced this number to nine or ten. For each eigenvalue, a series 
of calculations were made with different values of a until the energy as a function 
of a pas.scd through a minimum. Three values were fitted to a parabola to determine 
the best a. All calculations were programmed in Fortran for the IBM 360. 

In order to assess the accuracy of the calculation, we evaluated eigenvalues 
in the coulombic potential 

at an internuclear distance of 2.68 The energies of many of the states of this 
system, the molecular ion, are known from exact calculations. In Tabic I 
we give our results and compare with the exact values. It may be seen that our 
energies are correct to better than 0.01 a.u. 


3. Results for F, 

For F 2 at an internuclear distance of 2.68 the same calculations were 
curried through, with results given in Table 2. We have also given the orbital 
energies from a matrix Hartree-Fock calculation. Atomic units (1 a.u. = 27.21 eV) 
are used for energies throughout. At the outset, we note that there is qualitative 
agreement for all the orbital energies. 

The inner-shell energies are 1 a.u. too high, due to the fact that the Thomas- 
Fcrmi-Dirac model gives too high an electron density near the nuclei (at the 
nucleus the density is actually predicted to be infinite) so that V does not rise 
as rapidly as it should as one approaches a nucleus (the exchange potential is 
of minor importance here). For the energies of about - 1 a.u.. which include the 
highest filled levels, our results are several tenths of an a.u. too low. For the energies 
between these groups, the agreement with SCF is good. 
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Table 2. Orbital energies for Fj 


Orbital 


E(a.u.) 

E(a.u.) from SCF* 

I ffg 

11.9 

-25.33 

-26.423 

2 0g 

5.4 

- 1.828 

- 1.757 

3 a. 

4.2 

- 1.091 

- 0.746 

i 

11.2 

-25.36 

-26.422 

2 IT, 

5.4 

- 1.573 

- 1.495 

3 IT, 

4.4 

- 0.791 

— 

1 K, 

5.2 

- 1.083 

- 0.805 

1 ff. 

5.3 

- 0.943 

- 0.663 


" Wahl.A.C'.: i. chem. Phy.sics4l. 2600(1964). 


The order of the energy levels, 

l<Tg= l<j^<2ffg<2<T,<3<T^< ln^< ln„<3CT, 

is almost correct: In, should actually be slightly below 3(7,. The difference of 
energies for 1(7, and Irr^ (the former should actually lie slightly lower) we take 
as an indication of the maximum numerical error in our calculation. These 
wavefunctions vary more rapidly in space than those for • The experimental 
ionization potential is 0.599 a.u., which is in much better agreement with the SCF 
orbital energy for the highest occupied orbital (0.663 a.u.) than that from the 
TFD potential (0.943 a.u.). On the other hand, the error in all the higher orbital 
energies is roughly the same, so differences in these quantities, which may be 
related to spectra, are close to SCF values: 

= «• >4 a.u. (TFD), 0,14 a.u. (SCF) 

«u„-': 3 «, = 0.01 a.u. (TFD), -0.05 a.u. (SCF) 
fi, = 0.49 a.u. (TFD), 0.69 a.u. (SCF) 

and so on. 

The predicted electron affinity is the negative of the energy of the lowest 
unoccupied orbital, — =0.79 a.u., and is undoubtedly at least three tenths of 

an atomic unit too high, but the energy of the lowest energy one-electron transition, 
= 0.15a.u., should be much closer to the correct result. [Actually (see 
below) the errors in a and n orbitals probably do not eancel as well as those between 
two <7 orbitals or two n orbitals.] The experimental value for F^ is not available, 
but, if we extrapolate results for I^, Brj, and Clj from Herzberg, we may estimate 
a frequency of 20 x 10^ cm*‘ which corresponds to 0.09 a.u. 

While a log-log plot of TFD orbital energies vs. SCF orbital energies doesn't 
look bad, it must be admitted that agreement is not good enough to be considered 
quantitative. The poblem now becomes correction of the defects in the potential 
which led to the inaccuracies. The problem close to the nucleus seems relatively 
easy to correct [12], but the incorrect behavior of the higher energies seems less 
so. It may be, however, that the problems with the potential are common to both 
atoms and molecules. For atoms, SCF calculations are readily available, while 
TFD calculations are easily performed. For large molecules, only the latter may 
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be possible. If the molecular orbitals can be correlated with atomic orbitals, 
corrections derived from the atomic work can be applied to the molecular energies. 
Such correlations are of course part of every quantum chemist's education. As 
i.s shown below, this leads to a great improvement in predicted orbital energies. 


4. Atomic Calculations 


Latter [7] gives an extensive tabulation of “Atomic Energy Levels for the 
Thomas-Fcrmi and Thomas-Fermi-Dirac Potential”. However, he replaced the 
TFD potential, which must be calculated separately for each atom, by an ap¬ 
proximate universal potential, its deviation from the correct potential, it is stated, 
is less than five per cent for Z>5. This is too large for our purposes. As we will 
.see below, the changes in orbital energies due to this approximation are tenths of 
atomic units. It was thus necessary to compute energies for the true TFD potential 
for .several atoms. 

I he differential equation for the radial part of an atomic wavefunction of 
orbital angular momentum I is 




+ 


Imt; 


2f^F(r) 


V) = 0 


( 8 ) 


where v’ is the radial wavefunction multiplied by r. U.sing the fact that v^(0) = (), 
we may substitute for (8) the integral equation 


V'(r) = rv’'(0)-J(r-r') 


2mr. 


4" r(o+ 


VHr')dr'. 


(9) 


.Since ^ goes as r*' ' as r approaches 0, v)'(O) is 0 except for s states. The overall 
normalization of y is irrelevant for our purposes. As did Latter, we solve (9) as 
a difference equation, using equal spacing in rL We evaluate all integrals using a 
Newton-C’otes five-point rule. The orbital energy r. is determined, generally to 
0.01 a.u., by integrating outward from r = 0 for successive trial values of r. until 
we obtain one too high and one too low, as judged by following the behavior of 
the functions for large r. The computations were carried out using the A PL 
system of the 360 computer. 

We first verified the accuracy of our procedure and choice of spacing of points 
by calculating energies for the F atom in Latter's approximate potential. Latter 
used different integration formulas in his work. Then we solved the TFD equation 
for this atom and determined energy levels in the correct potential (the TFD 
potential corrected for exchange and proper asymptotic behavior as in the previous 
section). Results are given in Table 3. It is seen that our energies agree with those 
given by Latter for his potential. 

It is also seen that there are substantial differences between the energies in 
the two potentials. For the Ls. the TFD result is 1 a.u. closer to the SCF result 
than Latter’s; for the 2s and 2p, there is a difference of 0.1 a.u. in the other direc¬ 
tion. It may also be interesting to note that Herman and Skillman [13], performing 
SCF calculations with the exchange term replaced by a local potential propor¬ 
tional to p*. obtained -25.27. —1.318 and -0.625 a.u. for the orbital energies. 
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Table 3. One-electron energies for fluorine atonu 


Orbital 

Latter* 

Energy (a.u.) 
Latter pot. '* 

TFD pot. 

SCF' 

U 

-24.18*' 

-24.25 

-25.38 

-26.383 

2s 

- 1.541 

- 1.55 

- 1.65 

- 1.573 

2p 

- 0.858 

- 0.857 

- 0.96 

- 0.730 


* Utter.R.; Physic. Rev. 99, 510(1955). 

Calculated with our programs using Latter's approximate potential. 

' Clementi.E., Roothaan.C.C.J., Yoshimine,M.: Physic. Rev. 127, 1618 (1962). 
*' Not given by Latter; interpolated from his Table using —e = kZ’. 


Table 4. One-electron energies for argon atom (a.u.) 


Orbital 

e, TFD pot. 

c. SCF pot.* 

2p 

-9.31 

-9.58 

ys 

-1.08 

-1.28 

3p 

-0.62 

-0.59 

3d 

-0.061 

— 


• Czyzak.S.J.; Astrophysic. J. Supp. 7, 53 (1962). 


The TFD results are thus about as good (in the sense of approximating the SCF 
results) as these. In addition to the F atom, which represents the separated atoms 
for the Fj molecule, we also want to consider the atom formed by Fj when the 
internuclear distance approaches zero (united atom). Argon. Some energy levels 
calculated in the TFD potential for this atom are given in Table 4, and compared 
with SCF results. 

The correlations of the molecular orbitals with orbitals of the united atom 
and separated atoms are easily obtained and are given in many sources [14]. 
It must be decided, for each orbital, whether the united atom or separated atom 
limit is more relevant. For the inner shell orbitals la, and 1(7^, there is little problem. 
When R is near the equilibrium internuclear distance these are essentially un¬ 
affected by the binding process. This is shown by comparing orbital energies for 
the molecule and the atoms, from the SCF or TFD calculations. The orbitals are 
1 -'a± 1‘5|„ a and B denoting the two atoms, and the lack of substantial overlap 
between the atomic orbitals makes and close to equal. Of course, if the 
TFD results of Table 1 are correct^ by addition of —1.00 a.u., the difference 
between SCF and TFD energies for the F Is orbitals, we obtain approximately 
correct energies for the 1<7, and 1 <t, orbitals: E|,, = £i,„ = —26.35. We have used 
the average. The last figure may be in error by several units, as indicated by 
being 0.03 a.u. lower than in the TFD results. 

The remaining molecular orbitals correlate with the 2s and 2p orbitals of the 
separated atoms, and with 2s, 2p, 3s, 3p, 3d and 4s of the united atom. In general, 
one expects that the orbitals of lower energy, which are less diffuse, are more closely 
related to the separated atom limit, and the higher energy orbitals closer to the 
united atom. The orbital energies provide some guidance here. Thus, 2a^ correlates 
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Table 5. Corrected orbital energies 

Orbital AO used for comparison Corrected c(a.u.) 




F l .s 

-26.36 


2.. 


F2.S 

- 1.75 




F 2p. Ar 3.^ 

- 0.86, 

- 1.29 

1/7^ 


F Is 

-26.35 




F 2.\, Ar ip 

- 1.49, 

- 1..S4 



F 2p 

- 0.56 


In. 


i-2p 

- 0.85 




F2p 

- 0.71 



'1 able 6 iont/alion potentials for F'^ (cV) 

Orbital energies 

Stale 1 his work. This work, 

iinciirrected corrected 

Hartrcc-F'ock 

calculation 

Kxpcrimental" 

loni/'.ation 

potential 


‘II. 

25 7 

19.3 

IK.O 

1.5.63 eV 

3 * 

29.7 

2V4 

20.3 

17.35 eV 

‘11. 

29 5 

23 1 

21.9 

18.46cV 


" I 'roNl,I) (McDowell.('.A , Vroom,D A.: J. chem. I’hysie.s 46. 4255 (l%7). 


with the [•' 2.S orbitals and the Ar 2s orbital. The energy of the latter is much too 
low. so ): 2 „^ is corrected using the F results: 

t (- 1.57 + 1.65)= - 1.75 . 

Similarly. l7t„ has energy much closer to the separated atom limit '■2p- -0.96 
than the united atom limit = - 9.31. so its energy is corrected by addition of 
(—0.73 + 0.96) to give -0.S5. It has been noted [15] that the highest filled n, 
and 7t, orbitals resemble the separated atoms in the halogen molecules. 

For i; there is some ambiguity. The energy of — 1.09 is fairly close to the 
separated atom -0.96 but even clo.ser to the united atom — 108. The 
former gives a correction of +0.23 and the latter a correction of —0.20. so only 
the former gives a satisfactory result. Both are included in Table 5. Except for 
the case just mentioned, we agree with the Hartree-F'oek orbital energies to 0.08 
a.u. or better. It is interesting that Recknagel [6]. discussing his results for Nj, 
noted that certain orbitals resembled orbitals of the united atom, but not the 
orbitals with which they supposedly correlate. Forinstance, his 3 it^ MO resembled 
the united atom 2.s’ rather than the 3.s. 

If we agree to use the corrections derived from separated atoms throughout, 
we may predict ionization potentials for Fj going to several states of Fj . These 
may be compared with experimental results from photoelectron spectroscopy [16]. 
In Table 6 we give our results (orbital energies) without the atomic correction and 
with correction, the SCF results, and the experimental ionization potentials, in 
electron volts. The errors in the corrected values are about 30%, compared to 
errors of about half this for the SCF results. 
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As we have mentioned, orbital energies are used to predict nuclear configura¬ 
tions and related properties when total energies are not readily available [4]. 
The binding energy would be calculated as Zc, (separated atoms) — Xe, (molecule), 
the sums in each case running over occupied orbitals. When SCF calculations 
are treated this way, it may be shown [5] that the binding energy (B.E.) will be 
increased by 2 (B.E.) —XZb^(B.E.)/5Zb over the difTerence of total energies. 
The sum here is over the nuclei in the molecule, and the partial derivatives are 
small according to the isoelectronic principle. The difference of TFD orbital 
energies (atoms minus molecule) is 0.75 a.u.; the difference of SCF orbital energies 
is 0.43 a.u. The correct binding energy is 0.062 a.u. 


S. Summary and Conclusions 

Orbital energies for the Fj molecule were calculated using the TFD potential 

plus an exchange potential, with the overall potential replaced by -1- ] 

\ '’a '"b / 

when it dropped below this. This modification assures the correct boundary 
condition at large distances from the nuclei. The orbital energies were in quali¬ 
tative agreement with SCF values. When they arc corrected by comparing atomic 
eigenvalues for the F atom calculated by SCF with those calculated using the 
TFD potential, all the eigenvalues agree to about 1/20 a.u. 

An error of 0.05 a.u. (tieV) is quite comparable to the difference between 
ionization potentials and Hartree-Fock orbital energies, and less than the errors 
made in atomic calculations when the exchange interaction is replaced by the 
frec-electron approximation, i.e., an exchange potential proportional to e'. Even 
with corrections, however, there are several unsatisfactory features. 

The order of the eigenvalues of the outer shell F^ orbitals, which all correlate 
with the 2p atomic orbital of Fluorine, is not quite correctly given. The 3(7^ 
energy is incorrectly lower than the Ijt, energy. Similarly, it may be noted in 
Table 6 that the ^/7„—spacing is identical to the SCF value, but the ^1* 
value is incorrect relative to these. We have remarked above that the potential 
is certainly in error near the nuclei, where the TFD density is known to be quite 
incorrect. (We have shown recently [12] how this error can be largely corrected 
in a simple way.) The n orbitals vanish at the nuclei, the a orbitals do not. Thus 
the correction will affect them differently. This must be investigated. 
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A general and simple method for graphical enumeration of the coefficients of the secular poly¬ 
nomials of the Huckel molecular orbitals is presented with examples. The essential procedure is to 
count for the graph and its subgraphs the non-adjaceni numbers, p(C, k)'s, which appear a.s the 
coeificients of the Z-counting polynomial Q(Y}. Two composition principles are proposed and shown 
to simplify these procedures to a great extent. Application to bipbenylene shows the superiority of 
this method to others, e.^., the method of polygons. 


Einc einfache und allgemeine Methode zur graphischen Bestimmung der KoefTizienten dcs 
Sakularpolynoms bei Hiickelproblcmcn wird angegeben. Das Wescntliche fur den Graphen und 
seine Untergraphen ist es, die Nichtnachbar-Zahlen abzuzhhien. Leiztere erscheinen im Z-zShlenden 
Polynom. Zwei einfache Aufbau-Schemata werden vorgeschlagen. Am Beispiel von Biphenylen 
werden die Vorzuge diesen Verfahrens demonstriert. 


Introduction 

Since the secular determinant of the Huckel molecular orbitals for unsaturated 
hydrocarbons reflects only the neighbourship of the carbon atoms in molecules, 
it is closely related to what is called in the graph theory [1] an adjacency matrix 
but was named by Ham [2] a topological matrix [3,4], In this topological sense 
distinction between saturation and unsaturation in the C C bonds is meaningless. 
There often arises a need for expanding the secular determinant into a polynomial 
P(X)y which is called a characteristic or secular polynomial. The method for 
deriving P(X) from those of component subgraphs has been established [5,6], 
On the other hand “the method of polygons” has been proposed to count 
the coefllcients in P(X) graphically but with no generalised algorithm [7 10], 
Very recently, however, it was shown that P{X) for a tree graph, or a chain hydro¬ 
carbon, can be simply expressed by using the p{G, k) numbers as, 

Pa(X)=Z(-lfp(G,k)X'^-^\ ( 1 ) 

k = 0 

where p{G, k) is the number of ways in which disjoint k bonds are chosen from 
graph G. This paper gives a generalised method for graphical enumeration of P{X) 
of a given graph with or without rings. 
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Defmitkms 

The followings arc the necessary definitions for describing the enumeration 
method. 

1) A graph C consists of points (vertices or atoms) and lines (edges or bonds) 
fl ]. We are concerned with such connected non-directed graphs that have no 
loop (a line joining a point to itself) and no multiple lines (double or triple bonds). 

2) An adjacency matrix A for graph G with N points is a square matrix of the 
order N with elcment.s, 

(1 if the points i and j are neighbours, 
to otherwi.se. 

The matrix character is independent of the way of numbering the points. 

.1) A characteristic polynomial or a secular polynomial P{X) is defined as 

P{X) = dKi\XE + A\-^ ' (. 1 ) 

i-- 0 

where E is a unit matrix of the same odcr N as that of /I, X is a scalar variable and 
C, is the coefficient which we arc going to obtain. 

4) A non-adjaeent number p(G, k) is the number of ways in which disjoint k 
bonds are chosen from G; p(G, 0) being unity and p(G, 1) the number of lines. 

5) A Z-counting polynomial Q(Y) for C is defined as 

* - o 

where /« is the maximum number of k for G. Both for a single point and a vacant 
graph let us define 0(1') = I. The integer p(G,in) is the number of the Kekulc 
structures for an unsaturated hydrocarbon with the carbon skeleton G [II]. 
f). A topological index Z for G is defined as 

I P(G,k) = Qa(i). (5) 

t -o 

Interesting properties of the quantities, piG,k).Q(Y) and Z are discus.sed 
elsewhere [4]. 

'Ilieorems 

Fundamental Equation 

The fundamental equation for the graphical enumeration of P(X) from G 
is as follows: 

Pc(X)= I (-l)*p(G.A)X~ 

k -=0 

-211 (-l)‘^"'p(C-Jf„*)X''~-'^* 

I 

^ > J * ' o 


( 6 ) 
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G — Ri'.Al subgraph of G derived by deleting a ring R, and all the lines incident 
to Rf It may or may not be a disjoint graph. 

G — Ri — Rf A subgraph of C derived by deleting a pair of disjoint rings R^ 
and Rj and all the lines incident to R^ and/or Rj. 
n, : The number of points in Uj. 
ntj'. The maximum number of k for C — R/. 

ntij: The maximum number of k for G — R, — R,. 
c 

Y,: Summation over all the possible rings in G. 

i 

G 

Y ■ Summation over all the possible pairs of two disjoint rings in G. 

i>j 

If necessary, one can continue to write the right-hand side of Eq. (6) as far as he 
wishes. Note that the second term can be expressed as 

-2X(-ir| S (-l)*p(G,..k)A'~'-"* 

with G, = C — R, and N — n^ and that the term in the brackets has quite the 
same form as the first term of Eq. (6). This is also the case for the remaining terms. 

Now the problem is reduced to obtaining the p(G, k) numbers for a given graph. 
It is easy to count the p(G, k) numbers and therefore to write out P(X) for graphs 
with smaller N or those of special classes as will be shown later. On the other hand, 
for most larger graphs the procedure for counting the p(G, k) numbers is as 
formidable as that for expanding the determinant by minors. 

By the aid of the Z-counting polynomial Q{ Y), the p(G, fc) numbers can be 
obtained rather mechanically. The following two Composition Principles are 
useful for this purpose. 


Composition Principle I 

Consider a graph C and choose from it a line / as exemplified in Fig. 1.1) E>elete 
line / and we get subgraphs L and M. 2) Delete all the lines in L and M that were 
incident to I and we get subgraphs A,B,...F. The Z-counting polynomial 


STEP t 
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© 






fig. 1. Illustration for Composition Principli: I. In this example no such lines are deleted that are 
constituents of a ring. See also Fig. S for the case where rings arc opened by deletion of a line or a 

group of lines 





H. Hosoya: 


2iH 

for G can be expressed as 

Qc — QlQm + QMQMQcQpQcQr > 

or m(»re generally as 

I (+ ifli 

Qo=l]Qc+y- n G. 


(7) 

( 8 ) 


Multiplication / runs over all the subgraphs L.s obtained by deleting bond J, 
while / + {a| means deletion of I and alt the bonds a's incident to /. The p(G,k) 
numbers appear as the coelTicicnts of the term y* in QaiY)- If one deletes a line 
which is a constituent of a ring, a single subgraph L, instead of L and M, is obtained 
in step 1). In this case the first term of Eq. (8) is no longer a product but a single 
polynomial Q^. This principle also applies to step 2) and Composition Principle II. 
Thus all the polynomials Q's following a product sign should be mutually disjoint. 

By putting Y ■= I into Eqs. (7) and (8) we get the expressions for the topological 
index Z. 

Zf; — + Z^ZgZcZgZgZf (9) 

and 

I l + lul 

^6=I1^X+11^4 (10) 


The proof is given in Appendix of Ref. [4]. 


Camposition Principle II 

Consider a graph G and choose from it a point p as exemplified in Fig. 2. 
The number of the lines incident to point p should be at least two. e.g., six as in this 
example. I) Divide them into two groups. 2) Delete a group of lines a, h and c in G, 
and we get subgraphs A, B, C and M. 2) Delete another group of lines d, e and f 
in G, and we get subgraphs D, E, F and L. 4) Delete both the groups of lines 
a,h,... f in G. and we get subgraphs A,B,... F. With these subgraphs we have 

Qg ~ QaQbQcQm QoQcQrQL ~ QaQbQcQdQeQf ' ( 11 ) 

or more generally 

IPl IPl ip + w 

Gc= riGL+riGt-ri g4 (12) 


STEP 2 



® 0 


STEP 3 STEP 4 

® ® ® 

'© ® '© 



Fig. 2. Illustration for Composition Principle It. See also Fig. 3 


' Eq. (I I) may be expressed as 

Qe = QlQh ~ (QaQbQc ~ Qi)iQ»Q*Qr ~ On) 


(U) 
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Multiplication {p} runs over all the subgraphs L’s obtained by deleting a group 
of lines incident to point p. The symbol means deletion of the coset of {p}. 
The corresponding expressions for the topological index are 

Zq = + ZgZgZfZ/^ — ZjfZgZpZifZgZf^ ( 13 ) 

(pl (rt tp + K 

Za = UZt+Y\Zi- U (14) 

Examines 

Thee Graphs 

For tree graphs Eq. (6) turns out to be Eq. (1) since a tree has no ring. 

1) Linear Graphs (normal paraffins). The carbon atom skeletons of n-paranins 
form the most simplest series of^graphs. If a linear graph with N points is denoted 
as N, the p(G, k) numbers for N are given by 

p(R, k) = = -k)(N-k- t)... (N-2k+ l)/kl (15) 

and we have 

[5] 

Qfim= I (16) 

k = 0 

[?] 

and Pfi(X)= t (17) 

t=o 

2) Ti'ees (branched paraffins). Many examples for the application of Composi¬ 
tion Principle I to tree graphs are given elsewhere [4,12]. Therefore let us apply 
Compositon Principle II to a multi-branchcd tree graph, or 3,3-diethylpcntane, 
in Fig. 3. By noticing the central point one can obtain the Z-counting polynomial 

^ e(y)=2(i +4y+ 3y^)(i + y)"-(i -i- y)* 

= 1 +8y+ isy^ + iey^ + sy* 

by decomposing the graph G into subgraphs as shown in Fig. 3 and by using 
Eq. (6). The p(G,k) numbers appear as the coefficients of 2(y) and we get 

P(A') = A”* - SA’"'-I-ISZ* - + SA' 

and Z = 48. The topological index Z is useful for checking the calculation of the 
polynomials Q and P. 





\ / 




\ 


Q 

X 

=Q 

. ‘K 

L/ 

+ Q 

A. 

-Q 

,Z 



= 2Qf-]{Q[-]y-{Q[-]}‘ 

Fig. 3. Example of the application of Composition Principle 11 

^ Eq. (13) may be expressed as 

Ze = ZxZ;# - (Z.,Z,Zf- ZJ (Z,Z,Z, - Za) 


(13') 
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Non-Tree Graphs 

1) Rina Graphs (cyclo-paraffins). The p(G,k) numbers for an Af-membered 
ring (denoted as /V") arc given by 

piN'\k)^ ^_,C\N/(N-k} 

1 k = 0 

/V k=\ (18) 

NiN - k - l)(N-k-2)...{N-2k-i-l)/kl k> 1 

and we fiave 

Qs>.iY)=^ X l/v-*QN/)JV-A)} y‘. (19) 

k o 

Since in Ihis case the ring /?, is identical to G (namely n, = N), the second term of 
I'.q. (6) becomes - 2( - 1 )^. Thus we have 

ni 

I\MX) - Y. ( If p{N^\ ^‘•~-2{- i)'^. ( 20 ) 

ft 0 

Fhe resultant polynomials for smaller rings arc well known and not shown here 
14 6, l.^|. 

2) Multi-Riiui Graphs. C onsider a graph G in Fig. 4. or the carbon atom 
skeleton of biphenylene. See al.so Table I for explanation. The first step is to set 
up all the possible subgraphs G,'s ii = I - 6 in this example and marked with 
heavy lines. G',, being a vacant graph) with N, points by deleting from G a ring R, 
(framed) and the lines (crossed) incident to it. Next try to find out the possibility 
if a piiir of disjoint rings can be chosen from G. In this example we get a vacant 
graph G', by deleting two disjoint hexagons and two lines joining them. Continue 
this priKcss until as many disjoint rings are chosen from G as possible. Write 
out the .set of the polynomials Qa^iYYs together with that of the original graph 

O-O. exo 
0 . CfO 

coo s. 

0 . t>o OC> 0 . 



Fig. 4. Subgruplis for enumerating the characierBtic polynomial of biphenylene. Sec al.so Tabic 1 for 

explanation 
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Table 1. Components of the characteristic polynomial of biphenylene* 



n 

Nt 

y-Expression, Ce,(^) 

Ref. 

JT-Expression' 

Weight^ 

0 

0 

12 

1 + 14y + 71 Y^ + ) 62 y^ 

|Hig.S 1 

X''-14X'® + 71X“-162X* 

1 




+ i64y* + 6oy’ + 5y* 

lEqs.(16)(19)) 

+ 1643(«-60X^ + 5 


1 

1 

8 

(1 +3y + y^)^ 

^i+ey + ny^ + by’ + y* 

Eq. (16) 

3(*-6X'’+ 11X*-6X* + 1 

-2 

2..1I 

1 

6 

2(1 +6y + 9y^+2y’) 

Eg. (19) 

2IX*-6X* +9X^-2) 

-2 

4,5 

1 

4 

2(H-3y + y^) 

Eq.(16) 

2(X*-3X^ + 1) 

-2 

6 

1 

0 

1 

Def.5) 

1 

-2 

7 

2 

0 

1 

Def.5) 

1 

4 


* The characteristic polynomial Pc(X) for biphenylene is obtained by adding the A'-expressions 
with weights given in the last column. 

*’ The suflix referring to the subgraph given in Fig. 4. 

' The number of disjoint rings deleted from G to give G,. 

•' The number of points in C,. 

' The polynomial begins with (— I)"(— X)"'. 

' (- 2 )'-. 


«[oo]-°[aoi-o[co] 

I'ig .i. Illustration for obtaining QelT) of the carbon atom skeleton of biphenylene. By the use of 
Fqs. (16) and (19) the polynomial QcIT) is obtained as in Table I 


f»( s o) as in Table 1. The method for obtaining Qd Y) is illustrated in Fig. 5. Now 
transfer each T-expression into such an A'-expression that begins with the term 
(— descends in its power by two. afternates in the sign and has the 

same set of the cocfiicients p{G,kys. Finally add up all the AT-expressions with 
weights ( — 2)'* to get P^iX), where 1, is the number of the disjoint rings deleted 
from C to give C,. In this example we get 

P(A') = A''^- 14Ar'° + 712r“- I622r‘’+ 164A*-60A'^ + 5 
-2(2r'' - 4 A'’ + A'* + 6A-^) + 4 
= A'^- 14A'" + 69A'‘- I54A'’+ I62A'‘- 72A^ + 9. 

Compare the present method with the “method of polygons” for the same example 
(K, 9] and find out the simplieity and generality of the former. 

Arknowledgemenl. The author thanks Miss Keiko iCawasaki for programming and numerical 
checking of this material. 
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Semiempirical SCF Theory with “Scaled” Slater Orbitals 

II. Molecular Calculations 
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A new method is presented for the calculation of molecular properties in which the one center 
integrals are evaluated within their environment (scaled in the molecule) rather than carried over from 
atomic structures. 

The procedure can be incorporated into any SCF scheme using a minimal basis set of atomic 
orbitals. In this paper an INDO framework was chosen to illustrate the results. Both heals of formation 
and bond distances for various types of molecules were found in satisfactory agreement with experiment. 


Es wird eine neue Methode (Ur die Berechnung von Motekuleigcnschaften vorgeschlagen. in 
welcher die Einzentrenintegrale innerhalb ihrer Umgebung im MolekUl bestimmt werden, statt sie 
von freien Atomen zu ubernehmen. 

Oiese Methode kann bei jedem SCF Verfahren angewandt werden, das auf einer minimalen Basis 
von Atomorbitalen aufbaut. Zur Illustration dcr Ergebnisse in diescr Arbeit wird das IN DO-Verfahren 
gewahli. Sowohl BildungswUrmen als auch Bindungsabsthnde von vcrschiedenen MolekUlarten sind 
in guter Ubereinstimmung mit den experimentellen Daten. 


Une nouvelle methode pour le calcul des propriMes moliculaires est presentee, dans laquelle les 
int6grales monocentriques sont evaluhcs dans leur environneraent (ajusties k la molicule), au lieu 
d'etre transferees du calcul atomique. 

Lc precede peut etre incorpore dans n'importe quel schema SCF qui utilise un obasis set» minimal. 

Dans cet article, le precede est illustre par I’utilisaiion d'un schema INDO. 

Les chaleurs de formation et les distances de liaison pour plusieurs types de molecules sont trouvees 
cn accord satisfaisant avec I'experience. 


1. Introduction 

The first semiempirical methods for the Self Consistent Field Calculation 
of a bonded molecules were introduced six years ago [1]. Since then, several 
procedures specifically designed for the calculation of particular properties, have 
been propos^ [2-6], These procedures often utilize the original framework but 
differ from it sometimes by some minor adjustment of parameters or by some 
feature expecially designed to allow a specific property to be calculated, such 
as interaction of configuration for spectra [3], 

* PTMcnt address; Institute of Physical Chemistry, Czechloslovak Academy of Sciences, Macbova 
ul. 7, Praha 2, Czechloslovakia. 
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Although the approximations used for evaluating the various integrals are 
widely varied, the orbital energies and density matrices remain astonishingly 
similar in all these methods. A further remarkable similarity is that they con- 
.si.stcntly fail to account for ground and excited state properties consistently. 
Moreover, even for ground state molecules, it does not seem to be possible to 
obtain good values for bond distances and heats of formation simultaneously. 

I'hc total heat of formation of a molecule rc.>ults from the intrinsic combination 
of electronic energy and core repulsioms. Although the core repulsions are relatively 
easy to approximate and, if this is done (i.e., CNDO [4], INDO [2]), relatively 
goixl bond distances can be obtained (by minimization), the heats of formation 
are several orders of magnitude larger than those experimentally observed. If 
on the other hand, one wants to correlate the heats of formation, one has to 
decrease arbitrarily the core repulsion (i.e.. PNDO [5], MINDO [6]). By doing 
this, however, bond distances arc usually found to be too short. 

It thus appears that, at the present time, we are in possession of several powerful 
ihetrretical methods which arc designed cither for ground state energies, bond 
distances or transition energies calculations. However, one may argue that a 
sound methcxl should be able to reproduce all three sets of properties. The fact 
thiit these methods do not, may mean that one is overlooking some important 
property which jeopardizes any new type of calculation such as the interpretation 
of NMR. IR or chemical reactivity data. 

Numerous reasons may be invoked as respcinsiblc for such discrepancies 
including even the possibility that such crude methods cannot be expected to 
yield all these results, flowever, several routes which have not been investigated 
as yet, may still be open for imprttvement. One of thc.se involves a reexamination 
of the "common to all .semiempirical SCF method.s" way of determining the one 
center integral.s. The.sc integrals arc determined semiempirically by comparing 
the experimental and calculated ionization potentials of atoms. One may speculate 
however that such a procedure docs not properly take into account the molecular 
environment and thus neglects the resulting expansion or contraction of the atomic 
orbitals on which the molecular orbitals arc built. The neglect of this expansion 
of orbitals explains precisely the observed discrepancy between ground and ex¬ 
cited state.s, and also the necessity of decreasing arbitrarily the nuclear interactions 
in order to obtain .satisfactory bond energies. 

In a previous communication [7], we have presented a new semiempirical 
method for the calculation of one center integrals involving sealed Slater orbitals. 
We now wish to present a methrxl for the calculation of molecular properties in 
which the one center integrals are evaluated within their environment (scaled 
in the molecule) rather than treated as parameters carried over from atomic 
.structures. The proposed method for the calculation of atomic terms might be. 
of course, incorporated in any numerical scheme using a minimum basis set of 
atomic orbitals, including an ah initio calculation method. In this article we arc 
illustrating the procedure within an INDO [2] framework of approximations 
because of its intermediate complexity between the CNDO-type and ab initio 
type calculations. We believe with it. to gain a proper insight into the effect of 
using the variable exponent method to calculate molecular properties. 
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2. Theory 

For a closed shell INDO type Hamiltonian, the elements of the Hartrec-Fock 
matrix can be expressed as 

+ ^a/l • ( 1 ) 

where, if a = )S and the atomic orbital a is centered on atom 1, 

Haa = [a| - i J - F,|a] + X [«! - Vi\oi\ • 

j(+i) 

I(2) 
+ I I 

J(*l> kctJl 

and, if a 4= /?, 

Gaf = \ Pafi {(3 [«/>l«/J]' - [*"1/1^') M 1 - ^j)} . 

In these formulae, the Greek letters refer to atomic orbitals, the capital letters 
refer to atoms, the summation X c^ttends over the AO's centered on atom I, 

>r(l) 

P is the charge density ~ bond order matrix, and <5^ is the Kroncckcr symbol: 

^ _ n, if the AO’s a and fi belong to the same atom 

[0, if the AO's a and f{ belong to two different atoms 1 and J. 

All other symbols are the same as those used in Paper I of this series or will be 
specified later on. The total molecular energy can be expressed as 

£,„ = i (Tr(// + F) P) + Core-Core inter, terms. (4) 

The problem which specifically interests us here consists in deriving a procedure 
for the minimization of the total energy of a molecule, not only with respect 
to the coefficients of the atomic orbitals but also to the exponents of a minimal 
basis set of STO functions. In this paper, the treatment will be restricted to mole¬ 
cules composed only of first and second row elements. Due to the space invariance 
requirement, it will be necessary to assign identical exponents to the various p 
orbitals centered on any given atom. Thus, in addition to the usual quantities 
that are being optimized in classical SCF theories, i.e., coefficients of atomic 
orbitals, one (for H atom) or two (for second row atoms) additional variational 
parameters will have to be optimized per atom. Assuming a first order approxi¬ 
mation to the P matrix, the optimized atomic exponents might be determined 
according to the variation principle by setting the corresponding partial deriv¬ 
atives of the total molecular energy equal to zero. 

For the sake of convenience, let us use the indices fi and A (or A) for the s- 
and p-orbitals, respectively, and let the index v refer to either kind. If I defines 
the specific atom, the result of the variation procedure can be expressed as the 
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following nonlinear system of equations of the s-orbital exponents ai(fi) and the 
/>-orbilal exponents of ail atoms (1 = A, B,... K) composing the molecule; 


where 




(M) 


+ 




2P. 


2 

UA 


-IP. 




f«,(/!) 


(5) 
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and 


I Z- ^AA -tftl) 






/lC(t) V6(J) 

__1_ 

2 • X ^AA /I'ed) 




/led) 


( 8 ) 


S ^AA aed) d'etJ) 
/led) 




Again, the notation corresponding to atomic terms is the same as in paper !. 

The numerical solution of the total variation problem can be achieved by 
means of a double iteration procedure, based alternatively on the minimization 
of the total energy with respect to the linear coefficients of the STO's and to 
exponents. 


3. Evaluation of Integrals 

a. Evaluation of Atomic Integrals 

In the first paper of this series [7] two alternative parameter schemes were 
given, differing by the fact that either the effective nuclear charges Z, and Zp, 
or the kinetic factors K, and were treated as parameters. However, in all the 
cases that were investigated, it was found that within a uniquely defined molecular 
parameter scheme, both ground state energies and charge distributions do not 
differ substantially when calculated according to either the first or the second 
parameter scheme. Parameter scheme 1 however, seems sounder from a physical 
point of view and will therefore be used for the discussion and further calculations. 

b. Evaluation of Molecular Integrals and Terms 

The Coulomb integrals respresenting the interaction between elec¬ 

trons occupying orbitals a and ff localized on centers I and J, respectively, are 
reduced to interactions involving exclusively s atomic orbitals as in the CNDO [4] 
and INDO [2] methods; the only difference being that, here, the corresponding 
Slater exponents a,(a), and are optimized. 

The two-center electron-core attraction integrals are also calculated as in 
the CNDO or INDO methods, i.e., 

[fl(|Ej|flt3 = Z,[<x^|r7T', (9) 

where the a orbital with the varied orbital exponent a,lx) is centered on atom I 
and the .s orbital tj has a fixed exponent a„ calculated as a weighted average of 
the s- and /)-atomic exponents a° and a®, corresponding to the maximum multi¬ 
plicity of atomic J, i.e., 

K = Integer (Z, -I- 7/6), 


(10) 
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where Zj is the charge of the core J, equal to 1 for the H atom and equal to the 
atomic number diminished by 2 for ail other atoms. (The numerical values of 
a[’ and are listed in Table 3 of Ref. [7].) 

In addition, wc define the total core-core interaction as 


Core-Core inter, terms ~ 


ZjZj^ 

~Ru 


(H) 


A little longer discussion will be needed to estimate the best form of the 
resonance integrals corresponding to the off-diagonal terms of the H matrix 
defined in Eqs. (2) and (3). 

Lot us first assume that /i{a, fi) can be expressed as 

/i(a,/J)=(12) 

where is the overlap integral between the corresponding STO functions having 
optimized exponents 0 ( 2 ) and alfi). Such an expression accounts for the geometrical 
constraint appropriate to the resonance integrals and partly for the nature of 
orbitals as well. In addition, since all AO’s localized on any given centre are 
orthonormal, only cofactors for AO’s belonging to different atoms have to 
be considered. As then depends only on the type of atoms involved, it is 
possible to write 


The form of the cofactor Pu was estimated by comparing calculated and ex¬ 
perimental heats of atomization of some diatomic and hydride molecules. However, 
since there arc not enough suitable molecules for an unambiguous determination 
of all /i,j’s, the fitting procedure was extended to several points of the Morse 
curves corresponding to a few of these diatomic molecules. The results arc collected 
in Fig. 1 as a function of the internuclear separation R between atoms I and J. 
Points corresponding to the same Morse curve are joined by a full tine. 

The //-dependence on R for the hydrogen molecule was expressed analytically 
as 

//„„=F„(R)-t-0.06206, (13) 

where 

F„(R) = 0.12181/(R-1-0.18609). (14) 


These numerical constants were chosen to fit exactly the points of the Morse 
curve of the H 2 molecule corresponding to the equilibrium distance and to the 
separations of the hydrogen nuclei of 1.0 and 2.0 a.u. The determination of the 
^-values for X-H bonds in polyatomic hydrides was carried out using the re¬ 
lationship (13) for the calculation of H^, elements. 

From Fig. 1 it can be seen that for most types of bonds, (see however Fj) 
the /(-values decrease with increasing bond distance along a specific pattern that 
seems to be describable by an expression such as: 


P„{R) = F{R) + C{Z), 


(15) 
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where 

Z = Z„ if Z.^Zj, 

Z = Zj. if Zj^Z,, 

F(jR) can thus be treated as a common function for all atoms. The constants C{Z) 
are atomic parameters related for each bond to that atom having from both ones 
the larger core charge. Two exceptions only seem to violate these rules, the Fj 
molecule and the Lij molecule, the latter corresponding to fitted values ^ = 0.0344 
at R — 4.5 a.u., ^ = 0.0374 at R = 5.051 a.u., and P = 0.0393 at R = 5.5 a.u. 

Accordingly, two versions of expressing Pu{R) are suggested. In the Version-1 
no additional specific atomic parameters are introduced at ail and we set 

/Jy(R) = F„(R) + 0.0955 + (Z - Zc) • 0.016, (17) 

where Zc is the charge of the carbon core and Z is defined by means of Eq. (16). 
We are clearly putting here preference to the hydrocarbons because the value 
0.0955 is chosen to fit heats of atomization of hydrocarbons containing one and 
two carbon atoms. Of course, from Fig. 1 it can be seen that the ^-dependence 
on R given by the functions F^fR) is not steep enough, at least for all bonds shorter 
than 2.3 a.u. 



Fig. 1. p parameter as a fuoctioo of internuclear distance R. Circles correspond to values matching 
experimental heats of atomization of corresponding molecules, lull curves correspond to values fitted 
by means of Morse curves. (1, Hj; 2, Nj; 3, CO; 4, BeO; 5, LiF; 6, BF; 7, Fj: 8, LiH; 9, BH; 10, FH; 

II, CH,; 12, NH,; 13,H,0) 
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Alternatively, one may select a more appropriate function F{R) for compounds 
composed of oxygen, nitrogen, carbon and hydrogen such as 

/••(R)=1.1657 exp(-1.5897.R) (18) 

and define in addition 

C(4) = 0.1090 (carbon) 

C(5) = 0.1150 (nitrogen) (19) 

C(6) = 0.1390 (oxygen). 

The ((,!„ values remain as defined via Eqs. (13) and (14). The dependences of 
v.s. R defined in this way correspond to Version-II and is represented in 
I 'ig. 1 for all three cases by dashed curves. Vcrsion-II is thus limited to calculations 
of molecules containing only hydrogen, carbon, nitrogen and oxygen atoms. 


4. Numerical Solution 

Since most of the time the numerical solution of the system of equations given 
by Eqs. (5) and (6) does not converge when a first order iteration process is used, 
the Crout's [8] modification of the Newton-Raphson procedure was applied for 
.solving the problem. The proper solution of finding the stationary value of the 
total energy given by Eq.(4) consisted of a double iteration procedure composed 
successively of one iteration step considering the P matrix as variable with the 
Slater exponents fixed and of the next iteration step improving the exponents 
with the F matrix fixed. Of course, for the second iteration step first and second 
derivatives with respect to Slater exponents of all kinds of integrals arc needed. 
Whereas the expressions of one-centre terms were calculated using analytical forms 
of the derivatives, all two-centre terms were calculated using numerical derivation, 
eg 

r./(a.h) ^ /(<t + d,h) -/( a-d.f>) 
f'u 2d 

It was found that such a procedure yields satisfactory numerical results for the 
derivatives of all integrals using the value d =0.01. A convergence criterion was 
imposed upon the total energy requiring the energy difference of two successive 
iteration steps to be smaller than 10’ ^ a.u. In order to get faster convergence 
for the calculations of molecules C 2 N 2 and N 2 O the criterion was lowered to 
5 X 10“ '’ a.u. 

The initial P matrix was obtained by solving a secular problem in which the 

terms were replaced by the average ionization potentials (Table 2, Paper I) 
and F^^., (/r4=v) set equal to calculated with atomic Slater exponents (cf. 
Table 3 and 4, Paper 1). 

On several examples of molecular calculations it was verified that the iteration 
procedure does not depend on the way it proceeds, particularly on the order of 
iteration steps. In addition, the authors believe that the initial values of Slater 
exponents taken as atomic ones ensure that this specific solution of the non- 
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linear system of Eqs. (5) and (6) by means of the proposed procedure is the physically 
meaningful solution among all possible ones. 

All calculations were performed on the UNIVAC 1108 computer using a 
FORTRAN V program written by the authors. 


5. Experimental Data 

Most experimental data of both equilibrium geometries and heats of atomi¬ 
zation at 0‘ K (or dissociation energies Oq and eventually other "Morse curve” 
parameters of diatomics) were taken from JANAF Interim Thermochemical 
Tables [9]. Only equilibrium geometries of molecules CHN. CjHj, C^H^, 

[10], the heat of atomization at O^K for ethane [11], data for diatomics LiH 
and the Dg value for Fj [13] were taken elsewhere. 


6. Results and Discussion 

The general method of calculation of ground state properties described in 
the previous sections has been applied to a number of diatomic and polyatomic 
molecules as listed in Table 2. First of all, let us stress in comparison with other 
existing semiempirical all-valence electron methods (CNDO [4], INDO [2], 
PNDO [5], MINDO [6] er al.) that - besides the general function F{R) - only 
one specific parameter per atom (Version-I) was introduced to extend the atomic 
SCF theory with “scaled” Slater exponents to molecular structures. The parameter 
scheme resembles the CNDO-2 or INDO scheme, but no presumptions concerning 
the values of Slater exponents needed to be made. 


Table 1. E<juilibrium geometries of calculated polyatomic molecules (in a.u.) 


Molecule 


Cartesian coordinates 

-x y 

! 

HjO 

O 

0.0 

0,0 

0.0 


HI 

-I.43I57I 

-1.109440 

0,0 


H2 

1.431571 

- 1.109440 

0.0 

NHj 

N 

0.0 

0.0 

0.721183 


HI 

-1.5.34653 

-0.886033 

0.0 


H2 

1.534653 

-0.886033 

0.0 


H3 

0.0 

1.772065 

0.0 

CH, 

C 

0.0 

0.0 

0.0 


HI 

1.190341 

1.190341 

1.190341 


H2 

1.190341 

-1.190341 

-1.190341 


H3 

-1.190341 

1,190.341 

-1.190341 


H4 

-1.190341 

-1.190341 

1.190341 

CjHj 

Cl 

0.0 

0.0 

0.0 


C2 

2.281 

0.0 

0.0 


HI 

-2.002 

0.0 

0.0 


H2 

4.283 

0.0 

0.0 

COj 

C 

0.0 

0.0 

0.0 


oi 

0.0 

0.0 

2.195904 


02 

0.0 

0.0 

-2.195904 
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Table I (continued) 


Molecule Cartesian coordinates 




X 

y 

z 

C jH, 

Cl 

0.0 

0.0 

0.0 


C2 

0.0 

0.0 

2.551160 


HI 

1.751130 

0.0 

-1.011015 


H2 

- 1.751130 

0.0 

-1.011015 


H3 

1.751130 

0.0 

3.562176 


H4 

- 1.751130 

0.0 

3.562176 


Cl 

0.0 

0.0 

0.0 

(St.) 

C2 

0.0 

0.0 

2.915876 


HI 

I.%1630 

0.0 

-0,699148 


H2 

-0.980K1S 

1.698822 

-0.699148 


113 

-0.980815 

- 1.698822 

-0.699148 


114 

- 1.961630 

0.0 

3.615024 


H5 

0.980815 

-1.698822 

3.615024 


116 

0980815 

1.698822 

3.615024 


Cl 

0.0 

0.0 

0.0 

(ccl.) 

C2 



2.915876 


H 1 

1.9616.30 

0.0 

-0.699148 


H2 

-0.980815 

1.698822 

-0.699148 


H3 

-0.980815 

-1.698822 

-0.699148 


H4 

1.9616.30 

0.0 

3.615024 


H5 

- 0.980815 

1.698822 

3.615024 


H6 

-0.980815 

-1.698822 

.3.615024 

H,CO 

C 

0.0 

0.0 

0.0 


O 

2.28661.3 

0.0 

0.0 


H 1 

- 1.090096 

1.814224 

0.0 


112 

- 1.090096 

- 1.814224 

0.0 

HC'N 

C 

0.0 

0.0 

0,0 


N 

0.0 

0.0 

2.187 


H 

0.0 

0.0 

-2.0 

C,N, 

Cl 

0.0 

00 

0.0 


C2 

0.0 

0.0 

2.607872 


N1 

0.0 

0.0 

-2.186455 


N2 

0.0 

0.0 

4.794328 

N,0 

N1 

0.0 

0.0 

0.0 


N2 

0.0 

0.0 

2.132030 


O 

0.0 

0.0 

4.369887 

UNO 

H 

0.0 

-1.927558 

0.0 


N 

0.0 

0.0 

0.0 


O 

2.131951 

0.967994 

0.0 

HNO, 

H 

1.804502 

-0.41602 

0.0 

CIS 

N 

0.0 

2.759053 

0.0 


oi 

0.0 

0.0 

0.0 


02 

2.071661 

3.681416 

0.0 

o, 

OI 

0.0 

0.0 

0.0 


02 

2.415117 

0.0 

0.0 


03 

-1.088921 

2.155700 

0.0 
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Table 2. Heats of atomization (in a.u.) 


Molecule 

Exptl. 

INDO 

Version-I 

Vcrsion-II 

H, 

0.1746 

0.1972 

0.1746 

0.1746 

1^2 

0.0419 

0.5037 

0.1131 


LiH 

0.0542 

0.2098 

0.1419 

_ 

BH 

0.1300 

0.3437 

0.IS4I 

_ 

Fj 

0.0594 

0.2133 

0.1716 


HF 

0.2247 

0.2114 

0.0829 

_ 

LiF 

0.2186 

-0.0756 

0.1766 

_ 

BeO 

0.1723 

0.1876 

0.2990 

0.2136 

BF 

0.2980 

0.3744 

0.2521 


CO 

0.4125 

0.7043 

0.4281 

0.4124 

N, 

0.3639 

0.7279 

0.4002 

0.3254 

HjO 

0.350 

0.445 

0.228 

0.350 

BH, 

0.345 0.414 

1.081 

0.464 


NH, 

0.441 

0 772 

0.42k 

0 445 

CH* 

0.625 

I..37I 

0.671 

0.717 

CjHj 

0.618 

1.689 

0.685 

0.673 

CjH., 

0.846 

2.125 

0.841 

0.816 

CjH* (!it.l 

1.063 

2.602 

1.021 

1.008 

CjH,, (eel.) 


2.598 

1.008 

0.996 

Oa 

0.227 

0.797 

0.454 

0.363 

CHjO 

0.571 

1.235 

0..568 

0.547 

CHN 

0.482 

1.153 

0.605 

0.519 

(CN)j 

0.782 

2.220 

_ 

0.756 

C'O, 

0.608 

1.148 

0.661 

0.597 

NiO 

0.402 

1.102 

0.469 

0.418 

HNO 

0.317 

0.762 


0.391 

HNOj CIS 

0.476 

1.118 


0.578 


Heals of atomization calculatetl from our theory are shown in Table 2. It 
may be seen that the method, particularly its Version-11, works fairly well and 
its results compare much better to experimental values than the regular INDO- 
type calculations. Moreover, equilibrium distances come out very well, as can be 
seen from Fig. 2 and Fig. 3, where a few types of dependences of heats of formation 
on geometry variations are presented. These results seem to be very encouraging, 
since the correct energy bond distance relationship was lacking in all semi- 
empirical methods described previously, unless ample parametrization is per¬ 
formed [14.6]. 

On comparing the results of Tabic 3, concerning the frontier orbitals, with 
known experimental ionization potentials [15, 16], it may be noticed that the 
orbital energies of the highest occupied molecular orbital are bad estimates of 
the ionization potentials. This effect, of course, could have been expected, since 
the variation of orbital exponents might only violate the validity of the Koopmans’ 
theorem. If correct theoretical ionization potentials were to be calculated, the 
exponents of the ionized state would also have to be optimized. 

Due to similar reasons i.e., orbital exponents variation, it is also hard to 
draw relevant conclusions from a conventional “population analysis” procedure 
based on the charges listed in Table 3. The charges cannot be assigned entirely 
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Fig 2 Heals of atomi/ation as funclions of bond distances. Experimental values corresponding to 
equilibrium geometries arc represented by points of intersection of horizontal and vertical lines. For 
moleeule.s ('jH, and CjH^. the C.' C bond is varied. In all cases of bond variation the equilibrium 

symmetry has been retained 



R la.u.1 


Fig. .3. Heat of atomization of water molecule plotted versus OH bond distance (at the equilibrium 
bond angle), A. and bond angle (at equilibrium OH bond distance), B, respectively. Experimental 
values are represented by points of intersection of horizontal and vertical lines 
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Table 3. Frontier orbital energies (in a. 11 .), charge densities and optimized exponents (calculated by 

mean of Version-ll) 


Molecule 

E* 


Atom 

s 

P. 

P, 

P, 

Ol.f) 

o(p) 

CO 

-0.5018 

0.;z35 

C 

1.78 

0.92 

0.58 

0.58 

2.15 

1.55 




0 

1.82 

1.48 

1.42 

1.42 

112 

1.95 

N, 

-0.5367 

0.0845 

N 

1.80 

1.20 

1.0 

1.0 

2.41 

1.70 

HiO 

-0.6132 

0.3777 

0 

1.78 

1.40 

1.62 

2.0 

160 

1.90 




H 

0.60 

- 

- 

- 

1.28 


NHj 

-0.5825 

0.2868 

N 

1.61 

1.40 

1.40 

1.79 

117 

1.58 




H 

0.60 

- 


- 

1.20 

- 

CH* 

-0.6762 

0.2388 

C 

I ..39 

1.45 

1.45 

1.45 

1.83 

1.31 




H 

0.56 


- 

- 

l.ll 


CjH, 

-0.5554 

0.1309 

C 

1.28 

0.95 

1.0 

1.0 

111 

1.50 




H 

0.76 

- 

- 

- 

1.12 


COj 

-0.6390 

0.1106 

C 

1.08 

0.54 

0.54 

0.69 

135 

1.82 




0 

1.88 

1.73 

1.73 

1.23 

2.65 

1.92 

C,H4 

-0.4691 

0.1281 

C 

1.25 

1.08 

1.0 

0.98 

2.09 

1.55 




H 

0.84 


- 


1.07 

— 

CjH* (St.) 

-0.4803 

0.1523 

C 

1.205 

1.103 

1.103 

0.992 

1061 

1.57 




H 

0.866 

- 

- 


1.045 


CjH. (eel.) 

-0.4786 

0.1544 

C 

1.203 

1.096 

1.096 

0.989 

2.068 

1.57 




H 

0.872 

- 



1.044 


HjCO 

-0.4692 

0.0920 

C 

1.22 

0.86 

0.98 

062 

118 

1.62 




0 

1.87 

1.24 

1.93 

1.38 

2.66 

1.93 




H 

0.95 




1.06 

- 

HCN 

-0.5787 

0.0975 

C 

1.31 

0.91 

0.91 

1.00 

115 

1.48 




N 

1.83 

1.09 

1.09 

1.04 

2.40 

1.64 




H 

0.82 

- 



1.06 

- 


-0.5296 

0.0219 

C 

1.30 

0.84 

0.84 

0.85 

117 

1.58 




N 

1.84 

1.16 

1.16 

1.02 

2.36 

1.64 

NjO 

-0.6638 

-0.0806 

NI 

1.86 

1..30 

1.30 

0.79 

2.40 

1.68 




N2 

1.41 

0.90 

090 

0.87 

153 

1.77 




0 

1.89 

1.81 

1.81 

1.17 

148 

1.76 

HNO 

-0.4835 

0.0231 

H 

0.85 

- 



1.17 





N 

1.77 

1.08 

1.23 

0.72 

2.42 

1.78 




0 

1.90 

1.40 

1.78 

1.28 

2.68 

1.92 

hno. 

-0.5518 

0.0194 

H 

0.58 




0.96 





N 

1.88 

0.90 

0.67 

0.55 

2.58 

1.95 




01 

1.85 

1.56 

1.57 

1.93 

2.60 

1.88 




02 

1.90 

1.45 

1.67 

1.52 

162 

1.96 

O 3 

-0.5939 

-0.1209 

01 

1.87 

1.19 

1.28 

0.95 

2.83 

112 




02 

1.95 

0.92 

1.95 

1.53 

166 

1.95 




03 

1.95 

1.66 

1.21 

1.53 

2.66 

1.95 
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to specific centers anymore since the orbitals vary in size from molecule to mole¬ 
cule and the corresponding density functions may have their maxima at different 
distances from the nucleus. In addition, it is known from ah initio calculations 
that an energy optimization with respect to orbital exponents mostly leads to 
a deterioration of values of dipole moments [17]. 

In conclusion, we should like to express that we are awa e of the fact that 
there might exi.st other better molecular parameter schemes for incorporating 
our basic ideas developed in Paper I, that is the proper consideration of atomic 
environment and atomic contributions to electron correlation. From that point 
of view, this paper has thus to be considered as preliminary. 
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The influence of the solvent on the activation energy of the synchronous, concerted, narcissistic 
reaction: CHjF + F“ -• ICHjFjl' -• FC’H 3 + F", has been investigated by means of CNDO/2 mcthtxl. 
The reaction path has been fully followed in vacuo, and at a suitable point only, of reaction coordinate, 
in solution. The geometries of H,0, F'.CHjF. and ICHjFjl", in vacuo and in different hydrated 
cages, have been optimized. 

Der EinfluB des Ldsungsmittels auf die Aktivicrung.senergie der synchronverlaufenden Reaktionen 
C’H 3 F +F"-vICHjFjr-•FCHj + F", wurde mit der CNDO/2 Methode gepriifl. Der Reaktioiui' 
Ablauf wurde in Vakuum vollkommen und in der Ldsung an einem geeigneten Punkt der Reaktions- 
koordinate durcbgefiihrL Die Geometrien von H^O, F '.CH.iF, und jCHjF^r >>» Vakuum und in 
verschiedenen hydrierten Kiifigcn wurden optimalisiert. 

L'influence du solvent sur I'^nergie d'activation de la reaction synebronique, concertie, 
narcissistique; CH,,F + F"-*|CHjFj| '-rFCHi + F” a 4ti examinee par la m4thodc CNDO/2. 
On a suivie rentier chemin de reaction in vacuo, alors qu'on a observi) un scul point convenable 
dc la coordonie do reaction en solution. On a optimize les geometries de HjO. F", CHjF, et ICHjFjl" 
in vacuo et en differentes cages hydratds. 


Introduction 

The electronic structure of initial and transition states for nucleophilic sub¬ 
stitution reactions have been extensively investigated in the past few years [1-5], 
The symmetrical SN2 reaction: 

F +CH3F-[CH3FJ'-»FCHj + F- (I) 

is a case in which reactants and products are identical, and is an example of 
synchronous, concerted narcissistic reaction [6], 

The reaction path in the vacuo has been studied by Veillard et al. [7-8] 
through ah initio MO calculation on Gaussian basis, that is each atomic orbital 
is a linear combination of gaussian functions (GTO). 

Particular attention has been given to the choice of the basis set. When no 
polarization functions were included in the basis the transition state was found 
to be more stable than the reactants. An activation energy of 7.9 kcal/mole has 
been found when d orbitals on carbon and fluorine atoms were introduced. On 
other hand it has been pointed out that the variation of solvation energy is 
generally competitive, and in the present case prevailing on the variation of 
inner energy of the system, in determining the activation energy. 

Tbtforet. chim Act«(Ber).)VoI 25 
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Tlie role of the solvent on the energy and electronic structure of initial and 
transition states for reaction ( 1 ), is here investigated by means of theoretical 
calculations. The complexity of the system and the amount of computational 
time discourage from employing ab initio methods; consequently the study of 
the reaction: 


F^+CH3F„-.[CH3F2]- (2) 

has been performed within the framework of a semiempirical MO LCAO method; 
namely the energy of these systems have been calculated by the CNDO/2 method 
[9] as a function of bond-lengths and bond-angles. 


Calculations 

CNDO calculations have been performed following the standard procedure 
with a program written by Santry [10], and using the parameters assigned by 
Puplcand Segal [9]. The geometry and the electronic structure for H^O, F", CH 3 F, 
and CH jF^' systems, in vacuo and in different hydration cages, have been optimized 
through an energy minimizing process. When more complex systems are involved 
wc have been forced to limit the number of geometrical parameters to be optimized 
following criteria that will be discussed at due time. In a first stage of calculations 
an indicative value for the hydration energy has been obtained as the difference 
between the energy of the hydrated cage and that of the corresponding isolated 
units. To study the path followed by the system in going from reactants to products 
and to evaluate the energy changes, several points have been calculated along 
the reaction path. For the hydrated system only one intermediate point has 
been determined for a suitable value of the reaction co-ordinate. 


Results 

1. (HjO), (n=1.2,4.6) 

The isolated water molecule, the dimer, tetramer and hexamer have been 
considered. The structures taken into consideration are drawn schematically in 
Fig. I, where the point group symmetry, the variables to be optimized and the 
net-charges for the optimized geometry are also reported. 

The minimum-energy geometry for isolated water corresponds to a bond- 
length (r) of 1.029 A and a bond angle {9) of 104° 30' *. For the oligomers the 
O-H bond-lengths not involved in hydrogen bridges were kept constant at 
r= 1.029 A in all our calculations. 

The minimum-energies (in a.u.X stabilization energy (in kcal/mole) and the 
optimized geometrical parameters for the different structures are collected in 
Table 1. 

' This result agrees with the values obtained by Burton and Daly [11]. 
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Fig. 1. Optimized geometries for water oligomers. Letters indicate the optimized variables and 

figures the net-charges 


17 * 
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Table 1. Minimum and stabilization energies, and optimized geometry for water (distance* in A; 

angles in degree) 



£(a.u.( 

AE 

(kcal/mole) 

r 

e 

R 

r' 


a 

y 

1 

IV.89I2 


1.029* 

104 30- 






II 

- 39 7<Mi() 

4.30 



1.498 

1.043 


0 - 

0' 

III 

- 79 6074 

6 .6« 



1.487 

1.036 

105-12' 

O' 


IV 

- iiv.a.w 

11.72 



1.357" 

1.068 



52' 


' Kxperimcntal values, r - O.^STl A. 0-= 104' i2' flJa]. 

’’ The calculated distance C> O for IV is intermediate between the experimental values found for 
ICC <2 7fi A) 1 14J and polywater (2.2 A) flSl- 


it seems interesting that in the case of structure (IV), the planar model (C^ 
symmetry) is less stable than the no planar one (S^ symmetry) [12]. By inspection 
of energy data reported in Table I, a value of about 10-12 kcal/mole may be 
assigned to the stabili/.ution energy for a mole of solvated water. This value can be 
favtturably compared with the evaporation-heat of water (10.5 kcal/mole [16]). 


2. F fiHjO (n = 0. 2,4,6, 8. 12) 

The calculated energy for fluoride ion is — 27.4841 a.u. The hydration of the 
fluoride ion has been studied considering .several complexes in which F" is bound 
with two. four (tetrahedral cage), six (octahedral cage), eight (cubic cage), and 
twelve (dodecahedral cage) molecules of water respectively. 

The total energy was minimized with respect to the distances r„ and Rq, 
shown in Fig. 2, where the complex with n = 4 is schematically drawn. The bond- 
angle and the O H distance of water not interested in hydrogen-bonds were kept 
constant, (hat is equal to the values obtained for water molecule. 



Fig. 2. Geometry for tetrahedral cage of fluoride ion 
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Table 2. Minimum and stabilization 

energies, optimized geometries and net-charge on 
F“ • bHjO systems 

fluorine for 

F'/iHiO 

£(a.u.) 

d£ (kcal/mole) 

ro(Ar 

Ro(A)* 


rt = 0 

- 27.4841 




-1.00 

2 

- 67.4559 

118.85 

1.101 

1.221 

-0.601 

4 

-107.3101 

163.98 

1.067 

1.315 

-0.555 

6 

-147.1334 

189.57 

1.054 

1.389 

-0.547 

8 

-186.9248 

195.22 

1.047 

1.481 

-0.577 

12 

-266.4755 

186.37 

1.042 

1.680 

-0.660 


* To and Rq are defined in Fig. 2. 


The more significant calculated data, that is, minimum-energy, stabilization- 
energy, optimized geometrical parameters, and net-charge on the fluorine atom 
for the different systems are collected in Table 2. 

The most stable packing corresponds to a cage of eight water molecules; the 
calculated stabilization-energy (187 kcal/mole) overcxtimates, as expected, the 
experimental hydration energy (120 kcal/mole) [17], On other hand, a more 
realistic value of solvation-energy should be calculated as the difference between 
the energy of the «-hydrated complex and the energy of n suitably packed 
molecules of water. Assuming (see the proceeding section) a value of 12 kcal/mole 
for the stabilization energy of a molecule of solvated water, the complexes with 
four and six water units show the maximum stabilization, and the corresponding 
hydration-energy are 128 and 117 kcal/mole respectively, in nice agreement with 
the experimental value (120 kcal/mole) and a theoretical value previously evaluated 
(126.7 kcal/mole) [18], considering the difference between the systems 

F +fHjO), and H^O -I-. 

By inspection of the last column of Table 2 it appears that the charge-transfer 
from fluorine to the solvent for the different structures, shows a regular trend, 
with the strongest delocalization for the octahedral cage. 

3. CHjF nHjO (n = 0,3,4,7) 

The geometry of the isolated system has been optimized minimizing the total 
energy with respect to the bond-distances and and the bond-angles 0 
(see Fig. 3-1). 

Afterwards the system in which fluorine atom is bound to three water molecules 
has been considered. 

The calculated geometry shows that one further molecule can be placed 
around the fluorine atom. Keeping fixed the geometry of methyl group, as found 
for isolated molecule, the variables indicated in Fig. 4 have b^n optimized. 

Two conformations (oxigen atoms staggered or eclypsed in respect with 
methyl protons) have been considered and the total-energy of the staggered 
conformation is lower by S. 13 kcal/mole than that of the edypsed one. The 
system in which in addition the methyl group is hydrated have been also considered. 
The optimized parameters are reported in Fig. 5 where the more stable eclypsed 
conformation is shown. 
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(I) 



r = t344 A 

r' = 1.119 A 

^ = lOfl* 30f 

=-37.0996 a.U. 

TOT 



r =x 1.439 k 

r* » 1.158 A 


TOT 


-64.7244 a.H. 


l-ig 1 Optiini«d geometry, energy, and net-charges for CHjF(l) and CHjFj (11) 



Fig. 4. Optimized geometry, energy, and net-charges for CH,F-41120. After the optimization of 
the variables r, R, r', and 0 it has been verified that the total energy is in a miniraum when a = 0, that 
IS the external proton of water molecule lying along the C-F bond, is in the symmetry plane of the 

system 


Net-charges for all atoms in CH 3 F, CHjF • 4 H 2 O, and CH 3 F- 7 H 20 
systems are shown in the proper figures ^-1; 4 and S). 

The geometry of the CH3F molecule (rc-p = 1-344A; = and 

0= 109 " 30') as obtained by CNDO calculations accords well both with exper- 
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O 

rS.1.123 A 76.3853 a.u. 

RLi.ttoA it 1/ I 

^= 109 * =29.68 Kcal/meic 

Y= 09 * 

|i=0“ 


Fig. S. Optimized geometry, energy, and net-charges for CH 3 F ■ TH^O-ft is equal toO" when the water 
molecule lies in the symmetry plane of the system 


imental data (rc_p= 1.385 A; r^-H = 1.109; 6= 110“) [13b], and with the geometry 
obtained by an ab initio calculation (fc-p = 1-42 A, Kc-h = 1.08 A, 0 = 107“ 30') [8]. 

Calculated stabilization energies for CH 3 F • 4 H 2 O and CH 3 F ■ 7 H^O systems 
are 18.6 and 29.7 kcal/mole respectively and may be related to the experimental 
value of the hydration value; dHs= 14.94 kcal/mole [19]. 

4. CH3F2“ nHjO (n = 0,8.11) 

The geometry of the isolated system has been optimized minimizing the total 
energy with respect to the bond-distances r^-F and Tc-h (see Fig. 3-11). 

The same criteria followed for the energy-minimization of CH 3 F nH20 
systems, have been adopted for the transition state. The systems hydrated by 
eight and eleven water molecules respectively, are schematically drawn in Figs. 6 
and 7, where the optimizing variables and the most relevant calculated results 
are collected. 

In the case in which the fluorine atom only is hydrated, the staggered conforma¬ 
tion is favoured of 3.45 kcal/mole. However the eclypsed conformation is more 
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r = 1.466 A E„_=-224.0341 Q.U. 

R = 1.482 A tOi 

r<=i.047A =r 113.01 Kcal/mole 

^ =^104* 

I'lH- (i. Optimized geometry, energy, and net-charges for CH.,H 2 • 8 HjO 



r* =1.157 A 
R' = 1.732 A 
if = 106* 

Fig. 7. Optimized geometry. 


=-283,7342 o.u- 
AE =: 131.53 Kcal/molc 

energy, and net-charges for CHjF," ' 11 HjO 
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stable (18.72 kcal/mole) when three water molecules hydrate also the methyl 
group. It is interesting to observe how the stabilization energy for transition state 
falls between fluoride ion and CH 3 F’s stabilization energies; this finding is in 
accord with expectation as the transition state is charged, unlike CH 3 F, but the 
charge is more spread than in the case of fluoride ion (see net-charges in Figs. 2, 
4,6,7). 


ReactioD Path 

Activation energies have been evaluated for the system in vacuo and for 
different degrees of solvated systems; numerical values are collected in Table 3. 

The reaction path in vacuo has been calculated for several values of reaction 
coordinate. Activation energy, net-charge on the nucleophilic fluorine atom, and 
geometrical parameters are shown in Table 4. 


Table 3. Activation energies for the system in uucuo and in different hydrated cages 



Reactions 

4£|kcal/mole) 

a 

CHjF + F -.[CHjFj]- 

- 88.29 

b 

CH3F(HaO)4 + [FfHjOU]- ICHjFjfHiOy 

-18.82 

c 

CHjFfHjO)* 4- [FfHjO).]- - [CHjFjIHiO),] + 2 HjO 

+ 6.34 

d 

CHjFfHjO)* + [FfHiO),] - - [CHjFifHjO),] + 4 HjO 

+ 12.49 

e 

CH,F(H,0)7 + [FfHjO),]-- [CHjFjfHjO),,)- 

- 24.35 

f 

CHjFfHjO), + fFfHjO)*]- - [CH,F,(H,0)„] + 2 H,0 

+ 1.32 

8 

CH,F(HjO), + [FfHjO),]- - [CHjFjfHjO),,] + 4 HjO 

+ 6.% 


Table 4. Energy and geometrical data for the reaction path in the vacuo at different values of reaction 

coordinate (tf) * 


t/fAi" 

ao 

3 

2 

1.8 

1.6 

1.439 

r(A) 

1.344 

1.349 

1.374 

1.391 

1.418 

1.439 

r-lA) 

1.119 

1.119 

1.120 

1.131 

1.144 

1.158 

0 

109" 30 

109" 12' 

I0r42' 

98 " 6' 

93" 24' 

90" 

'tr 

- 1 

- 0.998 

- 0.886 

- 0.768 

- 0.621 

- 0.501 

£fa.u.) 

- 64.5837 

- 64.5955 

- 64.6277 

- 64.6584 

- 64.7025 

- 64.7244 


* C is the distance between the carbon atom and the incoming fluoride ion. 
" The geometrical parameters are defined in Fig. 3. 


Discussion 

To evaluate the influence of the solvent on the activation energy the reaction (2) 
has been studied by the CNDO method. The calculated geometry of CH 3 F, as 
reported in a previous section is in agreement with experiment. In the case of 
the transition state, where no comparison with experiment is possible, we can 
only observe that C-F bond-length (1.439 A), obtained by CNDO calculations 
is remarkably shorter than the corresponding ab initio value (1.80 A). 
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Table 5. Energy and geometry parameters for the reaction in the solvent (case b) at different values 

of reaction-coordinate (g) 


e 

8 

X 00 

[F(H,OU- CH 3 F (H,OU 

2.(X)(A) 

Equilibrium 

[CH,F,(H,0),:- 

r 

1.354 

1.378 

1.466 

R 

1.636 

1.574 

1.482 

Rn 

1 315 

1.348 


0 

109' 30' 

105" 36' 

90“ 

0 

86" 30" 

104“ 

104" 

0' 

109'30' 

90“ 24' 


£(a.u 1 

- 224.0041 

-224.0155 

-224.0341 


* I'he geometrical parameters are defined in Figs. 2.4 and 6. 
« • K.’H in f HjF .4HiO. 

4>'-OrOmF 4HjO 


In the absence of solvent, our calculations, as ah initio ones [8, 20], when no 
polarization functions are included in the basis set predict the reactants to be 
less stable than the transition state. The activation energies for the series of 
models in which different number of water molecules have been introduced, are 
collected in Table 3. Solvation stabilizes the transition state much more than 
the reactants and if a sufficient number of water molecules is included in the 
system a reasonably value for the activation energy of reaction in solution is 
obtained. 

The calculated values may be compared with a value of 20 kcal/mole extimated 
by Berber et al. [8]. 

Among the data reported in Table 3, the difference of 70 kcal/mole between 
activation energies for the system in vacuo (a) and a system with a minimum 
number of molecules of water (h) is the most significant result. It is evident that 
solvation energy plays an important role on the determination of activation 
energy. 

The reaction path has been fully followed for the reaction in vacuo (the relevant 
data are shown in Table 4). It is evident that the departure of the leaving fluorine 
atom is rather late: when the incoming F~ ion is at 2.0 A from the carbon atom, 
the leaving F atom has moved by only 0.03 A. An analogous result has been 
obtained by ah initio calculations where for p = 2.1 A, the leaving fluorine atom 
is moved by 0.08 A. The presence of the solvent does not modify this situation 
as reported in Table 5 for the single point calculated on the reaction path = 2.0 A) 
for the hydrated system. 

Financial aid from Italian "Centro Nazionale delle Ricerche” is gratefully acknowledged. 
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The method of evaluation of the valence-state energy from the observed term values, as proposed 
onginally by Moflitt f I] for unhyhridized valence state and extended by Opik [3] to the hybridized 
one, IN critically reviewed. It is shown for the hybridized valence states that ofl-diagonal terms, corre- 
sptinding to interactions among multiplets of the same symmetry arising from dilTerent configurations 
participating in the hybridized valence .state. mu.st also be considered in addition to the diagonal 
terms considered in fipik's method. Actual procedure of doing this is given. A numerical example 
given shows that the improvement of f)pik’s method proposed here may be ignored in a crude theory 
but i.s worth considering in order that the accurate value of the valence-state energy be obtained. 

l)a.s Verfahren zur Berechnung der F.nergie von Valenzzustftnden, wie es von Opik fur den Fall 
hybridizierter Orbitale erweitert wurde, wird bezfliglich der Behandlung von Nichtdiagonalelementen 
kritisiert. l-.s wird gezeigt. daB solche Terme, die der Weehselwirkung von Multipletts gleicher Symme¬ 
tric, aber vcrschicdcner Konfiguration entsprcchen.nur bei verbaltnismaUig groben Rechnungen ver- 
nachlkssigt werden dUrfen. Anhand eines Beispieis wird gezeigt. daO sie bet grdOeren AnsprQehen 
an die Cienauigkeit cingcschlossen werden sollten. 


1. Introduction 

The concept of valence state has been often used in the literature. Conceptually, 
the valence state is defined as the state in which an atom is supposed to exist 
within a molecule. Moffitt [1 ] has presented an elegant way of defining the valence 
state. He has also given a way to calculate the valence state energy (VSE) and 
has presented a table of coefficients which give the VSE if they are multiplied by 
the term values and the products are summed up. Anno and Sakai [2] have 
shown that the most appropriate account can be taken of the effect of correlation 
energy upon the energy of the valence states defined by Moffitt, if the VSE is 
evaluated directly from the observed term values by using this table. However, 
Moffitt [1] and Anno and Sakai [2] have been concerned with the unhybridized 
valence states arising from the configurations of the s"p* (m = 0,1,2; n = 0,1,..., 6) 
type only. As for the hybridized valence states, Opik [3] has presented a similar 
table and OrlofT and Sinanoglu [4] have discussed such valence states with 
reference to the correlation energy. A characteristic feature of a hybridized 
valence state is that more than one spectroscopic state wave functions of the 
same symmetry but of different configurations may be found, if the wave function 
of the hybridized valence state is expanded into wave functions of various spectro¬ 
scopic states. It seems to the present author that Opik’s treatments (which is 
followed by OrlofT and Sinanoglu) of such states of the same symmetry is not 
necessarily appropriate. It is the purpose of the present paper to describe how 
to improve Opik's method. 
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2. Remarks on the Moflitt-Cpik Method 

For practical purpose, Mofiltt's method [1] of dehning the valence state can 
be described in terms of the wave functions as follows: 

(i) Construct the wave function of Molecule M in the valence-bond (VB) 
approximation. 

(ii) Expand those parts of this wave function which correspond to a given 
atom A in terms of the wave functions of Atom A in its various spectroscopic 
states as expressed in orbital approximation. 

(iii) Let the lengths of all the bonds starting from Atom A be infinite and 
drop out those parts of the wave function which do not coirespond to Atom A. 
The resulting function iy will be a linear combination of wave functions of 
Atom A in its various spectroscopic states as expressed in orbital approximation; 

Z «VV\. (*) 

r=l 

where vv is the wave function of the rth spectroscopic state of Atom A in orbital 
approximation and c, is the coefficient. 

(iv) 4>y, which is obtained by replacing ip, in Eq. (I) with the exact wave 
function of the rth spectroscopic state of Atom A, is defined as the exact wave 
function of the valence state V of Atom A in Molecule M: 

4*v= Z f'r'Pr- (2) 

From this definition of the valence state, the “exact” energy Ey of Atom A 
in its valence state F can be obtained as 

Ey = <<Py\.}lf'\<l>y>= I |(V|\vV|Jf’IVV>= I Uvl'^r. 

r-l 

where E, is the exact energy of Atom A in its rth spectroscopic state and may be 
obtained as the observed spectroscopic term value T,. It is to be noted that no 
cross term occurs in Eq. (3), because rp, is the eigenfunction of the total Hamiltonian 
.Jt^ of Atom A by definition. Although original definition of Moffitl [1] ravers 
unhybridized valence states only, Opik [3] uses Eq. (2) for the definition of 
hybridized valence states as well. Orloff and Sinano^lu s analysis [4] of the 
correlation energy of the carbon hybridized valence stales is also based on Eq. (2). 
We shall show that this is not necessarily appropriate, by confining ourselves to 
those valence states which arise from the configurations of the s p" type for 

brevity. u j- j 

As was mentioned in Introduction, a characteristic feature of a hybridized 
valence state is that more than one spectroscopic state wave functions of the same 
symmetry but belonging to different configurations may be found if the wave 
function of the hybridized valence state is expanded. For example, (ff tzfjtJ 
Opik’s notation can be expanded in terms of the wave functions of spectroscopic 
states belonging to configurations s^p^, sp*, and p*. Of these spectroscopje stat^, 
two of are involved, one arising from s^p^ and the other from p*. Let ip, and 
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be the wave functions, within the orbital approximations, of such a pair of states 
having the same symmetry. Eq. (1) in this case reads: 

H 

*v= z + + (4) 

f = 1 

r*i,l 

It is to be noted that r extends, in Eq. (I), over only those states which belong 
to one configuration if V is unhybridized, but r may extend over more than one 
configuration in the case of a hybridized valence state, with which we are now 
concerned. Therefore, N in Eqs. (1), etc. is the number of spectroscopic states 
belonging to the configuration to which V belongs if V is unhybridiz^, but N 
is the total number of spectroscopic states belonging to several configurations 
if y is hybridized. Opik evaluates the VSB in just the same way as in the case 
of unhybridi/ed valence states: 

I f; \C^^T, + \C.\^T, + \C,\^T,. (5) 

This is tantamount to assume that 

N 

*>v== z ‘VV’, + c,VJ, + f,v,. (6) 

r-*l 

ri<«. < 

Now, an important point we must remember is the fact that the concept of 
hybridization is based on the orbital approximation, in which the 
and the p"^ ^ configurations are regarded as independent configurations, whereas 
the interaction between s^p" and p“^^ (n = 3 for the example quoted above) is 
incorporated in v’, and \p,. Therefore, the method adopted by Opik is not consistent 
with the original method of Moflitt, since Moflitt’s definition of the valence state 
is based on the orbital approximation as was mentioned before. 

3. A Proposal of a Modification of Opik's Method 

To remove the inconsistency with Moffitt’s method pointed out above for 
Opik’s method, Eq. (6) must be replaced by 

N 

♦k= Z ‘^rV>r + <^,V’i + C,V;. C^) 

r-^l 

r^M.I 

where \p', and are "semi-exact” wave functions in which all but ip, — ip, inter¬ 
actions are included. The exact value of VS E is then the expectation value of the 
Hamiltonian Jf with respect to 4>y given by Eq. (7), not by Eq. (6): 

r»l 

r^t,t 

< vi I jp 1 ip;> (cfc, +crexv: I I v;> • 


(8) 
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Of the various matrix elements appearing in the right-hand side of Eq. (8), 

t) may be equated to the observed term value 
T,. The other matrix elements may be obtained as follows. 

Now, from the definitions of ip„ ip',, and ip'„ it is obvious that 

W. = aiiy>M + o,2V',] (9) 

V’i = a2iVi + ‘»22V’t'r 

where * 2 y (ij =1,2) are numerical coefficients to be determined variationally, 
leading to the secular equation 

The roots of this secular equation are equal to <Vj| Jfl v.> Vi) which 

can now be equated to T, and T„ respectively. Therefore, iip',\Jf’\w',y and 
niay be evaluated if the value of Vt) [= vi)] ** 

known. 

For the evaluation of <tpll we use an orbital approximation 

<v.;ijr’iv);>«<v,|jr'iv>,>, ni) 

which is expected to be a good approximation for such an off-diagonal matrix 
element of fairly small magnitude. For hybridized valence states, which Opik 
has dealt with, one member, say \p„ of a pair of wave functions which are of the 
same symmetry, always belongs to the configuration s^p", if the other member, 
say ip,, of the same pair belongs to the configuration (OSn^4). In such 

cases, it can always be shown that has the following form. 

<V,I^|V,> = /G‘(sp). (12) 

where / is a factor depending upon the valence state and the symmetry of ip, 
(and ip,) and G‘(sp) is a Slater-Condon parameter. This factor can easily be 
calculated algebraically while G'(sp) « to be obtained from the Slater type 
treatment of the observed term values of the configuration sp""*^*. It is to be added 
that we use the <ip;i Jf"! vl) value thus determined also in Eq. (8). 


4. DiscusskMis 

We shall now discuss the difference in VSE’s evaluated with Opik’s method 
(Eq. (5)) on the one hand and with our method (Eq. (8)) on the other, "nicse 
VSE’s will be distinguished by denoting them Ey(/) and Ey(/I), respectively. 
There is no difference between Eqs. (5) and (8) as far as the first term in the right- 
hand side is concerned. Therefore, 

Ey(I)-Ey(II) = lc.\^ {<V.lJt"lV.> - <v',\^\v:>} 

+ \c,\^ 

- (cf c,+c,*cj <tp; I I tpi'> • 


( 13 ) 
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As a numerical example, a valence state which is called by Opik 

will be considered for the neutral nitrogen atom. As was mentioned in Se^ion 2, 
the neglected term in Opik’s treatment is the interaction between and 

p^'^P, which will be assigned to the sth and the fth “states”, respectively, in our 
analysis. An algebraic calculation shows that 

<V. I I V,> = - (1/2/3) G' (sp ), (14) 

hP = (»/8) {(1 - - 21 - - >li} 

|c,p = (l/4){(l-2,)^-2i-2i-2i} ■. (15) 

< Tc. + cTc, = (1/21/2) {(I - 2, )^ - 2| - } 

where A, is the amount of .v character of l; (i = 1,2,3,4) as deHned by Opik [3], 
1 o be more realistic, let us take 

f, =(1 + /.^) ■ *(x.v + x) 
tj = [2(l + A^) Us-Ax-ll +A^)*y] 

= [2(1 + A^) * [.s- Ax + (1 + A^l^y] 

<4 = 2 

where .s, x. y, and z represent 2s, Ip^, Ipy, and 2p, AO, resisectivcly, and A is a 
parameter specifying the hybrid character of t,’s. It is to be noted that (), fj, and 
1, in Eq. (16) becomes three equivalent sp^ hybrid AO’s lying in the xy plane 
for A= i/|/2 and then becomes the valence state in which a nitrogen 

atom is expected to be found in the ground state of the nitrogen-containing 
heterocyclic molecules [5]. By expres.sing A/s involved in Eq. (15) in terms of A 
of Eq. (16). it can be shown that 

|c,p = l/{16(J+AV) 

|<-,|^ = 1/{«(1 + AVJ (17) 

cfc, + c;c,= l/{4[/2(l + A^)") 

For the numerical work, we use the following data [6,7]': 

G'(sp)= 73111cm-', (18) 

T(s^p^^P)= 28840cm-', (19) 

r(p-' ^P) = 234690 cm~ . (20) 

The value of < v’[ 1 W 1 vO can be obtained immediately from Eqs. (11), (14), and (18): 

lv;> = — 34465 cm"*. (21) 

The values given in Eqs. (19) and (20) are supposed to be the expectation values 
of Jf with respect to the exact wave functions of the sth and the tth state and to 

‘ The G'{sp) value ha« been taken from [6}. Hie term values have been obtained from Moore's 
table [7] by averaging out tine itructurc, each component of a particular term being given a weight 
of 2J + 1. Since of ls'2p’ is not given for N in Moore's table, its term value has been obtained 
by a linear extrapolation along isoelectronic series. 
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be the roots of the secular equation (10) as measured from the ground state of 
the nitrogen atom: 

<V’sl-Jl^lvO= 28840 cm (22) 

<V’i 1I v>,> = 234690 cm “'. (23) 

Therefore, <V’*l'^lvO and are obtained by the method described in 

Section 3, using (21), as 

34782 cm-, (24) 

<v: I I vO = 228748 cm “' . (25) 

From Eqs. (13), (17), (21) (25), Ey{I) — Ey(II) is found to be 

£,.(/)-£,,(;/) = 2873 cm-' = 0.356 cV, (26) 

for / = \/\/2(sp^ hybridization). This value is rather small as compared with the 
one-center electron repulsion integral, which is obtained from the energy change 
in the course of electron-transfer reaction involving the atoms in their valence 
states [2, 8], and may be ignored in a crude theory. However, essential achiev¬ 
ement of evaluation of the VSE directly from the observed term values is that one 
can expect a high degree of accuracy of evaluation and the difference shown by 
Eq. (26) is not negligible from this point of view. Therefore, it may safely be 
concluded that the improvement of Opik’s method suggested in the present paper 
is worth considering. 
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I he sulphur dioxide molecule and the two negative ions, SOj and SOj~ are studied by ah initio 
S(MO methods using a small but flexible gaussian orbital basis set. The calculations were performed 
for two different geometries and allow some understanding of the electronic changes that accompany 
the formation of complexes in which the SO, molecule acts as a ligand. 

Dus Schwefeldioxid-Molckul und die beiden negativen lonen S02~ und SO] ' werden mit Hilfc 
cuter ah initio SCI- MO Methode, die einen kleincn aber flexiblen GauB-Basissatz benutr.t, studiert. 
Die Rechnungen werden fiir 2 verschiedene Gcometricn durchgeTiihrt und erlaubcn cin naherungs- 
weises Verstiindnis der Anderungen dcr Flektronenparameler, die die Bildung von Komplexen mit 
dem SOj-MoIckul als Ligand begleitcn. 


Introduction 

In this paper wc present the results of some calculations on the sulphur 
dioxide molecule. These calculations weie performed with the aim of providing 
some information about the electronic changes which occur in the molecule 
when it coordinates to transition metal complexes. There is a great deal of 
experimental information about the stereochemistry and electronic arrangement 
of such ligands as CO, NO, Oj, SO 2 , olefins, ally Is and acetylenes bonded to 
transition metal complexes, derived mainly from X-ray crystallographic and 
spectroscopic observations. There have been a number of theories of a largely 
qualitative nature produced to explain the bonding in such complexes [1-6], but 
few calculations have been performed. It seems reasonable to suppose that SCF 
calculations upon such molecules should provide much information about the 
bonding in them. In the main, the size of the complexes precludes the pos.sibility 
of MO SCF calculations by present methods, although Ni(7t -C 3 Hj )2 [7], 
Ni(CO )4 [8] and CrOj“ [9] have been studied recently. Calculations upon a 
system such as RhCUCOKSOj) [P(CftH 5 ) 3]2 •'o* yet possible, so that a first 

attempt at understanding the bonding seems to be to study the electronic structure 
of the ligand of interest, SO 2 in this case, and the possible changes that occur 
upon coordination. 

SO 2 coordinates in two different ways to transition metal systems. On the 
one hand there is the complex [RuCl(NH3)4S02]Cl [10] where the Ru-SO, 
group is planar and symmetric, and the Ru-S bond is short at 2.072 A. On the 
other hand, the reversible coordination of the complexes characterised by 
RhCl(C0)(S02)[P(ChH,)3]2 [II] with a long Rh-S bond (2.450 A) and the SO, 
group bonded symmetrically, but with an angle of 30.3“ between the Rh-S bond 



Sulphur Dioxide 


255 


Table 1. The geometry of SOj as the free molecule and in various complexes 


Compound 

S-O(A) 

O-S-O (deg.) 

SO, [13] 

1.431(1)* 

119.0(5) 

[RuCKNHjWSOjaCl [10] 

1.43(1) 

114(6) 

RhCI(CO)(SO,)[P(C*H,),], [11] 

1.451 (4) 

113.8 (3) 

S,Oi' [12] 

1.50(2) 

108 


* The estimated experimental error in the last significant figure is given parenthetically. 


and the normal to the SOj plane. This latter coordination parallel that in the 
dithionite ion, S 2 O 4 ' [ 12 ] which has a very long S -S bond (2.39 A) linking, at a 
similar angle, two SOj groups, with overall C 2 ,. geometry. The geometries of the 
SO 2 group in these various complexes are listed in Table 1. The variations in 
geometry that arc indicated in the table, together with the different modes of 
coordination described above, suggest considerable electronic differences between 
the SO 2 group in the various complexes. The calculations presented here are 
aimed at going some way toward elucidating these differences. 


Calculations 

MO--SCF -LCAO calculations were performed for the SO 2 molecule and the 
negative ions S 02 ’ and SO|“ at two different geometries. The calculation des¬ 
ignated ( 1 ) employed the geometry obtained for gaseous SO 2 from electron 
diffraction data [13]. This geometry is identical with that found in an X-ray 
study of the solid [14]. The second calculation (II) employed the geometry of 
the SO 2 group in the dithionite ion, determined by an X-ray crystallographic 
analysis of NaiS 204 [12], averaging the two S- O distances, which agreed within 
error in the experiment. Details of these two geometries arc given in Table 1. 

A basis set of 48 uncontracted gaussian functions was employed in all cal¬ 
culations. This is equivalent to two gaussian functions p>er atomic orbital. A 
(6 a', 4p) set of gaussian functions for sulphur determined by optimization against 
the total energy of the ground state of the sulphur atom (total energy 
- 395.262 a.u.) [15] was supplemented by two d-type functions with exponents 
0.4 and 2.0. For the oxygen atoms a (4.v, 2p) set was optimized to give a total 
energy for the atom of -73.900 a.u. [15]. All one- and two-electron integrals 
were computed exactly. The SCF calculations were carried out by repeated 
diagonalization, making use of molecular symmetry [16]. All calculations were 
performed on an ICL 1907 computer using programs written by the authors. 


Results and Discussion 

Three ah initio calculations on SOj have been reported in the literature, and 
it is instructive to compare the results of the present work with these calculations, 
in order to assess the accuracy of our wavefunction. Some of the results of these 
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Table 2. Results of some ah initio SCF calculations on SO} 



This work 

Ref. [17] 

Ref. [18] 

Ref. [19] 

Observed 

Total energy la u.) 

- 543.540 

-541.008 

-546.831 

-547.209 


Dissociation energy (eVi 

7.56 


5.77 

3.85 

11.18* 

loni/alion potential la.u.) 

0.413 

0.444 

0.466 

0.491 

0.454'’ 

TJipole moment (Debye) 

-1.26 

-0.81 

-2.17 

-2.28 

1.61' 

S -W populafioii 

1 .33 

1.17 

0.55 

0.43 



■Ref 1111. "Ref. 120) '■Ref. 121). 


calculations are presented in Table 2. Column 2 gives values obtained by Hillier 
and Saunders [17] who employed a basis set of 72 gaussian functions contracted 
in groups of three to a minimal (3 .n, 2p, Id) basis for sulphur and (2s, Ip) for 
oxygen. Il i.s .signiricani that the pre.sent calculation, which u.ses a smaller basis 
set of 4X gaiissians, yields a Ktlal energy some 2.3 a.u. lower, partially as a result 
of the greater flexibility of the non-minimal bais set, but mainly because the 
smaller basis set has been subjected to optimisation for the free atoms. Columns 3 
and 4 give results from the considerably more accurate GTO calculations of 
Rons and Siegbahn f 18j and Rothenberg and Schaefer [19], who both included 
3d functions of oxygen as well as sulphur, and used considerably more accurate 
expansions for the core orbital.s. These calculations give lower sulphur 3d popula¬ 
tions. which, as Hillier and Saunders pointed out. is to be expected since the 
participation of the 3d orbitals in both the present calculation and the 3- GTO 
minimal basis calculation is certain to be exaggerated because of the incomplete .s 
and p orbital basis sets. The fact that the present calculation apparently gives 
the best di.ssociation energy, from comparison with the experimental value, can 
be explained by this exaggerated 3d participation in the wave function, which 
allows an improved description of the sulphur core orbitals and hence artifically 
lowers the binding energy. The Koopmans' theorem ionization potential, and 
the dipole moment calculated from the present wavefunction are in reasonable 
agreement with the experimental values. Final confirmation of the quality of this 
wavefunction is given by the energy level ordering it exhibits, which is the same 
as that of the Roos and Siegbahn wavefunction. 

For geometry (II) total energies of —543.340. —543.264 and —542.831 a.u. 
were obtained for SO,, SOj and SOj respectively. The figures for geometry (II) 
were - 543.349, — 543.304 and — 542,903 respectively. The two additional 
electrons in the SOf ~ calculations resided in the level 3h ,, whilst the ^B, wave- 
function was the most stable state found for both SOJ calculations. 

The total energies for the SO^ ground state in the two different geometries 
are separated by 0.009 u.a. with the experimental geometry giving rise to the 
higher figure. This indicates an energy plateau as far as small, symmetric de¬ 
formations of the isolated molecule are concerned, and we feel that the apparent 
slight increase in stability when the S-O bonds are stretched and the OSO angle 
decreased is an artifact of the limited basis set used in the calculations. The most 
stable virtual orbital of the SOj calculations has b, symmetry. It is centred mainly 
on the sulphur atom but with some 2p character, and has the symmetry of a 
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p-orbital perpendicular to the SOj plane. The orbital is S-O re-antibonding and 
0-0 7 i-bonding. When electrons are added to this orbital it is evidently con¬ 
siderably more stable in geometry (II) rather than (1). The orbital energies for this 
orbital in both the SOj and SO| calculations are 0.031 a.u. lower in (II) than 
their corresponding values in ( 1 ). This is confirmed by the total energies which 
indicate SO 2 (II) to be 0040 a.u. more stable than SOJ (I) whilst the difference 
between the SOI energies is 0.072 a.u. These differences are considerably larger 
than the small difference between the SO^ energies, and they agree with the 
experimental observations of the geometry change in SO 2 when it coordinates as 
a Lewis acid [11]. The 3ft, orbital has the correct symmetry for er-bond formation 
between sulphur and another atom in such complexes as S 2 OI and 
RhCl(C 0 )(S 02 )(P(ChHj)j )2 where the SO, group is oriented such that the 
normal to the SOj plane is at about 30" from the line of the S-S or S-Rh bond. 
In both the SOj calculations the molecular orbital Sft, has atomic orbital 
components which are 54% sulphur 3p^. 17% sulphur 3</,. and .29% oxygen 2p. 
where the SO 2 molecule lies in the xy-'plane with the x-axis the 2-fold axis. The 
presence of electrons in this orbital, whether in the SO 2 and SO| ion, or in 
complexes where the orbital is involved in ff-overlap with a suitably directed 
doubly-occupied metal orbital, will decrease the amount of S O n-’oonding and 
increase the 0—0 n-bonding over that found in free SO 2 . The geometry changes 
which will enhance the stability of a system where the SO 2 3ft, orbital is occupied 
will therefore be S-O bond lengthening and the decrease of the angle between 
the two S-O bonds. We observe that the other two orbitals which are more stable 
in the geometry calculations (11), namely 6 <i, and 8 a,, are both S O antibonding 
and 0-0 bonding in character, whilst the orbital 5 ft 2 and luj which are anti¬ 
bonding between the oxygens arc less stable in the geometry (II) calculations. 

The orbital 8 a, is the obvious source of the electron pair needed for a-bond 
formation in complexes such as [RuCl(NH 3 ) 4 S 02 ]Cl where the SO 2 group acts 
as a Lewis base. As Roos and Siegbahn have pointed out, this orbital can not 
be characterized as a lone pair orbital on sulphur, since it has a large oxygen 2p 
component (58% in our calculation) and is S O antibonding. However, with¬ 
drawal of electrons from this orbital on complex formation will stabilize the 
S-O <T-bonding and will favour back-donation from appropriately directed 
occupied metal d-orbitals into the vacant 3ft, orbital on SO 2 which has the right 
symmetry for metal-sulphur rr-bond formation. Thus we suggest that the electronic 
configuration of SO 2 in the ruthenium amine complex will resemble that in an 
excited state of SO 2 that can be qualitatively described as ...(la 2 )^( 8 a,)'(3ft,)‘. 
Since both the orbitals 8 a, and 3ft, arc S O antibonding and O- O bonding we 
would expect little or no change in the geometry of the SO 2 group on complex 
formation of this type. The relevant crystallographic data for [RuCl(NH 3 ) 4 S 02 ]Cl 
(see Table 1) confirm that, within error, the SO 2 geometry is the same as that in 
the free molecule, whilst the short Ru -S distance indicates the presence of a double 
bond between these atoms. 
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Theoretical Conformational Analysis of the Dimethylsulfone, (C'H i,) 2 SO;, 

The conformational analysis of (CHjljSOj is investigated within the framework of the CNDO/2 
approximation. The preferred conformation of heavy atoms (C, S, O) is found to be the one which 
was proposed by Jacob and Lide in 1971 on tlie basis of microwave measurements. The map of iso- 
energy curves was drawn, describing the variation of energy as a result of mutual rotation of the two 
methyl groups. This showed that the equilibrium symmetry for the complete molecule, including the 
hydrogens, was Cj„. The rotational barrier for one CHj group is 3.65 kcal/mole, in good agreement 
with the experimental value (3.4 kcal/mole [10]). A bicentric energy partitioning shows that at least 
70 per cent of the variation in total energy is reflected by the single sum, £ £(S-HX of the spatial inter¬ 
action terms between sulphur and the six hydrogens. This result, which is consistent with previous work, 
strongly supports the classical concept of hyperconjugation. 

La mithodc SCF-LCAO-MO dans I'approximation CNDO/2 est utilis6e pour I'itudc dc [analyse 
conformationnelle de la dimethylsulfone (CHjiiSO,. On montre ainsi que, parmi Ics determinations 
geometriques les plus recentes, celle obtenue par Jacob et Lide cn 1971 au moyen de la spectroscopic 
de micro-ondes semble devoir eiie retenuc. La carte de potcntiel. decrivant la rotation simultanee 
des deux groupements methyle autour des liaisons (S-C), est tracee: elle montre que la molecule 
(CH;,)2S02 appartient bien au groupe de symetric C2v. non seulemcnt au niveau des atoroes lourd' 
(C, S, O) mais aussi A celui des hydrogenes. La barriere k la rotation d'un CH, est ainsi trouvee egale i 
3,65 kcal/mole (cxperimcntalcment: 3,4 kcal/mole [10]). Un decoupage bicentrique dc I'energic totale 
montre enfin que 70% des variations de cettc grandeur sent dus e la .seule somme, £ E(S- H), des inter¬ 
actions dans I'espaoe entre I'atome de soufre et les six atomes d'hydrogene. Ce risultat eclaire d'un 
jour nouveau le concept qualitaiif d'hypcrconjugaison. 

Die Konformationsanalyse von (CH3)2X02 wird im Rahmcn der CNDO/2-Naherung untersucht. 
Die bcvorzugte Konformation der schweren Atoroe (C, S. O) ergibt sich als diejenige, die von Jacob 
und Lide 1971 auf der Grundlage von Mikrowcllenmcssungen vorgeschlagen wurde. Die iso-energeti- 
sclien Kurven wurden angegeben; sie beschreiben die Variation der Encrgie als ein Ergebnis der 
gleichzeitigcn Rotation der beiden Methylgruppen. Dies zeigte, dafl lUr das Oesamtmolekiil - die 
Wasserstoffatome eingeschlossen - im Glekhgewicht C2.-Symmclrie bcstcht. Die Rotationsschwelle 
fiir eine CHj-Gruppe ist 3,65 kcal/mole, in gutcr Obcrcinstimmung mit dem experimentellen Wert 
(3,4 kcal/mole [10]). Eine bizentrische F.nergieaufspaltung zeigt, daD mindestens 70% der Variation 
der totalen Energic auf die eine Summe £ £(S-H) der raumlichen Wechselwirkungsterme zwischen 
Schwefel und den sechs Wasserstoffatomen entfallen. Dieses Ergebnis - in Ubereinstimmung mit 
frUberen Arbciten - erhiirtet von ncuem das klassische Konzept der Hyperkonjugation. 


Introduction 

La r6solution de I'equation de Schrodingcr par une m^thode variationnelle - 
visant la determination de fonctions propres dont la connaissance perniet d’atteindre 
en particulier la distribution electronique au sein d’une molecule donnee - peut 
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s'effectuer dans le cadre d’un grand nombre d’approximations plus ou moins 
grossicrcs allant de ceiles de Hiickcl a ceiies sur lesquelles ref>osent les formalismes 
dits ah initio. 

[)ans le domaine de la chimic minerale moleculaire - et plus particulierement 
en chimie de coordination - il est apparu tr« vite que seules les methodes semi- 
et non-cmpiriques pouvaient etrc raisonnabiement utilisees, ces dernieres ayant, 
si Ton en juge par un examen de la litterature la plus rwente, la preference des 
quanto-chimistes. 

S’il est aise de comprendre I’origine d’un tel etat de fait, il nous a paru toutefois 
necessairc de reexaminer le bien-fonde de I’afTirmation selon laquelle seule une 
methode ah initio permet d’attcindre la structure electronique d’un compose de 
coordination. 

Que signifie en fait le vocable ah initio ? Cela veut dire en toute rigueur qu'une 
methode de calcul ainsi qualihcc recherche d la fois une minimisation de I’energie 
et la determination de facto dc la geometric optimale de la molecule. On peut 
done dire que, comme son nom I'indique, une veritable methode ab initio n'impose 
a priori aucune “contrainte” geometrique au systeme qui est etudic (hormis, bien 
sur, I'existcncc des liaisons chimiques). 

Or, en fait, ces methodes neccssitent un lei potentici en moyens dc calcul que, 
dans I'immcnsc majoritc dcs cas, les auteurs etudient des systfemes dont la gfeometric 
a etc prcalablcment determinee d'unc manicre aussi precise que possible par voic 
cxpcrimentalc et portent en fait uniquement leurs efforts sur la minimisation de 
I’encrgie du systeme ainsi constitue. Pour peu alors que la gcometrie retenue soit 
cntachee d'erreurs memes minitnes , un temps de calcul souvent considerable 
.sera ainsi depense sinon en pure perte du moins avec des avantages discutablcs 
si Ton compare les resultats ainsi obtenus avec ceux deduits d’une etude semi- 
empirique respo.sant sur une gcometrie plus proche de la realite. 

Lii connaissance aussi approfondic que possible des geometries est done 
uctuellcment un des buts fondamentaux vers lesquels il est necessaire de tendre 
avant d'envisager cc qui sera certainement possible dans un futur proche - 
I’utilisation systematique dcs methodes non-empiriques pour I’approche des 
distributions dectroniques reelles. 

C’est dans cet esprit que le tout recent article de Jacob et Lide [13 sur la 
geometric de la dimethylsulfonc (CHjliSOj a retenu I'attcntion de notre groupe. 

II s'avere en effet que cette molecule etaion des composes tctracoordonnes du 
.soufre (auxquels nous pretons attention depuis plusieurs annees tant du point de 
vue dc leur physico-chimie que de ieur intcret en chimie thtorique [2]) a fait 
I'objet d'un certain nombre d’etudes spectroscopiques dont les donnees les plus 
recentes figurent dans le Tableau 1. On s’accorde generalement en chimie moleculaire 
pour attribuer une confiance egale aux parametres fournis pKir la diffraction 
electronique et la spectroscopic de micro-ondes. Or le Tableau 1 montre a I’evidence 
qu'il n'en est pas ainsi dans le cas de la molecule ctudiee puisque - et ce fut I’objet 
cssentiel du recent article de Jacob et Lide [1] - Tangle par exemple vaut 
respectivement 127 1 [3] et HO'S ou 122"0 [1]. 

Il serait sans grand fondement en pared cas d’effectucr un triple calcul par une 
methode ab initio pour departager les deux etudes expwrimentales que nous 
venons dc citcr. C'cst id que les methodes semi-empiriques trouvent Tune des 
justifications de leur utilite, la seule condition restrictive etant que les energies 
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DilTraction electronique 

Micro-ondes (Jacob et Lide f I ]) (Oberhammer el Zeil (3]) 

G«>nietrir A CAimetrie B Oeomi'irie C 


rg-o t^) 

1,433 

1.425 (fixi) 

1.425 

rg-c (^) 

1,;70 (fixe) 

1,780 

1.770 

fc-H 1^1 

1,08S (fixi) 

1.085 (fixi) 

1.077 

■« OSO (degres) 

120.82 

12 i02 

127,1 

-jc CSC (degres) 

103.45 

102.68 

102.5 

< CSO (degris) 

- 

- 

106.2 

< HCS (degres) 

^ HCH (degris) 

110.8 (fixe) 

110.8 (fixi) 

109.8 


totales obtenues soicnt sufTisaintnent distinctes d'une g^metrie a I'autrc pour 
que le choix qu'elles permettent soil sans equivoque. 

Parmi ces methodcs semi-empiriques, la methodc dc Hiickel gcneralisce [4] 
a ete ecartee d’entree de jeu en raison de ce qu'elle ne permet guere d’efTectuer 
une analyse des mecanismes des barrieres i la rotation, analyse qui constitue 
Tunc des parties essentielles de notre travail. 

Les rdsultats encourageants auxquels nous sommes tout recemment parvenus 
au moyen de la rnethode CNDO/2 de Pople et Sega! [5] lors d’une analyse 
conformationnelle de cerlaias composes organiques [6. 7] et mineraux [8,9] 
nous ont incite a retenir cette meme methode pour le problemc id pose. 

R^uitats 

Nous nous sommes done dans un premier temps attache a voir laquelle des 
geometries du Tableau 1 conduit a une valeur minimale de I'^nergie. Le Tableau 2 
rassemble les resultats obtenus el appelle les remarques suivantes: 

1" Pour chacune des geometries, la conformation la plus stable c.st celle, 
(60,60)‘, dans laquelle un hydrogene dc chaque groupement methyle se trouve 
dans Ic plan CSC et pointe dans la direction des oxygencs; nous rediscuterons 


Tableau 2 




Cicomctric A 

Cieometrie B 

Gcomcirie C lixpcricnce 

ncrgie lolale 

Conformation (60,60)* 

-41657,520 

-41649.731 

-41646.313 

n kcal.'molc) 

Conformation (0,60) 

-41653.867 

-41646.179 

-41642,488 


Conformation (0,0) 

-41649,157 

-41641,545 

-41637.442 

lomcnl dipolaire 

Conformation (60,60) 

4,176 

3,984 

3,618 4.44 L2cJ, 4,.50 

'll Debyes) 

Conformation (0,60) 

4,243 

4,050 

3,695 


Conformation (0,0) 

4.274 

4.084 

3,736 


■ U conformation de reference, notec (0.0), est celle dans laquelle un hydrogdne ck chaque groupement 
methyle se trouve dans le plan CSC et pointe vers I'interieur de Tangle CSC. Lorsque deux 
hydrogincs particuliers toument autour de la liaison (C -S) correspondantc. Tun de Tangle 0 1 autre 
dc Tangle w, on obtient alors la conformation dans ces conditions, la conformation (60,60) 

par exemple eat celle dans laquelle ce sent deux des hydrogincs voisins des prMdents qui se trouvent 
alors dans le plan C^C mats pointant maintenant vers I ^xtfrieur de 1 angle CSC (cf. Fig. 3). 

^ On"ti^uvera une explication de cette symbolique dans la note qui figure cn pied du Tableau 2. 
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d'ailleurs cn detail le caractire privilegie d'une telle confonnation a la fin de ce 
Memoire: 

2 pour cette conformation, I’energie la plus basse est obtenue pour la 
structure A de Jacob et Lide [I] dans laquelle la longueur de la liaison (S-C) a 
cte fixee a priori a la valeur 1,770 A; 

3 la geometric de Oberhammer et Zeil [3] semble par contre la plus 
defavorable; 

4 on pcut rcmarquer enfin que la methode CNDO/2 permct d'incliner - au 
sein dcs travaux memes de Jacob et Lide - vers la geometric A plutot que vers 
cclle, B, dans laquelle ccs auteurs se sont impose une longueur de liaison (SO) 
egale a 1 ,425 A. 

II est cn outre rcmarquable de constater que ce que nous venons de dire en 
termes denergie peut etre transcrit au niveau des momentsdipolairescalcules et 
de leur comparaison it I’experienoe (les valeurs 4,44 et 4,50 D provenant de mesures 
effectutes en solution dans le dioxane [2c] et par effect Stark [1]). 

Kn resume de cette partic, non seulement une methode semi-empirique permet 
de discerner it peu de frais en ce qui concerne le temps de calcul - dans un 
ensemble de donnes experimentales la geometrie a retenir pour un eventuel 
calcul ah initio, mais encore elle permet de lever certaines ambiguitds auxquelles 
sc heurtent les specialistcs dcs micro-ondes, ambiguity qui reposent sur le fait 
que dans ce domaine (comme d'ailleurs dans celui des constantes de force en 
infra-rouge) il arrive souvent quo le nombre d’equations soil inferieur a celui des 
inconnues, obligeant ainsi 4 faire certaines hypotheses de travail. 

Mais la methode CNDO/2 permet encore d'allcr plus loin. L’analyse des 
spectres de diffraction electronique [3] et de micro-ondes [1] a ete conduite dans 
I’hypothese oCt la molecule appartiendrait au groupe C 2 ,., les deux groupements 
methyle etant alors I’image I’un de I’autre daas le plan «t„. Jacob et Lide ont bien 
senti I'approximation ainsi faitc puisqu'ils ne parlent pour leur part que d'une 
«probable sym6trie C^,,, au moins en oe qui concerne les atomes lourds» [1]. 

II ctait done intcressant d'utili.ser la methode CNDO/2 pour progresser 
quelquc peu .sur ce point. 

Partant alors de la geometrie A proposee par Jacob et Lide, il a ete procede 
a une analyse tridimensionnelle de la conformation des deux groupements 
methyle; pour une conformation donnee (0 = C'') de I'un des methyles, nous 
avons fait subir i I'autre methyle une rotation de 60" {ip variable). Les resultats 
concemant I'energie totale de la molecule ont etc reproduits dans le Tableau 3. 


Tableau 3. Hnergie totale de la molecule (d-41640fccal/mole prds) 


1 ) 

S' 

0 

10 

20 

30 

40 

50 

60 

0 

- 9,16 

EBM 


B&gi 

-12,72 

-13,56 

- 13,87 

10 

- 9.48 




-12,87 

-13,75 

-14,11 

20 

- 10..36 

-10,55 

-11,29 

-1Z38 

-13,52 

-14,39 

-14.79 

30 

-11.55 

- 11.70 

- 12,38 

-13.40 

-14,47 

-15,31 

-15,70 

40 

- 12.72 

-12,87 

-13,52 

-14,47 

-15,47 

-16,26 

-16,61 

50 

-13,56 

- 13,75 

-14,39 

- 15.31 

-16,26 

-16.97 

-17,2» 

60 

-13.87 

-14,12 

-14,79 

-15,70 

-16,61 

-17,28 

-17,52 
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La Fig. 1 rassemblc les courbcs d’iso-cncrgics correspondantes, la surface dc 
potenticl ainsi ddfinie ayant pour equation 

E{e,lp)=-4^ .649,157 - 2,355 [(1 - cos 3d) + (1 - cos 3 v;)] 

-0,0195 [(1 -cos6<y) + (l -cos6v)] 

+ 0,007625((1 -cos60)(l -cos3vj) + (1 -cos30)(1 -cos6v')) 

+ 0,26425 (1 - cos 3 0) (I - cos 3 V) 

+ 0,06331 (I -cos60)(l -cos6v). 

Cette fonction mathematique permct de reproduire I’ensemble des resultats avcc 
une incertitude au plus egale k 0,05 kcal/mole. 

II ressort de ces resultats que la conformation la plus stable est bien celle 
pour laquelle les groupements methyle sont images 1 un de 1 autre dans le plan 
de symetric des atomes lourds et tcls que chaque methyle presente un hydrogene 
dans le plan CSC qui pointe vers les oxygenes (Fig. 2): la molecule de dimethyl- 
sulfone appartient done bien au groupe C^v 
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Conformation stabli dt U dim4th)rlsulfont 
Fif!. 2 




Fig. 3 
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Dimtihylsulfone. lCH 3 )jSOj 

La Fig. 3 ramble en outre les donnees numeriques relatives a trois conforma¬ 
tions particuhdrement interessantes:(fl = 60, v> = 60), (0 = 0, y- = 60)ct (0 = 0, yi = 0); 
I examm de cette figure indique en effet que, partant de la conformation (60,60) 
qui est la plus stable, la barri6re a la rotation d’un groupement methyle est egale ^ 

d = £(0,60) - £(60,60) = 3,65 kcal/mole 

en excellent accord avec la valeur estim^ tout r^mment par Clever et Westrum 
[10] (3,4 kcal/mole) au moyen des spectres de micro-ondcs et dans des conditions 
d'entropie ideales. 

II resulte done de tout ce qui pr6c6de que la conformation la plus stable de la 
molecule ck dimethylsulfone est bien cclle, (60,60), de sym6trie C^., correspondant 
A la geometrie A des atomes lourds proposee par Jacob et Lide. Les Tableaux 4 
et 5 rassemblent, les charges electroniques et les populations de Wiberg [11] 
relatives a cette conformation. 


Tableau 4. Distribution des charges electroniques pour la conrormation (60.60) 




35 

1.222 


2 .V 

1.784 




0 .K2') 


-P. 

1,574 



-V, 

0.821 

O < 


1,560 




0.810 


2 p, 

I..3.39 




0,505 


I'olal 

6.257 




0,.t<)7 






.W,, 

0.304 


2 s 

1,784 




0.467 


2 /«. 

1,.574 



.w„ 

0.194 

D 

2 P, 

1.560 



Total 

5,6.39 


2 P. 

1.3.39 






Total 

6.257 



2 ,v 

1,063 


2 s 

1,063 



2 p. 

1,01.3 



l,(X)7 

c 


2 P, 

1,007 

C 

2 P, 

1,013 



2 p.- 

1,002 



l.(X)2 



Total 

4,085 


Total 

4,085 

11 


Is 

0.95.3 

H 

Is 

0,953 

11 


Is- 

0,9.33 

II 

Is 

0,933 

(dans le plan ( SC) 



(dans le plan CSC) 


H 


l.s 

0.953 

11 

Is 

0.953 


Tableau 5. Populations de liaison selon Wiberg pour la conrormation (60.60) 


Liaison 

Population de liaison 


S O 

2.188 


S-C 

1.092 


C H 

(pour les hydrogenes hors du plan CSC) 

0,958 


C-H 

(pour les hydrogcncs dans le plan (TSC) 

0,947 
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Ccci ctant, une dcrniere question meritait d'etre posee quant a I’origine de ia 
barriere a la rotation que nous avons cvoquee ci-dessus. 

C'c probleme a ete tctoIu d'une maniere maintenant classiquc [6-9] en 
procedant a un decoupage bicentrique de I'energie totale dc la mol^ule selon 
I'ex prcssion 


A 


A+ Z - 

A<B 


que Ton pout grossierement ecrire sous la forme 

avec „ _ 

Ef, - ^ ZiA + X ^AB et B chimiquement lies) 

A A ' B 

^ £ab (A et B non chimiquement lies). 

A • B 

Une premiere analyse de la variation des termes et cn fonction de la 
conlorinalion montre que e’est au termc que la courbe d’energic totale doit 
sa forme. 

I flic analyse de revolution de chaeun des 66 termes qui definissent I’energie 
totale de la molecule montre qu'en fait les variations dc cette dernicre sont 
principalemcnt liecs a ccllcs du terme global £ £fS H) qui traduit les interactions 
entre I'atomc de .soufre et les six hydrogenes mcthyliques; a ellc scule, la variation 
de cc premier termc permet dc rendre compte d’environ 70% du phiinomcne. 
Les 30"i. rcstants sont expliques de fagon quasi complete par la variation des 
sculs termes Z £(() Hi et Z £(H H) (interaction entre les hydrogencs d'un 
mcthylc avec ceux dc rautre); it eux .sculs, ccs trois termes permettent d'expliquer 
95".> dc la variation d'cncrgic (Fig. 4). 
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On retrouve ici en quelque sorte, d’une maniere toutefois plus attenuM, une 
origine de barri&re a la rotation trds comparable a celle qui nous a permis d'analyser 
la conformation des complexes de Lewis FjP- BH 3 ct FjHP- BHj [ 8 ]; dans ccs 
deux cas en effet, 98% de la barriere a la rotation autour de la liaison (P.B) etaient 
dus4 une interaction dansl'espace entrel’atomede phosphoreet les trois hydrogenes 
lies au bore, ce resuUat tn'duisant d'ailleurs d'une maniere quantitative le concept 
souvent evoque par les expcrimentateurs d'« hyperconjugaison du BH ,)). 

Uanalyse de <4£^ dans le cas de la dimcthylsulfone suggere une certaine 
analogie avec le travail dont nous venons de faire etat ct repose done d'une 
maniere nouvelle le probleme do I'hyperconjugaison au sens large du terme. 

Remerciemems. Les auteurs tiennenl i remercicr trds vivement le Professeur C. A. Coulson 
pour rint6r£t qu'il a hien voulu porter & cc travail et pour les suggestions positives qu'il a faites aussi 
bien quant au fond qua la forme de ce Mdmoire. 
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SFi 

From thermochemical estimates made by O’Hare [16], HATXCSFj) 
= 174.8 kcal/mole. Johnson and Powell [21] have determined from its microwave 
spectrum that SF^ is a species with R(SF) = 1.589 A, < FSF = 98° 16'. 

SF^ 

In a recent study of thiazyi tri- and monofluorides, O’Hare, Hubbard, Glemser 
and Wegener [22] pointed out that experimental values of AHf{SF^,g) range 
from - 162 to -208 kcal/mole. Previously, O’Harc [16] had favored a mean of 
- 182.1 kcal/mole, which value has been adopted in the present work. A com¬ 
patible HATX(SF 4 J is 330.7 kcal/mole. 

The geometry of SF 4 is well established [23,24]. TTie data used in our calcula¬ 
tions are those of Tolies and Gwinn [23], as employed in the calculations of 
Brown and Peel [ 8 ]: R(SF)., = 1.646 A, R(SF),, = 1.545 A, FSF„ = 87.8°. 
<FSF^^= 101.5 . Results of calculations run with data given by Kimura and 
Bauer [24] differed insignificantly. 

SF, 

From well established data [16] a value HATX = 484.5 kcal/mole can be 
deduced. The internuclcar distance R(SF)= 1.564 A [25] seems preferable to that 
employed by Brown and Peel. 


S=SFj and FSSF 

Geometries of these species are weU known [26]. Data used in our calculations 
include, for S=SF 2 : R(SF)= 1.598A. R(SS)= 1.860A, < SSF= 107.5'’, < FSF=92.5'; 
for FSSF: R(SF)= 1.635 A, R(SS) = 1.888 A, < FSS= 108.3", </>(dihedral) = 87.9". 
From thcrmochemical arguments O’Hare [16] estimated heats of formation for 
both species. With these and observed fundamental vibrational frequencies, values 
of HATXfSSFj) = 266.3 kcal/mole and HATX(FSSF) = 258.7 kcal/mole were 
computed. 

S2F10 

The geometry of SjFjq is believed to be that of two C^^SFs pyramids linked 
through a long S S bond, with hindered rotation about that bond [27]. Bond 
distances used in our calculations are: J?{SF)= 1.56A, R(SS) = 2.209A. 

From three indirect A values estimated by O’Hare [16],a value HATXfSjFn,) 
= 869.9 kcal/mole was obtained. In one of his thermochemical schemes O’Hare 
estimated D(SS) in the molecule to be 55 ± 5 kcal/mole with an empirical relation 
between force constants, bond distances and bond energies. The proposed relative 
weakness of this bond is substantiated by the S 2 F,o thermal decomposition 
studies of Trost and McIntosh [28], indicating a S-S bond-breaking activation 
energy of 49.2 kcal/mole. 

S2 

Data employed for diatomic Sj include Z)o= 101.0 kcal/mole [29,30] and 
R{SS)= 1.889 A [31], both of which values now appear to be well accepted. 
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Calculadoos and Results 

In our initial approach CNDO/2-based binding energies in atomic units were 
plotted against experimental heats of atomization H ATX (see Fig. 1). An acceptable 
linear relationship obviously obtained for molecules with only SF bonds, but 
equally obviously was invalid for molecules combining both SS and SF bonds, 
a result indicating that a rescaling factor common to both types was inappropriate. 

To assist analysis of the situation the CNDO/2 program was adapted to 
permit computation of all diatomic contributions, ^AB> to the total molecular 
energy, as deflned by Pople and Beveridge [2] for closed shell systems: 

+ {^AA^BB~ •f* AA^B ~ ^BB^a) VaB + • (U 

ft y 

Previously Brown and Peel [8], working with their VESCF -MO theory (based 
on NDDO and entirely diflierent integral approximations) defined as a “bond 
energy" a quantity like the first term of Eq. (1), and attempted to correlate these 
quantities with bond-stretching force constants. Fischer and Kollmar [IS] with 
a modified CNDO method found that both the total bicentric energy ■^AB and a 
subsidiary quantity, 

= 2 ( 2 ) 

M V 

termed the resonance energy, were suitable qualitative measures of chemical bond 
strengths in a series of hydrocarbons; however, these authors were reluctant to 
compare directly with experimental dissociation energies. More recently 
Ehrenson and Seltzer [14] reexamined Wiberg’s results with energy partitioning 
schemes and found that sums over "bond indices” defined according to Eq. (2) 
gave within original CNDO/2 parametrization a quite good correlation with heats 
of atomization. These authors furthermore (1) justified Wiberg’s linear relation- 



Fig. 1. Theoretical (CNDO) versus experimental (HATX) heats of atomization of sulfur-fluorine 

compounds 


19* 
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ships for many hydrocarbons including the perturbing variation in intercepts, (2) 
concluded that one-center contributions £a to the total molecular energy were 
relatively constant per atom over a large family of hydrocarbons, (3) expressed 
belief that the bond index had some dependence on the n —jt character of the 
bond, (4) concluded that for hydrocarbons all other contributions to beyond 
those reflected in Eq. (2) either cancel or are insignificant, and (5) found that, 
for hydrocarbons, interactions between non-bonded AB atom pairs were negligible. 

In our own analysis on compounds of sulfur and fluorine we found (1) that 

values were sufficiently constant to justify neglect of atomic promotional 
energy contributions in our rescaling process. (2) that contributions to •^AB from 
terms other than amounted in some instances to 10% of (and consequently 
rescaling was performed on total values), (3) that no significant dependence 
of Ejn„ on single-double bond character was observed within the limits of the 
available experimental data, and (4) that interaction between conventionally non- 
bonded atoms (such as F, F) appeared to be significant when summed over the 
molecule. 

Two rescaling procedures of partitioned E^g values were considered. In method 
A only total ^AB values between canonically bonded atoms were considered. 
E’sf was proportionally rescaled with 1/6 HATXISF^), the best established of 
experimental values, and Egg was calibrated with HATX(S2) (see Table 1). 
Theoretical heats of atomization for all others species were obtained as appropriate 
sums of these quantities. 

In method Ball bicentric E^b values (where AB = SS, SF and FF) were summed 
for each molecule, including smaller attractions and repulsions between non- 
bonded pairs. HATX(SF4) was used as a third calibrating factor. Results are 
again illustrated in Table 1. 

Method A though yielding a less .satisfactory correlation with HATX values 
is intrinsically somewhat more appealing, since it requires only two bonds for 
calibration. Furthermore it avoids, as observed in method B, a critical dependence 
of the repulsive Epy interaction on the HATX values used for calibration. However, 
results of method B are much closer to estimated thcrmochemical values and 
indicate the importance of including all interactions in molecules of this type. 

.Since the total molecular energy is the sum over all biccntric E^g and mono- 
centric £4 terms, the success of this rccalibration process (and the failure of the 
attempted single parameter rescaling procedure indicated in Fig. 1) establish 
conclusively that with the usual CNDO/2 parametrization the relative weights 
of bond contributions from chemically different atom pairs must be improperly 
reflected in the total CNDO molecular energies (and consequently in the bonding 
energies). Hence conclusions about geometry or conformation based on cither of 
these quantities /or molecules of mixed-row atoms must be suspect. On the other 
hand, with energy partitioning and external rescaling (or appropriate interna) 
reparametrization) quite reasonable chemical results may be obtained. 

Binding energies for the molecule ions were computed with the same rescaling 
factors used for neutral molecules. 

Use of energy partitioning methods to estimate energies of the molecule ions 
permits circumvention of one problem observed during the course of this work. 
In the usual CNDO approach, binding energies are obtained as the difference 



Table 1. Rescaled bond ener^es and heats of atomization 

Species E^FisLU.) fissM ) Rescaled £ 5 ^ Rescaled i:£jf(a.u.) I Errii.u.) Predicted heats of HATX 

(kcal/mole) (kcal/mole) atomization (kcal/mole) (kcal/mole) 
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Parentheses denote values used for calibration. Scaling factors are, for method A: \E^ unit = 72.91 kcal/mole, lEj^ unit = 86.44 kcal/mole; for method B. 
1 E^f unit = 72.91 kcal/mole, 1 £,p unit = 93.79 kcal/mole, 1 fipp unit = 203.8 kcal/mole. 
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Table 2. Vertical ionization energies and electron affinities 


Molecule 

Ionization energies 
Method /4 
(in eV) 


Electron affinities 


Method B 

On eV) 

Method A 
(in eV) 

Method B 
(in eV) 

Sf- 

10.0 

10.0 

2.8 

2.8 

SI-, 

<1.6 

9.7 

2.3 

ZO 

Sf-. 

11.1 

10.6 

1.9 

1.1 

Sf'„ 

122 

11.1 

1.7 

-0.07 


between total molecular energies and summed energies of isolated atoms (or ions), 
the latter calculated with approximations similar to those used in the total energy 
computation. Under these approximations, however, £(F~) appears to be higher 
than E(l'), leading to an incorrect description of the electron affinity process of 
the fluorine atom and consequent errors in binding energies of species with F" 
as a dissociation product. 

For SF^ and SF", results of both methods A and B are consistent with 
qualitative predictions based on increase or decrease in the number of antibonding 
electrons on the SF molecule. 

With the computed binding energies and the experimental quantities 7(S) 
- 10.357 cV [32], £.4(F) = 3.457 cV [33], the ionization energy and electron 
affinity of SF may be computed according to the equations; 

/(SF) = B£(SF) + f(S) - BE(SF ■*), 

£/f(SF) = B£(SF') + £X(F) - B£(SF). 

Results obtained from rescaling methods A and B are essentially equivalent for 
this species: /(SF)= 10.0eV, £/l(SF) = 2.8eV, both in excellent agreement with 
the ah initio results of O’Hare and Wahl [18]. 

Note in Table 1 that individual SF bonds in the SF 2 molecule are predicted 
to be stronger than those in the SF radical. This most likely reflects the engagement 
of the antibonding odd electron on SF in an additional bond. Vertical ionization 
energies and electron affinities for SF 2 as computed from appropriate analogs of 
Eq. (3) are listed in Table 2. 

Rescaled binding energies of ions of SF 4 and SF^ are listed in Table 1 and 
vertical ionization energies and electron afHnities in Table 2. In the SCF iterations 
on these ions the total molecular energies and density matrices converged rapidly 
(within 40 cycles) for all species except SF^'^. Although after 200 cycles a reasonable 
convergence of total energy resulted, a small asymmetry persisted in the density 
matrix. The Egf value listed in Table 1 for SF^"^ is the average over six bonds, 
while the sums are exact. A possible reason for the convergence difficulty may be 
that in the ionization process one electron is removed from the filled triply- 
degenerate 3t,„ level, and small density changes are induced over the whole 
molecule. In contrast, no difficulty was experienced with the SF^' calculation. 
Here the electron attached enters the non-degenerate 3ai,MO, markedly in¬ 
creasing the 3s electron density on the sulfur atom. Santry and Segal [34] have 
previously commented on the low occupation predicted for this orbital in SF,,. 
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d orbital occupancy remains almost constant during both ionization and 
electron attachment processes for SF 4 and SF^ (near 1.5 and 1.8 respectively). 
CNDO calculations thus do not support the suggestion of Harland and lihyne [35] 
that the relatively long lifetimes observed for SFT and SF(~ ions may be attributed 
to the ease with the captured electron may be accomodated in the d orbitals. 
The SF^ electron affinity predicted by method B (close to zero) is consistent with 
the recent conclusions of Lifshitz, Hughes and Tieman [36]. These authors, from 
studies of negative-ion charge-transfer reactions of SFg, contend that the electron 
affinity of this molecule is much smaller than the value 1.49 eV indicated by 
previous experiments [37]. 

Although predicted electron affinities decrease gradually from SF to SF^ 
(Table 2), the ionization energies as calculated by both rescaling methods increase 
smoothly except for an interruption in the trend at SFj. 

In his thermochemical analysis of the FSSF molecule, O'Hare [16], basing 
his arguments on the similarity of bond lengths and stretching constants, assumed 
equivalent bond energies for SF in FSSF and axial SF in SF*. Table 1 values 
roughly substantiate this assumption. D(SS) in FSSF was deduced to be about 
20 kcal/mole lower than that in diatomic Sj, and similarly D(SS) in SSFj was 
estimated at lOkcaf/molc lower than that of S 2 . The partitioned energies of 
Table 1 contradict this, indicating rather an increase in S-S bond strength in 
both FSSF and SSF^ over that of diatonoic Sj. The qualitative reason for this 
may be much like that governing the well known fact that £)(0^) > D( 02 ). In 
both these molecules electrons that were unpaired and antibonding in S 2 are in 
part drawn off by the fluorine atoms. 

Within both rescaling methods the gauche D*^ form of SjFio was predicted 
to be slightly more stable than that of the eclipsed form. The energy partitioned 
value for the S-S bond energy (41.5 kcal/mole) is in reasonable accord with 
previously mentioned experimental estimates, 55 ± 5 kcal/mole [16] and 
49.2 kcal/mole [28]. 

Calculations in progress on other inorganic halides combining first and second 
row atoms indicate that the methods proposed here may permit prediction of 
equally satisfactory values of bond energies and related properties of several 
important families. 
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Using the CNDO procedure, an all-valence electron study, including configuration interaction, 
was made of the three pyridone isomers and their N-methyl derivatives. The calculated dipole moments 
were found to be in reasonable agreement with the available experimental data, and the value predicted 
for N-methyI-3-pyridone was 7.2 D. 

Transition energy, intensity and assignment were compared with ultraviolet spectra, recorded 
for the first time on all the N-methyl substituted isomers under similar conditions in non-aqueous 
solvents. The agreement is satisfactory for the 2- and 4-pyridoiie isomers, less so for N-methyl-3- 
pyridone. 

Mit Hilfe der CNDO-Methode wurden die drei Pyridonisomeren und ihre N-methyl-Derivate 
untersucht. Die bcrechneten Dipolmomente sind in befriedigender Dbereinstimmung mit den 
expcrimentellen Daten; der berechnete Wert fur N-methyl-3'Pyridon war 7,2 D. Die berechneten 
Obergangsenergien, Intensitfiten und Zuordnungen wurden mit dem experimentellen UV-Spektrum 
verglichen, das zum ersten Mai fiir alle N-methyl-substituierten Isomeren unter Shnlichcn Bedingungen 
in nichtwHOrigen Ldsungsmittein aufgenommen wurde. Die Dbereinstimmung ist zulriedenstellend 
fur die 2- und 4-Pyridon-Isomeren, jedoch weniger gut fur N-methyl-3-Pyridone. 

On donne les rfoultats d'un calcul CNDO avoc interaction des configurations, sur tous les 
yiectrons des pyridones isomires et Icuis derives N-mithylis. Les moments dipolaircs calculis sont en 
bon accord avec les donnecs expirimentales. La valeur 7.2 D est privue pour le moment du N-m£thyl- 
3-pyridone. 

L’energie, I'intensiti et les attributions des transitions calculies sont compares avec les spectres 
d'absorption dans I’ultraviolet des N-methyl-pyridones isomires. Ces spectres ont iti misuris sous 
des conditions rigueurisement comparables cn solution non-aqueuse pour la primiire fois. L’accord 
est satisfaisant pour les derivis du 2- et du 4-pyridone, moins pour le derivi du 3-pyridone. 


A previous comparative study of the n-electron structure of the three pyridone 
isomers [1] has shown that a substantial similarity was to be expected in their 
ground-state properties and, in particular, that there was no reason to doubt the 
existence of the isomer 3-pyridone and its derivatives. These conclusions were the 
starting-point for the work which led to the synthesis of N-methyl-3-pyridone, 
reported in the same paper [1]. 
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A localization transformation of the n-electron MO’s was described in a 
subsequent paper [ 2 ], and their analysis showed that the classic formulae are a 
realistic representation of the n-electronic structure of pyridones since the double¬ 
bond localization in I. II, and III agrees with the maximum n-electron localization 
of their MO’s. 


O 



R R R 

I 11 III 


The present paper describes an ail-valence electron study of the same 
compounds (R=^H, CH,K carried out for testing our previous conclusions [ 1 ] - 
based only on the n-eicctrons - and also for obtaining reliable predictions of 
(heir dipole moments and electronic transitions. 

Within this scope we found it necessary to record the UV spectra of I, II, and 
111 (R—CH 3 ) in non-aqueous solvents under comparable conditions. The spectra 
of the O- and N-methyl derivatives of the hydroxy-pyridine isomers seem in fact 
to have been studied mainly for identifying the tautomeric forms present in their 
aqueous solutions [3-8]. Thus, c.g., the spectrum of 3-hydroxy-pyridine 
methoiodide has been reported in aqueous solution at various pH’s [ 6 ] and in 
neutral, acidic, and alkaline ethanol [S], and the spectrum of its methochloride 
has been studied in water, in dioxaneS and in water-dioxane mixtures [4c]. 

These spectral data have been regarded by a number of authors as supporting 
the existence of a species of “salt-like character”, the zwitter-ion [4] or phenol- 
betain [5] structure IV, with the stated [7] or implied presumption that the 
structure II could not exist, and with the extensive conclusion that the zwitter 
ion formulae represented the norma] amido tautomers of this group of compounds 
[4,8]. 

This interpretation of the spectral data is still widely accepted in the literature 

[9] , and the writing of structure II is considered impossible as a matter of course 

[ 10 ] . 

Another object of the work here reported was, therefore, to see to what extent 
a formulation like IV can be based on a realistic evaluation of the molecular 
electron density distribution. 



R 

IV 


' From Ref. [4c] it is not apparent whether this spectrum has been recorded on the salt dissolved 
in pure dioxane or on its water solution diluted with a large excess of dioxane. 
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Metbod of Cakulatioa 

The MO’s of the isomers I, II, and III (R=H, CHj), were obtained by the 
CNDO procedure [11] extended by configuration interaction as proposed by Del 
Bene and JaiK [12]. The program, based on their parameters and including the 
lowest 40 mono-excited configurations, was made available to us by Professor 
Leibovici, to whom we express our thanks. The computation of the ground-state 
properties, also carried out with the CNDO/2 program - written by Segal (QCPE 
n. 91) - gave equivalent results. 

Three different rotational positions of the methyl group were considered for 
each isomer in order to examine the influence of N-methyl substitution and to 
determine the configuration of lowest energy. The ring bond lengths and angles 
were the same as in Ref. [1]. For other details see the Appendix. 


Results 

A. Ground State 

The molecular charge diagrams of pyridones and their N-methyl derivatives, 
given in Fig. 1, show that the nitrogen atom bears a small negative charge in all 
compounds except the 3-pyridones, whose nitrogen is positively charged. However, 
this electron deficiency, about -l- 0.1, is 2.5—4 times smaller than that of the carbon 
atom bound to the substituent oxygen. This latter possesses in all cases a negative 
charge of about 0.5 e. 
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«0l030 


H 
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+QQ3« ^ *0037 
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Fig. 1. Net total charges, total dipole moment and its p, component of pyridones and their N-methyl- 

derivatives 
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I '1^ 2 Net /E-charges and /i. component of dipole moment of pyridoncs and their N-methyl derivatives 


The total net charges are the result of a complex balance that can be seen by 
examining separately the contribution of the n-electrons, shown in Fig. 2. The 
negative charge of the extracyclic oxygen derives almost entirely from the rt- 
electron migration. The small contribution, 5 -10%, from the cr-electrons increases 
in the order 2- < 3- < 4-pyridone, and seems not affected by the N-methyl substitu¬ 
tion. The 2 i-eiectron loss of the nitrogen atom in the 2- and 4-pyridone isomers is 
smaller than the negative charge due to the <7-electron migration. This migration 
is the largest with 3-pyridone, about 20% greater, but it is not sufficient to com¬ 
pensate for a 2 z-electron loss nearly double of that occurring in the other isomers. 

An interesting point is that the largest negative charge in the pyridine ring is 
located on the carbon atom para to the substituent oxygen. This negative charge 
results from the accumulation of 7r-electrons which is neutralized only in part 
(20% for C (5) in 2-pyridone and 50% for C (6) in 3-pyridone) by the loss of 
ff-electrons. This net a-migration on the ring p>osition para to the oxygen atom 
might explain why the 4-pyridone nitrogen shows the lowest 7t-electron vacancy 
and the 3-pyridone nitrogen the highest n-electron vacancy: the n-migration brings 
in a compensation in the first molecule and an accumulation of the n-electron 
losses in the second. 

This analysis of the molecular electron distribution shows that the zwitter-ion 
formulae, like IV. approximately represent the polarization of the n-electrons in 
the oxygen and nitrogen pit atomic orbitals. However, a more realistic image of the 
molecular polarities, based on the total charges, should localize the positive charge 
on the carbon atom bound to the substituent oxygen, because it is the carbon end 
of the C=0 group which loses both <r- and n-electrons and has therefore the 
largest electron vacancy in the molecule. 
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The molecular polarity is largely determined by the n-electron distribution. 
This follows from the comparison of the total dipole moments, reported in 
Table 1, and their a- and n-components, shown in Figs. 1 and 2. The centroid of 
the positive charge is progressively displaced away from the nitrogen atom when 
the substituent oxygen moves to the positions 2, 3 and 4. 


Table 1. Calculated and experimental* dipole moments, D 


R 


2-0x0 

3 - 0 X 0 

4 - 0 X 0 

H 


-4.78 

-4.78 

0 


M, 

0.68 

-5.78 

-7.26 


Mm. 

4.83 

7.49 

7.26 


Mcipar. 

1.95 

— 

5.3 

CH3 

u. 

-4.76 

-4.75 

0 


M, 

0.36 

-6.28 

-7.55 


Mo,. 

4.78 

7.88 

7.55 



4.04 

- 

6.9 


* See Ret. [I.t], The experimental values of the R^H compounds do not represent the value of the 
isolated molecule because of strong hydrogen bonded association [17] and solvent-solute inter¬ 
actions [18], 


Table 2. Hncrgy levels of pyridone isomers and their N-mcthyl derivatives. cV 



2-0X0 

NH ~ 

NMe' 

3-0X0 

' NMe' 

4-0X0 

nh" 

NMe ' 

n 

2.714 

2.812 

3.110 

3.242 

.3.124 

3.208 

7t 

0.804 

0.884 

0.782 

0.909 

0.411 

0.481 

n 

- 0.300 

- 0.186 

- 1.211 

- 0.936 

- 0.159 

- 0.013 

n 

- 9.769 

- 9.608 

- 8.825 

- 8.715 

- 9.870 

- 9.657 

n 

-11.206 

-11.043 

-10.165 

- 10.030 

-10.445 

-10.343 

K 

-12.880 

- 12.429 

-12.610 

-12.370 

-11.944 

-11.862 

rt 

- 13.781 

-13.636 

-14.199 

- 13.745 

-14.329* 

- 13.779 

a 

-14.221 

-14.079 

-14.209 

- 13.990 

- 14.184* 

-1.3.995 

a 

-14.663 

-14,433 

- 14.621 

- 14.463 

- 14.908 

-14.702 

a 

-16.590 

- 16.106 

-16.772 

- 16.397 

-16.768 

- 16.3.38* 

n 

-17.52.3 

-16.215 

-17.576 

-16.468 

-17.171 

-16.268* 

a 

-18.142 

- 16.688 

-17.720 

- 16.889 

-17.564 

-16.488 

a 

-18.686 

-17.559 

-19.042 

-18.145 

-18.864 

-18.195 

a 

-19.886 

- 18.727 

-20.270 

-18.479 

-20.130 

-18.778 

)t(MeJ 

- 

-19.911 

__ 

-20.426 


-19.967 

a 

-2Z861 

- 20.475 

-22.783 

-20.744 

-22.795 

-20.787 

G 

-26.888 

-22.237 

-26.864 

-22.285 

-26.584 

-21.165 

G 

-27.684 

-25.189 

-28.162 

-25.527 

-27.174 

-26.255 

G 

-32.310 

-27.871 

-31.826 

-27.598 

-.33.746 

-27.768 

a 

-37.202 

-30.920 

-36.877 

-30.895 

-34.864 

-28.919 

a 

-4ZOOO 

-32.425 

-43.038 

-32.922 

-4Z945 

-.34.983 

a 

-47.485 

-39.039 

-47.434 

- 38.347 

-46.754 

-36.561 

a 


-42.068 


-43.359 


-43.408 

a 


-48.304 


-48.068 


-47.298 


a and a assignment reversed with respect to the other isomers. 
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Table 3. Singlet-singlet electronic transitions of pyridone isomers and their N-methyl derivatives 


R 

JE,eV 

/ 

Polarization 

X y 

Assignment* 


2-0X0 







H 

3.78 

0 

— 


n-*K* 



4.J9 

Oil 

-0.83 

-0.56 




5 37 

0.18 

-0.73 

0.68 

Jl— 



5.88 

0 

— 

— 



f H, 

3.78 

0 


— 




4.15 

0.10 

0.79 

0.61 

n—*n* 



5.28 

0.16 

0.76 

-0.65 

It—*71* 



5 82 

0 

— 


n—► jr* 


1-0X0 







M 

3.(X) 

0.11 

-0.90 

0.44 

n—^n* 



3 17 

0 


— 

n-*n* 



.3.91 

0 

- 





4 45 

0.14 

-0.84 

- 0.54 



til.. 

3.0(1 

0.11 

-0.89 

0.45 

n~^n* 



3 22 

0 






3.95 

0 



n-*n* 



4.45 

0.13 

-0 85 

-0.52 



4-0X0 







H 

3 01 

0 



n^n* 

A2 


4.51 

0.011 

1 

0 

n-*K* 

B2 


5.09 

0 26 

0 

1 

n-*n* 

■4i 


5..30 

0 




»i 

(.11, 

3.04 

0 






4.41 

0.016 

1 

0 


B2 


4.96 

0.26 

0 

1 




5.27 

0 

- 

— 

n^n* 



* The transitions of the 4-pyridone isomers are labelled also with the C2,. irreducible representations 
of the excited state. 


The experimental dipole moments of N-methyl-2-pyridone and N-methyl-4- 
pyridone, measured in benzene solution, are [13] 4.04 and 6.9 D respectively, 
about 0.7 D smaller than the calculated values. If this difference is regarded as due 
to the approximations of the method, then the best prediction for the N-methyl- 
3-pyridone dipole moment is 7.2 D. 

The sequence of the energy levels, shown in Table 2, is the same for all the 
isomers, with minor differences for the 4-pyridone compounds. The highest 
occupied MO is of a-character, but the next below is largely localized on the 
non-bonding AO of oxygen. The lowest occupied tt MO of the N-methyl derivatives 
has its population mainly distributed on the methyl group. The so-called hyper¬ 
conjugation is therefore embodied in the procedure, and the non-symmetric 
orientation of the methyl group is favoured with respect to those orientations 
which have one hydrogen atom lying in the plane of the ring. The energy gain 
due to methyl rotation (see Table 4) is 0.19,0.13, and 0.32 (or 0.54,0.20, and 0.32) eV 
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Table 4. Total energies of pyridones and their N-methyl derivatives, eV 


N-substituent* 

2-0X0 

3-0X0 

4-0X0 

H 

-858.92 

-855.57 

-863.41 

CHj, 0° 

-933.98 

-936.56 

-944.76 

+ 90° 

-933.79 

-936.43 

-944.44 

-90° 

-933.44 

-936.36 

-944.44 


' Tlie 0“ angle of methyl group corresponds to a C—H bond in the plane perpendicular to the ring 
plane. Rotation is negative towards the side of the oxygen atom. 


respectively, for each conformation of the 2-, 3-, and 4-pyridone isomers. The 
charge distribution is only slightly affected by the rotation of the methyl group, 
and the alteration of the dipole moment is negligible (=£0.02 D). 


B. Excited States 

The four lowest calculated singlet-singlet transitions and their assignment 
is shown in Table 3. The 2-oxo and the 4-oxo isomers show the same pattern: 
a lowest n-*n* followed by two transitions. This sequence changes in the 

3-0X0 isomer, where the lowest ir-nr* is followed by two n-*ic* transitions. 

The N-methyl subst'tution has a small effect, bathochromic on the n-*n* 
and negligible or hypsochromic on the n-*7t* transitions of the 2-oxo and 4-oxo 
isomers. The same substitution appears to have an hypsochromic effect on all the 
transitions of the 3-oxo isomer. 

The comparison of the calculated transitions with the recorded spectra is 
shown in Fig. 3. The agreement is very satisfactory for the position and relative 
intensity of the N-methyl-2-pyridone spectrum. The experimental assignment 
based on the band shift in aqueous solutions, seems to correspond with that 
deduced from the transition moment and the electron population analysis. 

The calculated transitions of the N-methyl-4-pyridone compare very 

well with the observed bands. Reasonable evidence for the n-*n* transitions 
predicted at 5.30 eV is the remarkable difference between the absorption intensity 
of the HjO and that of the NaOH solutions in the 45000 cm ~ ‘ region. The lowest 
n-*n* is however predicted at about 24000cm"* (400nm), a region where we 
have not found any appreciable absorption down to 10. 

The agreement is relatively poor with the spectrum of the N-methyl-3-pyridone, 
whose lowest calculated transition, predicted n-*n*, falls just outside the first 
absorption band, whose prevailing character is n n*. It is possible that a marked 
hypsochromic shift of this band may be due to a strong dipole-dipole interaction 
with acetonitrile. The spectra of the liquid film and of the saturated solution in 
cyclohexane (5 cm, unknown concentration) show a pronounced shoulder at 
390 nm and the maximum is displaced to 365 nm. 

There are no spectral data to be compared with the singlet-triplet transitions 
listed in Table 5. Although these predictions are in general less reliable than those 
for the singlet-singlet, it is remarkable and, we believe, significant that 3-pyridone 
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Kip 3a c. Absorplion spectra of N-mcthyl pyridoncs. Solvents: a Acetonitrile; b - - water; 

.0.1 N Na(JII; cO.I N HCI. The calculated transitions and their oscillator strengths / are shown 

on the base-line of a, The broken lines mark here the forbidden transitions 


Table 5. S'lnglct-triplel electronic transitions of pyridonc isomers and their N-methyl derivatives, eV 


N-subslilucnt 

2-0x0 


3-0X0 


4-0X0 


II 

2,47 

n^n* 

0.89 

n-*n* 

2.76 

7t-*n* 


.3.48 

It--* It* 

2.96 

n-rt* 

3.02 

n — n* 


3.78 

n-* 71* 

3.17 

n-n* 

3.02 

n-»n* 

Cl, 

2.49 


1,00 


2.74 

n~*n* 

3,46 

ir-*it* 

2.98 

n-MT* 

2.99 



3.80 

fx^n* 

3,22 

n-*n* 

3.05 

n—kTt* 


and its N*methyl derivative should absorb in the near infrared, having their lowest 
triplet level lowered towards the ground-state by a factor of 2.5 or 3 compared 
with the other isomers. This circumstance could be related to the rapid alteration 
of the compound when, even for a short time, it is heated above 100" C. 

The analysis of the electron distribution of the singlet excited states reveals 
several interesting features mainly concerning the C=0 group and the nitrogen 
atom. The polarization induced by the transitions causes a shift ofO.3-0.5 e 
within the a-orbitals but leaves unchanged the ground state o-clectron distribution. 
In all compounds the n-*n* transitions occur with a net transfer of a-clectrons 
from the extra-cyclic oxygen to the ring atoms, and the corresponding reduction 
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of the negative charge on oxygen varies from 0.1-0.25 e. The nitrogen 2pn-orbital 
population of the 2-oxo and 4-oxo compounds is also reduced by the n-*n* 
transitions and the net negative total charge of the ground state is reversed in 
some cases. The opposite occurs in the 3-oxo compound, where the Ipn nitrogen 
population is increased and the net positive charge of the ground state reversed 
because the balance now gives about —0.15. Therefore as a consequence of the 
n-*n* transitions the electron vacancy of the nitrogen 2pn-orbitaI is increased 
in the 2-oxo and 4-oxo, and decreased in the 3-oxo compounds. 

About 75% of the transition electron transfer comes from the in-plane 
2p orbitals of oxygen, whereas its 2s population remains nearly constant at about 
1.72 e, for all the isomers. As a consequence, the oxygen atom acquires a net 
positive charge of about 0.15. The sim ultaneous change of the ring core polarization 
is rather small, with shihs never larger than 0.08 e on a single orbital. The n- 
electron migration from oxygen is partly balanced by a donation to its 2p7i- 
orbitals, whose negative charge increases by about 0.05 in the 3-oxo to a maximum 
of 0.15 in the 4-oxo compound. The nitrogen 2p7i-orbitals receive the largest share 
of n-clectrons in the 3-oxo compound, which in the excited states acquires 
on nitrogen a negative net charge comparable to that of the other isomers. More 
uniformly, the strong positive charge of the C=0-group carbon atom in all 
isomers is reduced to about half of its ground state value. 


Oiscussioa and Conclusions 

Our previous calculations [1], based on the re-electrons only, suggested that 
2-pyridone was the most stable among the three isomers. The total energies of 
our present calculations, including all the valence electrons (Table 4), indicate 
4-pyridone as the lowest-energy isomer. In both cases 3-pyridone is the inter¬ 
mediate term in the series. 

It should be stressed, however, that the comparison cannot be decisive because 
of the uncertainties in the bond angles and distances, which were assigned average 
values, based on the data available for N'methyl-2-pyridone and similar mole¬ 
cules 

Concerning more speciflcally the case of 3-pyridones and the structural 
peculiarities that the experimental chemists have assigned to it [7, 8], we think 
it convenient to collect here several theoretical peculiarities, which might be 
typical of these compounds; 

i) the total x-orbital of the ring nitrogen shows the largest n-vacancy (about 
0 .6); the migration of a-electrons, which is sufficient to make the nitrogen of the 
other isomers negative, leaves the atom slightly positive; 

ii) the compound has the largest dipole moment, where the cr-component adds 
to the n-component with an increasing instead of a decreasing effect; 

^ For this same reason we have not made a comparison between the total energies of the oxo- and 
hydroxy-tautomers. Establishing a stability sequence for isomeric molecules with atoms of dilferent 
valence state is likely beyond the limit of reliability of the CNDO procedure, unless the dimensional 
parameters of the molecules are known. 
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iii) its lowest singlet-singlet transition is predicted and not n-*7t* 

as in the other pyridones; 

iv) its lowest singlet-triplet transition is in the near infrared; 

V) its ionization potential, as measured by the energy of the highest occupied 
MO is nearly 1.0 eV lower than that of the other terms. 

Although the spectral predictions regarding 3-pyridone and its N-methyl- 
dcrivativc are apparently less reliable than the others here made^, we believe 
that the whole results show that 3-pyridone should be affected by radiation, heat 
or reagents much more easily than its isomers. 

The method of calculation is another aspect of our results which requires a few 
comments. The data we have discussed so far have been obtained by using the 
Pari.ser-Parr formulae for the integrals. The alternative use of the Nishimoto- 
Mataga procedure leads to minor differences in the charge distribution of the 
ground state. Marked differences are found instead for the excited state. The 
lowest transition is always red-shifted by 0.2—0.4 eV; the others are less affected. 
fun comparison we report here the transitions calculated for N'methyl-3- 
pyridone; 2.84eV (/— O.On—►re*); 3.10(/ = 0.11, re-»re*); 3.71 (f = 0; «-*re*); 
4.47 ( / -.= 0.16, re-re*). 

The n-tn* transitions are the most affected by the Nishimoto-Mataga 
integrals, and the result seems worst with respect to the spectral data; e.g., for 
N-mcthyl-2-pyridonc 3.41 eV (/ = 0, re—re*), to be compared with 3.78eV in 
Table 3. Moreover, the Nishimoto-Mataga integrals slow down the convergence, 
increasing the computing time by a factor of about 10. 

A final comparison can be made with the Pariser-Parr-Pople, re-electron 
method. The molecular diagrams (Fig. 2) are similar to those of our previous 
work The spectral predictions, based on 12 monoexcited configurations, 

which were not published at that time, gave the lowest re —re* at 4.92, 3.77, and 
4.88 eV, respectively, for 2-, 3-, and 4-pyridone. The corresponding transitions 
in Table 3 are 5.35, 3.02, and 4.51 cV, within accepted limits of approximation for 
the 2-0X0 and the 4-oxo-compounds. 


Appendix 

Theoretical 

The following additions have to be made to the geometry adopted in Ref. [1]: 
ringC-H: 1.075 A; methyl C-H; 1.09 A; N-H: 1.02 A; andN-CHj: 1.48 A. 

^ An explanation of this apparent failure of the method may be found in the uncertainties of the 
dimensional parameters of the molecule, which might differ significantly from those we have assumed. 
Moreover, the CNDO approximation might fail with a high polar molecule because the core polariza¬ 
tion accounted for in the procedure can be inadequate [14], 

* In that paper we observed a quantitative relationship between the nitrogen net a-charge and 
the relative displacement of the methyl proton magnetic resonance absorption. We have now measured 
the PMR shift of N-methyl-4-pyridone: PPM 3.07 in(CDj)jCO: 3.64 in DjO; 3.76 in D,0-(-NaOD, 
and 4.13 in O2O-1-DCI. Comparison of these with the previous data [1] shows that the qualitative 
trend with the net it-charges is maintained, although the relationship does not hold. 
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Experimental 

Preparation of N-methyl-3-pyridone has been somewhat modified with respect 
to Ref. [1]. The liquid which separates after saturation with potassium carbonate 
was repeatedly extracted with acetone, which was then evaporated from the 
extract in the shortest possible time. The residue was maintained at 9S -100” C 
at reduced pressure (a^lOmmHg) during 30 min. All these operations were 
performed away from light to avoid any photochemical alteration of the product 
N-methyl-3-pyridone thus obtained with better yield was identical in all respect 
to the material previously described and more suitable for recording UV spectra. 

N-methyl-4-pyridone was obtained by methylation of the 4-pyridone according 
to the procedure of Ruzicka and Fornasir [16]. The free base was purified by 
repeated distillation of the product in a vacuum line and kept in a sealed tube. 

The commercial N-methyl-2-pyridone(Schuchardt, Miinchen) was purified by 
distillation at reduced pressure and immediately used for recording the spectra. 

The IR, the PMR spectra and the analysis of the products were consistent with 
their structure and in agreement with those reported in the literature. 

Ultraviolet spectra were recorded using a Cary Md. 11 M.S. instrument, with 
spectrograde solvents checked before their use. 
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Stoningstheoretische Berechnung 
von lonisierungsenergien und Elektronenafflnitaten 
mit Hilfe der Greenschen Zweipunktfunktion* 

Franz Ecker** und Georg Hohlneicher 

Institut fUr Physikalische Chemie und Elektrochemie der Technischen Universitiit MUnchen 
Eingegangen am 30. Mfirz 1971 


Calculations of Ionisation Energies and Electron Affinities by Means of the One 

Particle Green's Function 

The values of ionization energy and electron affinity of a system of n electrons belonging to an 
atom or a molecule are related to the negative value of the real part of the poles of the one particle 
Green's function connected with this system. An approximate calculation of the position of the poles 
can be made via a perturbation treatment of the one particle Green's function. In zero order ap¬ 
proximation one chooses as one particle wavefunctions the canonical Hartree-Fock orbitals. In this 
case the results concide with Koopmans's theorem. Deviations from ICoopmans's theorem, which 
are induced by reorganization and correlation effects, can be calculated in higher order via the 
Dyson equation, by means of the so-called self-energy operator. 

In the present paper the self-energy operator is expanded up to the second order of the perturbation. 
The results are discussed qualitatively. They agree with the observations, which have been made, 
when experimentally determined ionization energies were compared to values, derived from ah-lnitio 
calculations via Koopmans's Theorem. 

Der negative Realteil der Pole der dem Af-Elektronensystem eines Atoms oder Molekiils zu- 
geordneten Greenschen Zweipunktfunktion entspricht den lonisierungsenergien bzw. Elektronen- 
affinitSten dieses Systems. Mit Hilfe einer stdrungstheoretischen Entwicklung der Greenschen Zwei¬ 
punktfunktion kann die Lage dieser Pole nSherungsweisc bcrechnct werden. Die nullte NShcning 
kann dabei so gewahlt werden, daB das Ergebnis mit dem Koopmansschen Theorem Ubereinstimmt. 
Abweichungen vom Koopmansschen Theorem, die durch Reorganisations- und Korrelationseffekte 
hervorgerufen werden, kdnnen in hoherer Ordnung Uber die Dysongleichung mit Hilfe des sog. 
Massenoperators erfaBt werden. 

In der vorliegenden Arbeit wird der Massenoperator bis zur zweiten Ordnung stbrungstheoretisch 
entwickelt. Das erhaltene Resultat wird qualitativ diskutiert. Die Ergebnisse dieser Diskussion 
stehen in Einklang mit den Beobachtungen, die beim Vergleich experimenteller lonisierungsenergien 
mit den unter Anwendung des Koopmansschen Theorems berechneten Werten gemacht werden. 

La partie riclle negative du p6le de la fonction de Green k une particule du systime Hectronique 
d'un atome ou d'une molicule fournit le potentiel d'ionisation ou I'affinitb blectronique d'un tel 
systbme. La position de ccs pAles peut Stre obtenue d'une manibre approchie par un d^eloppement 
de perturbation de la fonction de Green. On peut choisir I'approximation d'ordre zbro de manibre 
b ce que le tbborbme de Koopmans soit vbrifib. L'bcart au tbborbme de Koopmans provoqub par 
lea effets de rborganisation et de corrblation peut btre bvalub aux ordres supbrieun b I'aide de I'bquation 
de Dyson faisant intervenir operateur de self energy. 

* Auszugsweise vorgetragen auf der ‘X^onference on Photoionization Phenomena and Photo- 
electrospectroscopy", Oxford, 14.-16. September 1970. 

** Auszug aus der von der Fakuitttt fUr allgemeine Wissenschaften der Technischen Umversitat 
MUnchen genehmigten Dissertation des Dipl. Phys. Franz Ecker. Dissertation eingereicht am 
27.1.1970. Neue Anschrift; Siemens AG, MUnchen 2, Wittelsbacherplatz . 
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Oait)! cc travail I'uperatcur <le self energy est d^veloppi par perturbation jusqu'uu second ordre. 
le resultat obtenu est discute d'une maniire qualitative. Le risultat de cette discussion est en accord 
uvec Ics observations que Ton peut faire par comparaison du potentiel d'ionisation experimental 
avee le.s termes calcule.s par application du thtorime de Koopmans. 


t. Einleiting 

Nach dem Theorem von Koopmans [1] sind die Energieeigenwertedes Hartree- 
( ock-Operators je nach Besetzung des entsprechenden Eigenzustandes gleich den 
negativen lonisierungsenergien bzw. Elektronenafllnitaten des betrachteten 
yv-l'lcktroncnsystcms. 

Die Naherungen unter denen das Koopmanssche Theorem abgelcitet ist, 
warden bereits mehrfach - zuletzt von Richards [2] - diskutiert. In diesen 
Diskussionen wird immer wieder darauf hingewiesen, daD die neben den relati- 
vistischen EfTekten vcrnachlassigten Reorganisations- und KorrelationseRekte 
durchuus mcrklichc Bcitragc liefem konnen. 

Das groBc Intcressc, das in jiingster Zeit der theoretischen Behandlung von 
lunisicrungsprozcssen entgegengcbracht wird und auf das auch die neuen Diskus¬ 
sionen um das Koopmanssche Theorem zuruckzufuhren sind. hangl mit der Ent- 
wicklung der Photoclektroncnspektroskopic zusammen [3,4]. Mit dieser neuen 
Art von Spektroskopie ist es mdglich. auch hohere lonisierungsenergien, bei denen 
das IN — I hh-lektronensystem in einem mehr oder minder hoch angeregten Zu- 
stand zuriick bleibt. mit grolkr Genauigkeit zu messen. Dabei werden in erster 
Linie solchc lonisicrungcn beobachtet, die im Einteilchenbild der Entfernung 
cines Elektrons aus einem der besetzten Hartree-Fock-Orbitale entsprechen. Die 
zugehdrigen angeregten Zustande des (N — I FTeilchensystems konnen im Ein¬ 
teilchenbild durch folgcnden Anregungstyp charakterisiert werden. 




Die bisher mit der Photoelektronenspektroskopie gewonnenen Ergebnisse haben 
gezeigt. daB das Koopmanssche Theorem im allgemeinen gut dazu geeignet ist, 
um Photoelektronenspektren mit den Ergebnissen von Rechnungenzu korrelieren. 
Quantitativ treten jedoch merkliche - undzwar nichtsystematische-Abweichungen 
auf. Tabelle 1 gibt Fur einige Beispiele einen Vergleich zwischen den im PE- 
Spektrum gemessenen vertikalen lonisierungsenergien und den mit ab-initio- 
Rechnungen erhaltenen Orbitalenergien. 

Die wcsentliche Alternative zur Anwendung des Koopmansschen Theorems 
bildet die direkte Berechnung von lonisierungsenergien (4) und Elektronen- 
alTinitaten als DiiTerenz der Gesamtenergien der beteiligten Zustande; 

4 = -•»-£{«). 
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Tabelle 1. Vergleich von berechneten (Koopmanssches Theorem) und vertikalen eaperimentellen 

lonisierungsenergien 



Acetylen 



N, 



Forma Idehyd 

her. [22] 

exp. 

her. [23] 

exp. 

her. [22] 

exp. 

In. 

11.26 

ll.W 

3". 

17.36 

15.58 

26, 

11.98 


3<r, 

18.62 

16.6 

In, 

17.10 

16.92 

lb, 

14.47 

14.39 

2(r. 

20.88 

18.62 

2a. 

20.92 

18.76 

3a, 

17.38 








16, 

19.13 

ca 16.8 







2a, 

23.60 

20 


Da sich die gesuchten GrdBen in diesem Fall als DifTerenz rweier groDer Zahlen 
ergeben, muB die Energie der beteiligten Zustande mil groBer Genauigkeit be- 
stimmt werden. Berechnet man die Energie der beiden Zustande auf dem Hartree- 
Fock-Niveau, so erfaBt man im Prinzip den EinHuB der Reorganisation, aber 
nicht den der Korrelation. Bei der Bildung der DifTerenz zwischen den Hartree- 
Fock-Energien des (N)- und des (N — 1)- bzw. (AT + 1 )-Elektronensystcms tritt 
jedoch folgende Schwierigkeit auf: Mindestens eines der beiden Systeme - Aus- 
gangsmolekiil oder Ion - ist immer ein opcn-shell-System. Behandelt man das 
open-shell-System im Rahmen eines restricted-Hartree-Fock-Verfahrens, so ver- 
nachlassigt man einen Teil der Wechselwirkungen, die man im closed-shell-Fall 
beriicksichtigt. Verwendet man dagegen ein unrestricted-Hartree-Fock-Verfahren. 
bei dem man cntweder zuerst minimisiert und dann projiziert oder besser zuerst 
projiziert und dann minimisiert, so erfaBt man bereits einen Teil der Korrelation. 
In jedem Fall bildet man also die DifTerenz zwi.schen zwei Gesamtenergien, die 
mit unterschiedlichen Naherungsannabmen berechnet wurden. 

Aufgrund dieser Situation haben wir uns die Frage gestellL, ob es nicht moglich 
ist, die bei Anwendung des Koopmansschen Theorems vemachlassigten Einflusse 
von Reorganisation und Korrelation im Rahmen einer storungstheoretischen 
Entwicklung zu erfassen. Eine ahniiche Fragestellung wurde bereits von Brailsford 
[5] aufgegriffen, der versucht hat, mit Hiife eines elektrostatischen Modells den 
EinfluB der Reorganisation abzuschatzen. 

Das Ergebnis unserer Oberlegungen ist ein storungstheoretisches Verfahren 
zur Berechnung von lonisierungsenergien und ElektronenafTmitateo, bei dem das 
Theorem von Koopmans die nullte Naherung darstellt. In der vorliegenden Arbeit 
wird die Herleitung des Verfahrens, das auf der Anwendung Greenscher Funktionen 
basiert, erlautert und das Ergebnis diskutiert, das man erhalt, wenn der sog. 
Massenoperator bis zur zweiten Ordnung entwickelt wird. In zwei weiteren 
Arbeiten werden wir uber Moglichkeiten zur Verallgemeinerung der storungs¬ 
theoretischen Entwicklung [6] sowie iiber numerische Resultate [7] berichten. 

2. lonisierungaenergiea und ElektronenafHnitiiten 
als Pole der Greensdien Zweipunktfunktion 

Die Greensche Zweipunktfunktion ist definicrt als Erwartungswert eines zeit- 
geordneten Produkts von Operatoren im Grundzustand |£o(/Sf)> eines Af-Teilchen- 
systems [ 8 ]: 

t’) = - KEo{N)\ r{a,(r)«;(t')} I Eo(N)> ■ (D 
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Die a/(0 bzw. a,(f) bezcichneten Erzeugungs- bzw. Vernichtungsoperatoren von 
Fcrmiteilchen in der Heisenberg-Darstellung; 

(t) = e‘"'at e"'"'; a ,(0 = ; 

a/sa/( 0 ); a,sa,( 0 ). 


F'ur t = t' erruilcn diese Operatoren die Antivertauschungsrelationen: 

{UgtUj }+ = tff Aj "F ^ij f 

{®l ' } + = {*n ®j}+ = ® • 

[)as Wicksche Zeitordnungssymhol T ist fur Fermionen folgendermaOen deflniert; 


<sr'. 


Im Fall zeitlicher Translationsinvarianz des betrachteten Systems hangt Gij{t,t') 
nur von der ZeitdiiTeren/. (/ — t') ab, d. h. man erhalt alle Informationen bereits 
aus der Funktion G,j(t) s G^jit, 0). 

Schiebt man in (I) fur t>0 die Zustande 1)> des {N + IFTeilchen- 

systems und fur f gO die Zustande |£j(yV— 1)> des (N — IFTeilchensystems als 
Zwischenzustande ein, so ergibt sich 


ChM) = 


n"'-‘>»<<Eo(N)|a,|fit(iV+l)><£;(N + l)|a;|£o(N)> I>0 

* ( 2 ) 
tr "'<<£^(N)|a;is;(A/_l)><£;(N_l)|fl,|E„(N)> igO. 


Gcht man mit 


Gij(m) = 


•Jt} 


J G,j(t)e‘-^dt 


(3) 


zur Speklraldarstellung uber, so folgt fur G,y(tw) aus (2) 

. ^ <£„(N)|a;|£*(Af-l)><£*(N-l)|a,l£o(Af)> 
«-(£{f''-£i''-'>)-f»7 


t\ ist hierbei eine reelle, positive, infinitesimale GroBe, die bei der Fourier-Riick- 
transformation gewahrleistet, daQ sich die richtige Zeitabhangigkeit von G^/t) 
ergibt. 

Ist |£o(IV)) im speziellen Fall der Grundzustand eines Af-Elektronensystems, 
so sind die Zwischenzustande |£t(fV + l)> bzw. |E^(N—l)} Elektronenzustande 
eines Systems mit fV +1 bzw. N — 1 Elektronen. Ist insbesondere |£(,(N)> der 
Singulett-Grundzustand eines closed-shell-Systems, so liefem nur die reinen Spin- 
Dublett-Zustande |£t(IV + 1)> und |£*(N — 1)> der open-shell-Systeme mit (N + 1) 
und (N — 1) Elektronen einen Beitrag zu Gj/ca). 
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o|. (N*))-EI»klro- N-Eltkfrenen- (N-f)-£leMtro- 
; ntn-Systtm System nen-System 
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Fig. 1. Zusammenhang zwischea den lonisierungsenergien (i) und Elektronenafiinitaten (A) eines 
N-EkkUoncns>steins und den Energiezuatknden des (N IF. N- und (N - tF^leklroncnsystems 


Die im Nenner von Gfj(a)) auftretenden EnergiedifTerenzen 

/* = £r'-'»-£r*. (5a) 

= (5b) 

sind definitionsgemaB die lonisierungsenergien (4) und die ElektronenafTinitaten 
(y4J des N'Elektronensystems (Fig. 1). Vorausgesetzt. daB nicht zufalligerweise 
der Zahler verschwindet, foigt damit aus (4): 

Die infinitesimal oberhalb der reellen Achse der komplexen tu-Ebene bei 

(o= ~I^ + iri mit Re(to) ^ — /o (6a) 

liegenden Pole der Greenschen Zweipunktfunktion Gij(co) entsprechen gerade 
den lonisierungsenergien, wahrend die bei 

oi=—A,^ — it\ mit Re(co)^ —/4o (6b) 

infinitesimal unterhalb der reellen Achse liegenden Pole die ElektronenafTinitaten 
liefem. 

Das Problem, die lonisierungsenergien und ElektronenafTinitaten eines 
Molekiils zu berechnen, geht folglich im Rahmen des bier verwendeten Formalismus 
in das Problem uber, die entlang der reellen Achse der komplexen cu-Ebene 
liegenden Pole der dem N-Elektronensystem des Molekiils zugeordneten Green¬ 
schen Zweipunktfunktion Gij((o) zu ermitteln. Da die Funktion C.^fcu) fur ein 
System wechselwirkender Teilchen ebensowenig exakt angegeben werden kann, 
wie die Wellenfunktion selbst, ist man auf eine naherungsweise Behandlung des 
Problems angewiesen. Hierflir bieten sich zwei Moglichkeiten an; 

1) Stellt man die Bewegungsgleichung der Greenschen Zweipunktfunktion auf, 
so ergibt sich eine Verkniipfung mit der Vierpunktfimktion. Diese wiederum wird 
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durch die Bewegungsgleichung mit der Sechspunktfunktion verknupit usw. [9]. 
Man erhalt ein System von gekoppelten Gleichungen, das sich durch geeignete 
Entkopplung naherungsweise Idsen JaBt. Diese Art des Vorgehens wird z.B. in 
den Arbeiten von Linderberg und Ohm [10-13] verwendet. 

2) Ausgehend von cinem ungcstorten Problem, beschrieben durch einen 
Hamiltonoperator //„, fiir das die Greensche Zweipunktfunktion exakt an- 
gcgcben werden kann. wird mit Hilfe einer storungstheoretischen Entwicklung die 
Greensche Funktion des vollstandigen Systems naherungsweise berechnet. 

In der vorliegcnden Arbeit verwenden wir das zweite Verfahren, da es in ein- 
facher Wcisc die Moglichkeit bietet, vom Koopmansschen Theorem als nullter 
Niiherung auszugehen. In [6] werden wir jedoch zeigen, daB bei storungs- 
thcoretischcr Entkopplung des Glcichungssystems der Ansatz 1) zum gleichen 
Frgebnis fiihrt. 


3. Storungstheoretischc Berechnung der Greenschen Zweipunktfunktion 

3.1. Allgemeiner Formalismus 

In dicsem Abschnitt wird kurz der Formalismus erlautert, auf dem einc 
storungstheoretischc Berechnung der Greenschen Zweipunktfunktion basiert. 
[line cingchendc Darstcllung des hicr nur andeutungsweise skizzierten Vorgehens 
findet sich z.B. in [14], 

Voraussetzung fur eine stcirungstheoretische Berechnung der Greenschen 
Zweipunktfunktion ist, daO sich der Hamiltonoperator 

= + (7) 

so in zwei Tcilc zcriegen laOt. daB die Greensche Zweipunktfunktion fiir das sog. 
ungestorte Problem das durch //„ charakterisiert ist, exakt angegeben 

werden kann. Die freie Greensche Funktion Gf/t) beschreibt cin System nicht 
weehselwirkender Quasiteilchen. Bei entsprechender Wahl von //„ konnen an 
die Stelle dieser Quasiteilchen auch die freicn Teilchen treten. 

Um die Greensche Funktion Gj/r) des vollen Problems durch Gy(t) auszu- 
driicken, geht man zunachst von der Schrddingerdarstellung, in der das System 
durch den Grundzustand und die Weehselwirkung beschrieben wird, 

in das Weehselwirkungsbild Uber 

= , ( 8 ) 
|W>-|<PJ/)> = e'''"'|4'(/)>. (9) 

Die Bewegungsgleichung fiir |^„(t)> 

|♦..(^)> = H».(^)|<PJf)> (10) 

\<PJt > f,)> = \ HJt')\<PJt’)ydt' 

* f. 


Oder 


(11) 
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hat die formate Losung 

= /')!«*> Jt')> ( 12 ) 

mit 

S(t^n= ^ ^yi - \T{HJtO...HJQ}dt,...dt„ (13) 

11 = 0 f I 

S(t,f')S(t',t")=S(i.n, (14) 

S(f,tr‘=5(t',r). (15) 


Um nun die Zustande des Wechselwirkungsbildes in die Zustande des Heisen- 
bergbildes uberfiihren zu konnen, nimmt man an, daB die Storwechselwirkung 
hinreichend langsam eingeschaltet wird (adiabatisches Einschalten) 

ri hinreichend klein. (16) 

Zur Zeit f = — oo setzt man den Wechselwirkungszustand gleich dem Heisenberg- 
zustand des ungestdrten Systems d.h. man tut so, als existiere zu diesem 
Zeitpunkt das durch 6Pj(f) beschriebene System nichtwechselwirkender Quasi- 
teilchen 

I«#>w(-od)> = |4»S>. (17) 

Dbertragt man jetzt noch die Zeitabhangigkeit auf die Operatoren 

Fit)-*S-'U)-Fit)-S(t) mit S(f) = S(t,-a;), (18) 

so wird: 

C.j(0 = - i<<P„(yV)( } t<f h(N)> 

^(-K<P%{N)\S-^(t)aMS{t)S-HO)alS{0)\K{N)> t>0 (19) 

I +/<4>?,(/V)|S-‘(0)«;S(0)S-MO«i(OS(t)l<fr?,(N)> t^O. 

Da der Grundzustand nicht entartet ist, erfolgt bei hinreichend langsamem Ein- 
schalten eine Grundzustandsanderung ohne Beteiligung von angeregten Zu- 
standen, d. h. 

|<l>Joo)> = |d>&)<fl>?,14>Joo)> = |4'y,><d>S|S(a.)|<#>S> . (20) 


Nach Einsetzen von (20) ergibt sich unter Beriicksichtigung von (14) und (15) 


mit 


r m = _ ■ <K mT{tti{t) alS{ ro)}\<Pm > 
' <d>%mS(oo)\0%(N)y 





S(oo, t)ai(t)S(t, 0)a/ S(0) 
-S(oo,0)a/ S(0, t)a,(t)S(t) 


f>0 

tgO. 


( 21 ) 


Zur expliziten Behandlung dieses Ausdnickes wird die Entwicklung von S(co) 
bis zu einer bestimmten Ordnung eingesetzt. Die auftretenden Terme werden unter 
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Anwendung des Wck'schen Theorems [15] mit Hilfe von Feynmangraphen aus- 
gewertet. Den in den Graphen vorkonunenden Symbolen ist folgende Bedeutung 
7 .ugeordnet; 


I t 



j <’ 


Die bei der Auswertung von (21) auftretenden Graphen lassen sich in zwei 
Kategorien einteilen, namlich in verkettete (z.B. a) und unverkettete (z.B. b) 
Graphen. 



Man kann /eigen. daB sich bei Fortsetzung der storungstheoretischen Ent- 
wicklung bis zu uncndlicher Ordnung alle in der Entwicklung des Zahlers von 
(21) auftretenden unverketteten Graphen gerade gegen die Gesamtheit der bei 
der Entwicklung des Nenners vorkommenden Graphen wegheben (linked cluster 
theorem [16]). Demzufolge kann man schreiben 

G,j(0=-i«(lV)|7'{«.(0«; «(<»)} |<P?,(N)> verkettet. (23) 

Bei den in hoherer Ordnung auftretenden Graphen laBt sich eine weitere Klassi- 
Tizierung vornehmen. Man Hndet Graphen folgender Struktur: 



Diese Graphen zerfallen beim Durchschneiden einer einzigen Go-Linie (angedeutet 

durch.) in zwei miteinander nicht verbundene Teile. Solche Graphen be- 

zeichnet man als reduzibel: Graphen, die sich auf diese Weise nicht in zwei Teile 
zerlegen lassen als irreduzibel. Die Gesamtheit der irreduziblen Graphen, bei denen 
'die beiden auBeren Go-Linien entfemt wurden, bezeichnet man als Massen- 
operator 1/. 
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Den Beitrag aller Graphen zu man bei Fortsetzung der Storungs- 

theorie bis zu unendlicher Ordnung erhalt, findet man, indem man den Massen- 
operator unendlich oft in eine Go-Linie einsctzt [8]: 


G = G° + G°]MG° + G®]MG'’]MG°+ ... 
= G°4-G° IM(G°+G"]MG°+ ...). 

G 


Man erhalt die Dysongleichung 

G=G“ + G®IMG 


Oder 


Gu(t) = Gj>(t) +ZH nG,j(ndt’dt". 

kl 

In der a>-Darstellung lautet die Dysongleichung 

Gij((o) = Gfjiai) + X G%(m)M„{a))G,j(co) 


Oder 

G,j'M = G?j->M-M,jM. 


(24) 


(25) 


Gleichung (25) bildet den Ausgangspunkt unserer weitcren Oberlegungen: Wenn 
es moglich ist cine Zerlegung des Hamiltonoperators zu linden, die es gestattet, 
die freie Greensche Funktion exakt anzugeben, so besteht die wesentliche Auf- 
gabe darin, den Massenoperator bis zu einer bestimmten Ordnung der storungs- 
theoretischen Entwicklung zu berechnen. Das Aufsuchen deijenigen a>-Werte, fiir 
die Gy‘(a)) nach Einsetzen des so gewonnenen Massenoperators Eigenwerte vom 
Betrag Null besitzt, liefert neue, bis zur entsprechenden Ordnung vcrbesserle 
Werte fiir die lonisierungsenergien und Elektronenaffinitaten. Obwohl der Massen¬ 
operator nur in endlicher Ordnung berechnet wird, werden bei dieser Art des 
Vorgehens bestimmte Graphen, d.h. bestimmte storungstheoretische Terme bis 
zu unendlicher Ordnung beriicksichtigt. 


3.2. Wahl des ungestorten Problems 

Fur ein closed-shell System mit N = 2n Elektronen kann man immer einen 
Ansatz wahlcn, bei dem die Einteilchenfunktionen den Hartree-Fock-Operator 


ij 

diagonalisieren, so daB gilt 


j'=i 


F= 


(26) 


(27) 


Die Indices i,j usw. sollen auch die Spinindices c, und Oj enthalten. Fiir die 
Matrixelemente gilt dann folgende Vereinbarung 

hij= J dx(pT{r)(T + y(r))<pj(r)d(7,(rj, 

^ij.ik= Si dxdx'<pf(r)(pJ{r)V{r,r’)<p,{r)(p„{r)Sai<i,SajOt. 


(28) 

(29) 
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Die Eigen/ustande </>, von F werden ais kanonische Hartree-Fock-Orbitale be- 
zeichnet. 

Da nach dem Theorem von Koopmans die Orbitalenergien der kanonischen 
Hartree-Fock-Orbilale nullte Naherungen fiir lonisierungsenergien and Elektro- 
nenaffmitaten darstellen, liegt es nahe, bei einer storungstheoretischen Entwick- 
lung von eben diesen Orbitalen auszugehen, d.h. wir setzen 


= (30) 

I 

F iir die /.ugchdrige freie Greensche Funktion Gjj(t) erhalten wir 

= - i < E'iiN) I T{ai(/)a;} 1 £|;(N)> 

_ |£{5(A/)> t>0 

~1 /<£"(Af)|a,V"'-'a,e t^O (31) 

y#{bes.},r>0 
I f (V /'e {bes.j.f go. 


{bos} ist die Mcngc dcr im Grundzustand zweifach beset/.ten Orbitale. In der 
w-Darstcllung wird 


0?iUu) = 


^ij . ^ A;_ 

(ij — Kj + iri (o — Ej — irj 

y^{bes} /e{bes} 


(32) 


Die frcic Greensche Funktion rcproduzicrl das mit der speziellen Wahl von Hq 
implizicrtc Ergebnis: Die Orbitalenergien der besetzten kanonischen Hartree- 
Fock-Orbitale sind nullte Naherungen fiir die lonisierungsenergien und die der 
unbesetzten kanonischen Hartree-Fock-Orbitale nullte Naherungen fiir die 
Elektronenafiinitaten. 

Dm die bei Anwendung des Koopmansschen Theorems vernachlassigten Re¬ 
organisations- und Korrelationseffekte wenigstens teilweise zu beriicksichtigen, 
miissen wir den Massenoperator naherungsweise berechnen. Dazu formen wir 
den Hamiltonoperator dc.s vollen Problems 




(33) 


in folgender Weise um 


i.J 

k.l 


ij 


/“I / = i 

U j. k. I 


Mit der Abkiirzung 




( 34 ) 
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und unter Beriicksichtigung von (27) wird 

w = E - Z "i + i E «i ■ (35) 

i U 

Aus (7), (35) und (30) erhalten wir schlteBIich 

Ww = - Efl/at■ (36) 

i.J i.J 

k.l 


3.3. Berechnung des Massenoperators bis zur zweiten Ordnung 

Um den Massenoperator in einer bestimmten Ordnung zu berechnen hat man 
die Entwicklung von S(qo) aus (23) bis zur entsprechenden Ordnung in (21) ein- 
zusetzen und alle bei der Auswertung des Zahlers auftretenden irreduziblcn 
Graphen zu ermitteln. Geht man bei der Entwicklung von S(co) bis zu den 
Gliedern zweiter Ordnung in so erhalt man folgende Terme: 

- i<4.° (N)l T{a,(f)a; S(oo)} !<!)« (N)> 

= -K4'?/N)|T{«,(t)a;}|<ta(^>- 7<4'^N)|r{a<(f)a;HJt,)}|4>S(N)>d/, (37) 

— oo 

+ '- ? ? <KmT{aM)a;HJt,)H^{t^))\<b%(N)ydt,dt^. 

^ — 00 — 00 

Zur Auswertung dieser Terme ordnen wir der in 1?^. auftretenden Wechselwirkung 
t;,jfolgendes Symbol zu; 





Damit und mit den in (22) deHnierten Symbolen lassen sich diejenigen Beitrage 
der storungstheoretischen Entwicklung, die in Hy, von erster Ordnung sind, 
folgendermaBen darstellen; 
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Da nach (23) die unverketteten Graphen I, II und III fur die stdrungstheoretische 
Entwicklung von Gij(t) nicht in Betracht zu ziehen sind, haben wir im weiteren 
nur die verketteten Graphen zu diskutieren. Durch Umbenennung des Summations- 
indizes laQt sich zeigen, daQ die Graphen 2 und 2' sowie 3 und 3' den gleicben 
Beitrag liefem. Zwischen den verbleibenden Graphen besteht aber wegen der 
Definition von r,j aus (34) folgende Beziehung; 



d.h. die Tcrme erstcr Ordnung liefern keinen Beitrag zur Entwicklung von G,j(t). 
In zweiter Ordnung treten folgende irreduzible Graphen auf; 







Wegen der Giiltigkeit von (39) heben sich die Graphen a gegen die Graphen c 
und d, und die Graphen b gegen e und f weg. Folglich liefern in zweiter Ordnung 
nur die Graphen g und h einen Beitrag zur storungstheoretischen Entwicklung 
von Gfjit). Nach Entfernung der beiden auBeren G°-Linien erhalten wir als Bci- 
trage zum Massenoperator zweiter Ordnung: 
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Nach AusfUhrung dcr Fouriertransformation wird: 


^ (Ky. y — Fjj. n) ^—T'-.r 

j'r{be*J ib,/|t(bca} OJ‘i’Iff 

1 


<40) 


+ X (Kr.kl~Kf.lk)^lk.J'J~~~~ - 1 ,, „ 

/#fbes) Jt,lF{bes) £| + OJ it] 

Durch Einsetzen von M}f\co) aus (40) und von G?(co) aus (32) in die Dyson- 
gieichung (25) erhalten wir schlieBlich: 


Gj^’ ' (til) = (fo - £,) j — M}f >(m) . (41) 

Sind die kanonischen Losungen des Hartree-Fock-Problentjs in einer bestimmten 
Naherung bekannt, so laBt sich auf dem Niveau dieser Naherung be- 

rechnen. Das Aufsuchen der Nullstellen von flS’*’ d.h. die Ermittlung derjenigen 
to-Werte, flir die die Matrix der G}*'"' Eigenwerte vom Betrag Null besitzt, liefert 
dann die gesuchten neuen Werte fiir lonisierungsenergien und ElektronenafTini- 
taten. Wegen der cu-Abhangigkeit von fUhrt das Aufsuchen der Nullstellen 
allerdings auf ein nichtlineares Problem. Auf die Behandlung dieses Problems 
werden wir im Zusammenhang mit numerischen Rechnungen in [7] eingehen. 
In der vorliegenden Arbeit wollen wir uns darauf beschranken, einige qualitative 
Folgerungen zu diskutieren, die sich aus den Gln.(32), (40) und (41) ableiten lassen. 


4. Diskussioa 

Zicl unscrer Untersuchungen war es, die Pole der Greenschen Zweipunkt* 
funktion mit Hilfe einer storungsthedretischen Entwicklung zu berechnen. In 
nullter Ordnung entsprechen die Pole uen Energien derjenigen Quasiteilchen, die 
durch die freie Greensche Funktion Gy beschrieben werden. Das Verschwinden 
des Masscnoperators erster Ordnung, das dazu fiihrt, daB auch die Pole von Gjj’ 
durch die gleichen Quasiteilchenenergien bestimmt werden, ist einc Folge der 
speziellen Wahl der Fur die storungstheoretische Entwicklung verwendeten Basis: 
Waren wir nicht von den kanonischen Losungen des Hartree-Fock-Problems aus- 
gegangent sondem z.B. von den nicht wechselwirkcnden Teilchen mit 

ij 

SO hatte eine selbstkonsistentc Entwicklung in erster Ordnung gerade auf die 
Quasiteilchen gefiihrl, die durch die Hartree-Fock-Gleichungen beschrieben 
werden [17]. 

Verallgemeinert heiBt das, daB eine selbstkonsistentc Entwicklung in erster 
Ordnung das gleiche Ergebnis liefert, wie das Koopmanssche Theorem: 

/■'• = —E, ie{bes}, 

(42) 

Cj i^{bes}. 

Beriicksichtigt man, daB den lonisierungsenergien und Elektronenafiinitaten 
Obergange vom Grundzustand des N-Tcilchensystems in Zustande des (N — IF 
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bzw. (N 4- 1)-Teilchensystems entsprechen, so bedeutet das, daB in erster Ordnung 
iiber die Greensche Zweipunktfunktion nur solche angeregte Zustande des 
(/V — 1)- bzw. {N -h IbTeilchensystems erfaBt werden, die im Hartree-Fock-Bild 
durch Einloch- (43a) bzw. Einteilchenanregungen (43b) beschrieben werden. 


■H- 


-H-K- 

-K- 

-K-X- 

---X- tt- 

(43a| 


-M -X 

■H -X- 

-X-K- 

(4.3b) 


Alle anderen angcrcgten Zu.stiindc des (N — ly bzw. (N + 1)-Teilchensystenis 
mUsscn folglich bci Fortsclzung dcr stbrungslheoretischen Entwicklung iiber den 
Massenopcrator erfaOt werden. 

Zu Beginn dicser Arbeit wurdc darauf hingewiesen, daB in der Photoelektroncn- 
spektroskopie in erster Linie die lonisierungen beobachtet werden, die zu ange- 
regten Zustanden des (N — 1 )-Teilchensystems fiihren, wciche gerade den Einloch- 
mregungen vom lyp (43a) entsprechen. E'ur die Interpretation der Photo- 
elektroncnspektren und fUr das theoretische Verstandnis der gegeniiber dem 
Koopmanssehen Theorem auftretenden Abweichungen ist cs demzufolge von 
besonderem Intcrcsse zu untcrsuchen, inwieweit die Pole von mit denen von 
Cl',]’ korreliert und inwieweit allgemeine Aussagen iiber eventuell auftretende 
Verschiebungen gemacht werden konnen. 

4.1. Einflufi des Massenoperators in 2. Ordnung 

Aus (4()) ist ersichtlich. daB der Massenoperator selbst Pole besitzt. Diese 
liegen oberhalb bzw. untcrhalb dcr reellen Ach.se der komplexen t«-Ebene bci 

v) = r., +r.^ —{-.j. ±ir]. (44) 

Bezeichnen wir das hdchste besctzte Orbital des yV-Eleklronensystems mit 
und die Energieliickc zwischen (p„ und dem niedrigsten unbesetzten Orbital (p^+i 
mit 

^ = + (45) 

so folgt fiir die aus dem ersten Term von (40) resulticrenden Pole, die wir mit 
bezeichnen wotlen, 

ReM^ = + d, (46a) 

d.h. der energetisch niedrigste Pol dieser Art liegt gerade um A oberhalb von 
— /4\*’ (vgl. Fig. 2). Entsprcchend gilt fur die aus dem zweiten Term von (40) her- 
vorgehenden Pole 


ReAf + . 


(46b) 
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Fij;. Z Lage der Pole der freien Orcenschen Funklion G" und des Masscnopcraloi> /.weiter Ordnung 

in der komplexen <i>-Ebenc 


Diese Pole liegen mindcstens um A unterhalb von Da der energetische 

Abstand fwischen und <p„ + i bei neulralen Molekiilen mit abgeschlossener 
Schale in den meisten Fallen erheblich groQer ist, als der Abstand zwischen den 
obersten der besetzten und zwischen den niedrigsten der unbesetzten Orbitale, 
liegen bei diesen Systemen im allgemeinen mehrere Nullstellen von G^f', d.h. 
mehrere — /'*’ und — ^4'*’ zwischen Mi* und M,“(Fig. 2). 

Im Hartree-Fock-Bild stehen die Pole M* mit Einteilchenzustanden in Be- 
zichung, bei denen sich relativ zum Grundzustand des N-Teilchensystems (47a) 
ein zusatzliches Teilchen im Orbital <p,, beflndet und gleichzeitig ein Teilchen aus 
dem Orbital tpj. in das Orbital 9, uberfuhrt ist. Umgekehrt entsprechen die Pole 
M~ solchen Zustanden, bei denen ein Teilchen aus dem Orbital entfemt und 
ein anderes aus dem Orbital (pj. in das Orbital q>i gebracht ist. Ist insbesondere 
k gleich III + 1 (47b) bzw. m — 1 (47c) so erttspricht ein Obergang aus dem Grund¬ 
zustand des (N-f 1)- bzw. (N — 1)-Tcilchcnsystems (47d und 47e) in einen der 
Zustande (47 b) bzw. (47 c) einer Einteilchenanregung. Es ist bekannt, daB diese 
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Einteilchenanregungen sehr wesentlich zu energetisch niedrig liegenden elek- 
tronisch angeregten Zustanden von Radikaiionen beitragen. Obergange, die in 
dicse Zustande fiihren, sind in vieien Fallen optisch erlaubt und dementsprechend 
in den Elektronenspektren gut zu beobachten [18]. Geht man dagegen vom 
Cirundzustand des /V-Teilchensystems (47a) aus, so entspricht der in der Photo- 
elektronenspektroskopie im allgemeinen nicht zu beobachtende Obergang in 
cincn der Zustande (47b) oder (47c) einem ZweiteilchenprozeB. 


-— 






-X- 

— m ♦ i — 



-X- 

-m + 1- 


w 


V- 


m 



■ --H ---m —V—y- 


—^ -/ —X—x- 


X 


M 


■—X 


X- - 


M -H- 


■M- 


m 


-X- 




X -X 

(47a) 


- --y - -y — 
(47h( 



■X—y- 
(47d) 


-X—y 

(47c) 


Untcr.suchen wir jetzl den EinfluB dcs Massenoperators (40) auf diejenigen 
Pole der freicn Orecnschen Funktion (32). die zwischen Mf und Mi Hegen. Wir 
gchun dabci von der Voraussetzung au.s, daB die Nichtdiagonalclemente M}^^ von 
Klein sind gegenuber der Differenz zwischen den Orbitalenergien «,• und f.j. 
Wie sieh zeigt [7] ist diesc Voraussetzung fast immer erflillt, wenn es sich nicht 
urn entartete txler last entartete Orbitalc handelt. GjP ' ist dann in der Umgebung 
von <n = t:, im wcsenilichen duruh den Diagonalterm M/,^*(cij) von bestimmt: 

'{w r.,) ^ • dij = - Ml^ ■ . (48) 

Durch Ausfuhrung der Spinsummation und Umformung erhalt man fiir die 
bciden formal iiquivalcnten Terme von M/3’ 


J- k.l 


i-r -•'■k- r-i + •’> 


llKU 

y k 


I 


f.j. — 2(;j + <(» 
1 


(49) 


+ I Z 7- (ki + Kt. ,k + ( Ky .M - y<j-. ,k)^) ■ 

r k<i + 


Aus (49) foigt, daB das Vorzeichen der beiden Terme von M/3’ nur durch den 
Resonanznenner bestimmt wird. Fur den rechtsseitigen Grenzwert von M,' 
erhalt man 

lim ReM/j^’(M,~ + 7 ) = + 30 

n-o 

und rUr den linksseitigen Grenzwert von M,^ 

limReM/,2’{M,+ -^) = — QO . 

»y -0 
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Fig. 3. Qualitatives Verhalten eines Diagonallertns von jvf im Bereich /wischen M,' und M/ 


Da die l^-Termc selbst nicht von to abhangen, ist im Bereich zwischen 

Aff und auBcrdem cine monotone Funktion von ty. Fiir das qualitative Ver¬ 
halten von ergibt sich damit im untersuchten Bereich das in Fig. 3 dar- 

gestelUe Bild. 1st der Beitrag der beiden Summen in (40) von gleicher GroBen- 
ordnung, so liegt der NuUdurchgang von zwischen w — und (y = e„+i. 

Zusammen mit (48) lassen sich aus Fig. 3 Tolgende Konsequenzen ziehcn; 

a) Solange der Betrag von kleiner ist als der Betrag des Abstandes von 
f.j zum Pol M/ Oder M,', kann der Pol von GJJ* als ein Pol betrachtet werden, 
der durch Verschicbung aus einem Pol von Gfj hervorgeht. 

b) Erfolgl der NuUdurchgang von zwischen = und fo = e„+,, so 

wird der entsprechende Pol von G” zu groBeren co-Werten hin vcrschoben, wenn 
Cl zwischen Mf und r„ liegt. Liegt der Pol von G® dagegen zwischen und 
M*, so er^lgt eine Verschicbung in Richtung kleinerer to-Werte. Die durch den 
Massenoperator 2. Ordnung hervorgerufenen Verschiebungen wirken sich in 
diesem Bereich so aus, daB die lonisierungsenergien gegeniiber dem Koopmans- 
schen Theorem vcrkleinert und die Elektronenaffinitatcn vergroBert werden. 

c) M/3’(to) hangt iiber die F-Terme vom geradc betrachteten e, ab. Sind die 
F-Terme fiir verschiedene Cj von gleicher GrdBenordnung, so ist die Verschicbung 
gegeniiber der nullten Ordnung wegen der lu-Abhangigkeit von umso groBer, 
je naher das betrachtete C; an den Polen Aff oder Af/ liegt. Es ist jedoch durchaus 
denkbar, daB sich die GrdBenordnung der F-Terme fiir verschiedene Orbitale, 
insbesondere z.B. fiir n- und o-Orbitale, deutlich unterscheidet. Es ist deshalb 
nicht generell damit zu rechnen, daB — wic in den von Basch et al. untersuchten 
Beispielen [18] - die Abweichung vom Koopmansschen Theorem umso groBer 
wird, je hdher die lonisierungsenergie ist. Man vergleiche als Gegenbeispiel die 
in Tabelle 1 fur Formaldehyd angegebenen Daten. 
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d) Fiir Orbitale, deren Energie im Bereich e,- < Mf oder Ej > liegt, gelten 
die hicr durchgefiihrten Betrachtungen nicht. In diesem Bereich sind durchaus 
gegcnlaufige Verschicbungcn moglich. Eine eingehende Analyse dieses Bereichs 
erfolgt in [21]. 

Die Aussagen b) und c) stimmen qualitativ mit dem uberein, was man beim 
Vcrgleich experimenteller lonisicrungsenergien mit den unter Anwendung des 
Koopmansschen Theorems berechneten Werten beobachtet. Inwieweit die auf- 
trctenden Abweichungen mit den hier entwickelten Naherungen auch quantitativ 
crfaBt werdcn kdnncn, d.h. welcher Teil der Reorganisations- und Korrelations- 
clTcktc bci Entwicklung des Massenopcrators bis zur zweiten Ordnung tatsachlich 
crfaBt wird, liiBt sich erst abschatzen, wenn eine groBere Zahl von numerischen 
Rcchnungcn vorlicgt. 


4.2. Gultigkeitshereich 

Prin/ipiell ist der vcrwcndctc Formalismus sowohl auf closed-shell- als auch 
auf opcn-shclI-Systcmc anwendbar. Zur Ableitung der speziellen Naherungen 
wurde jedoch in (27) vorausgesctzt, daB die vcrwcndctc Basis den Hartree-Fock- 
Operator diagonalisiert. Diesc Voraussetzung ist in voller Allgemeinheit nur fiir 
closed-shell-Systeme erfullt. Demzufolge ist die Bcziehung (40) nur dann an¬ 
wendbar, wenn das N-Elektronensystem. dessen lonisicrungsenergien und 
EiektroncnulTlnitatcn berechnet werdcn sollen, ein closed-shell-System ist. 

Bcim Vcrgleich mit expcrimentcllen Daten ist auBerdem zu beachten, daB das 
Harlrce-Fock-Problem parametrisch von den Kernkoordinaten abhangt. Wird 
cs fur einen bestimmten Satz von Kernkoordinaten gelost, so werden die iiber 
crfaBten Wechsciwirkungen fiir die gleichen Kernkoordinaten berechnet. Sind 
dicse Koordinaten die Gleichgewichtskoordinatcn des Grundzustands des N~ 
Elcktroncnsystcms, so heiBt das, daB die in hoherer Ordnung berechneten Pole 
analog zur Anwendung des Koopmansschen Theorems mit vertikalen lonisierungs- 
cnergien und Flektronenaffinitaten zu identiilzieren sind. 


4.3. Konvergen: der stdrmgstheorelm hen Entwicklung 

Kon vcrgcnzprobleme treten ganz allgemein deshalb auf, well man die storungs- 
thcoretische Entwicklung notgedrungenermaBen an irgend einer Stelle abbrechen 
muB. Ein solcher Abbruch bedeutet, daB man in der Entwicklung nur bestimmte 
Graphen beriicksichtigt. Jeder Graph entspricht aber im Prinzip - bei wirklich 
vollstandiger Basis - einer unendlichen Summe und man kann nicht davon aus- 
gehen, daB jede dieser Summen fiir sich konvergiert. So divergiert z.B. beim drei- 
dimensionalen Elektronengas der Beitrag, den das Ringdiagram zweiter Ordnung 
(50) liefert [19]. Um Konvergenz zu erhalten, muB man in diesem Fall die Beitrage 
aller Ringdiagramme bis zu unendlicher Ordnung aufsummieren (RPA-Naherung). 
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Mit dicscr Naherung werden allerdings nur im high-density-Fall wesentliche 
Beitrage der storungstheoretischen Entwicklung erfaBt [20]. Von high density 
spricht man, wenn der mittlere Abstand zwischen den Teilchen klein ist gegen- 
iiber der mittleren Reichweite der Wechselwirkung zwischen diesen Teilchen. Ist 
umgekehrt der mittlere Abstand der Teilchen groB gegenliber der mittleren 
Reichweite der Wechselwirkung, (low-density-Fall), so liefem die Ringdiagramme 
keinen entscheidenden Beitrag. Hier spielen die sogenannten Leitergraphen die 
wesentliche Rolle. 

Fur den Fall der intermediate-density, der bei Molekiilen realisiert ist. ist kein 
allgemeines Ldsungsschema wie bei den beiden oben genannten GrenzPallen be- 
kannt. Es ist jedoch nicht zu erwarten, daB der Beitrag, den der Ringgraph zweiter 
Ordnung zum Massenoperator liefert, in diesem Fall divergiert. Sollten dennoch 
Schwierigkeiten auftreten, so lassen sich diese dadurch umgehen. daB man aus- 
gehend vom Massenoperator zweiter Ordnung das Problem in sclbstkonsistenler 
Weise lost [21], 


5. Zusammenfassung 

In der vorliegenden Arbeit wurde ein storungstheoretisches Verfahren ent- 
wickelt, das cs ermdglicht. die durch Reorganisations- und KorrelationsefTekte 
hervorgerufenen Abweichungen vom Koopmansschen Theorem direkt zu er- 
fassen. Gegeniiber der Berechnung von lonisierungsenergien und Elcktroncn- 
alTinitaten als Differenz von Gesamtenergien hat ein solches Verfahren den Vorteil. 
daB nur eine relativ kleine KorrekturgroBe berechnet werden muB. Dariiber- 
hinaus bleibt das Einteilchenbild, das einen Zusammenhang mit Molekiilorbitalen 
herstellt und dadurch eine anschauliche Interpretation von lonisierungsenergien 
ermdglicht, weitgehend erhalten. Sollte es sich zeigen, daB die hier vorgeschlagene 
Naherung - oder eine eventuelle Erweiterung - die beobachleten Abweichungen 
auch quantitativ ausreichend beschreibt, so ist es durchaus denkbar, daB dieses 
Verfahren auch bei semiempirischen Rcchnungen. wie man sie heute in groBem 
Umfang zur Interpretation von Photoelcktronenspektren groBerer Molekule 
heranzieht, angewandt werden kann. 

Wir (lankcn den Herrcn F. Metz und L. Cederbauni fiir ihre intensive Mitarbcit; Frau Dr. Lisclotte 
Becker Tiir viele anregendc Uiskus-sionen und der Deutschen Forschungsgemeinachaft Tiir die gcwiihrtc 
rinanzielle Unterstiitzung. 
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Possible convex polyhedra for three-dimensional water networks in clathrate and semiclatbrate 
hydrates are discussed in this paper. All such polyhedra have all vertices of order three. Therefore, 
the number of vertices (c), edges (e), and faces (/) must satisfy the equalities e ^ 3e/2 and / =■ (4 -i- v)/2. 
Possible polyhedra of this type with exclusively quadrilateral, pentagonal and hexagonal faces and 
with up to 18 faces are examined. Many of these polyhedra are duals of various triangulated co¬ 
ordination polyhedra studied in previous papers of this series. In order to minimize angular strain, 
polyhedra with the maximum number of pentagonal faces are favored for water networks in clathrate 
and semiclathrate hydrates subject to the presence (tf sufficiently large cavities to accommodate the 
guest molecule. 

In dieser Arbeit werden mdgliche konvexe Polyeder fllr dreidimensionale Wasser-Netzwerke 
in Klathrat- und Semiklathrathydraten diskutiert. Daher muB die Anzahl der Scheitelpunkte (v), 
Kanten (e) und FlSchen (/) den Gleichungen e = iol2 und / ^ (4 -l- v)/2 geniigen. Es werden mdgliche 
Polyeder dieses Typs mit bis zu 18 FUichen, die ausschlieBlich quadrilateral pentagonal und hexagonal 
sein sollen, untersucht. Viele dieser Polyeder sind Zwillinge von verschinlenen, aus Dieiecken zu- 
sammengesetzten Koordinationspolyedern, die in friiheren Arbeiten dieser Reihe untersudil wurden. 
Um die Winkeldefonnation auf ein MindestmaB zurUckzulUhren, werden im Falle von Wasser- 
netzwerken in Klathrat- und Semiklathrathydraten Polyeder mit der maximalcn Anzahl von pentagona- 
len Flhchen bevorzugt. well so ausreicbend groBe Hohlriiume zur Aufnahme des Gastmolekiils ent- 
stehen. 


Introduction 

In recent years the structural chemistry of a novel class of organic hydrates, 
the clathrate hydrates [2, 3], has received considerable attention. These clathrate 
hydrates contain a relatively large number of water molecules for each guest 
molecule. The water molecules in these clathrate hydrates are joined by hydrogen 
bonding into networks of fused polyhedra. In cases where the guest molecule is an 
amine, one or more nitrogen atoms of the guest molecule may also be bonded to 
the fused polyhedral network of water molecules resulting in “semiclathrates” 
rather than true clathrates [2,3]. Some of the observed polyhedra [2] in the 
clathrate and semiclathrate hydrates are rather peculiar ones not otherwise 
encountered in chemical systems. This paper examines the generation of the poly¬ 
hedra observed in clathrate and semiclat^ate hydrates by appropriate modifica¬ 
tions of the techniques successfully used in earlier papers for the study of coordina- 
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tion polyhedra [4, S], metal dusters [1], and polyhedral cage boron hydrides [1], 
In the polyhedra of the clathrate and semidathrate hydrates the vertices cor¬ 
respond to tetrahedral or nearly tetrahedral oxygen atoms and the edges to hydro¬ 
gen bonds between pairs of oxygen atoms. 


Generation of Possible Polyhedra 

The problem of the generation and evaluation of possible polyhedra for water 
networks in dathrates and semidathrates is a more complex problem than the 
generation and evaluation of po.ssible coordination polyhedra [4, 5], metal duster 
polyhedra [1], or boron hydride polyhedra [1] for the following three reasons: 

1. There is no inherent direct limitation on the size' of polyhedra in clathrate 

and semidathrate water networks as in the case of coordination polyhedra where 
both steric considerations and the number of available orbitals on the central 
atom impose strict limits on the coordination number and hence on the number 
of vertices and the size' of possible coordination polyhedra [4-6]. Closed metal 
duster fl] and boron hydride polyhedra also have an inherent size' limitation 
based on the presence of only triangular faces for maximization of bond delocali¬ 
zation [1] combined with limitations on the maximum vertex order imposed by 
restrictions on the number of available metal or boron orbitals. Aspecific example 
of an extremely large polyhedron found in a clathrate is the irregular 116, 174, 
6 ()-polyhcdron found^ [7] in [(n F • 23 H 2 O. This polyhedron has 

2 quadrilateral faces, 48 pentagonal faces, and 10 hexagonal faces. However, this 
polyhedron has reentrant edges and hence is not a convex polyhedron but instead 
a concave polyhedron. 

2. The polyhedra in clathrate and semidathrate water networks arc not 
discrete but instead are joined in an inFinite three-dimensional lattice. The space 
Tilling properties of convex polyhedra [8] in such infinite three-dimensional 
lattices indirectly limit the size' of polyhedra in water networks. A large convex 
polyhedron (i.c. one with large v, e, and / values) can be approximated by a sphere. 
Packing spheres into a three dimensional network always leaves relatively small 
spaces which correspond to small polyhedra with considerable angular strain. 
Thus, if only convex polyhedra are considered for the three-dimensional polyhedral 
network, the size and shape of the relatively small polyhedra necessary to Till the 
gaps in packing large polyhedra will introduce increasing amounts of angular 
strain as the size of the large polyhedra increases. A similar limitation on the 
maximum size of concave polyhedra with one or more reentrant edges does not 
obtain. However, concave polyhedra may be regarded as derived from the fusion 
of two or more smaller convex polyhedra such that the volumes of the convex 
polyhedra overlap. The portions of the convex polyhedra inside the resulting 
concave polyhedron (i.e. those which bound the region of overlap) are then lost. 

' As used here the “size" of a polyhedron refers to its volume relative to its edge length. In 
general a polyhedron with a larger “size" has a larger number of vertices, edges, and faces. 

* This notation indicates the number of vertices, edges, and faces, respectively, in various polyhedra 
as introduced in Ref. [4]. The notation used to indicate the number of faces with various numbers 
of sides is described by Wells.A.F.: The third dimension in chemistry, London; Oxford University 
Press 1962. and is also used in Table III of Ref. [2]. 
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3. In the semiclathrate hydrates of the alkylamines. the nitrogen atoms of 
the alkylamine guest molecules form hydrogen bonds with the oxygen atoms of 
the network of fused water polyhedra. However, since each polyhedron contains 
only one alkylamine molecule, since the alkylamines forming semiclathrate 
hydrates contain only one nitrogen atom, and since the polyhedra large enough 
to enclose the alkylamine guest molecule contain at least twelve vertices, this 
effect can involve no more than about 10% of the vertices of the water network 
polyhedra. The perturbations introduced by hydrogen bonding of the nitrogen 
atoms of the alkylamine guest molecules to the polyhedral water network are 
small relative to those introduced by the packing properties of polyhedra and 
therefore may be neglected in this treatment as long as the alkylamine guest 
molecules contain no more than one nitrogen atom. However, in hexamethylene¬ 
tetramine hexahydrate [9] where the amine contains four nitrogen atoms, of 
which three participate in hydrogen bonding, the hydrogen bonding of the 
hexamethylenetetramine to the water network is significant enough to destroy 
the basic polyhedral structure, although a regular network is still maintained.The 
treatment in this paper, therefore, is limited to clathrate hydrates and semiclathrate 
hydrates where the guest molecule (an alkylamine in ail of the known cases) 
contains no more than one atom which forms hydrogen bonds with the water 
network. For the reasons stated above such semiclathrate hydrates can be treated 
as if they were true clathrate hydrates ignoring the single hydrogen bonding inter¬ 
action between each guest molecule and the polyhedral three-dimensional water 
network. 

For the first two reasons discussed above consideration of possible polyhedra 
for water networks in clalhratcs and semiclathrates can be limited to convex 
polyhedra and restricted to polyhedra with no more than a given number of faces. 
Such a restriction is also necessary to keep the scope of the problem within 
manageable limits. The maximum number of faces of polyhedra considered in 
this work is 18, since this is sufficient to include all known convex polyhedra 
found water networks in clathrates. The only larger polyhedra found in such 
water networks are the 26-hedron [10] in 4(CHj)3N -41 H^O and the irregular 
116, 174, 60-polyhedron^ [7] found in [(n-C^H^ljS] F ■ 23 HjO. Both of these 
large polyhedra are concave with the 26-hedron being formed by fusion of two 
I4-hedra (S'^6^) sharing a common hexagonal face. 

The tetrahedral hybridization of the oxygen atoms in hydrogen-bonded water 
molecules imposes the following basic conditions that all polyhedra for water 
networks in clathrates must satisfy: 

1. AU vertices of the polyhedron must have an order of exactly three. Each 
oxygen atom in these water networks has exactly four hydrogen atoms bonded 
to it. However, only three of the hydrogen bonds attached to any oxygen atom 
are so directed (i.e. on the same side of a supporting plane (Stutzeben) [11] 
through the oxygen atom) that they can be edges of the same polyhedron. This 
indicates a maximum order of three for vertices of polyhedra for water networks 
in clathrates. Furthermore, geometrical considerations require that each vertex 
in any three-dimensional polyhedron has an order of at least three. For these 
reasons, all vertices of polyhedra for water networks in clathrates must have an 
order of exactly three. 
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Fig 1. Schlegel diagrams of some of the polyhedra listed on Table 1 
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2. No face of the polyhedron can be triangular and pentagonal faces are greatly 
favored. The bond angle for an unstrained tetrahedral atom is 109°28'. This is 
closest to the 108° interior angle in a regular pentagon. An equilateral triangle 
has an interior angle of only 60° which is so far from the tetrahedral angle that 
excessive angular strain prevents the occurrence of triangular faces in polyhedra 
for water networks. Quadrilateral and hexagonal faces with interior angles of 
90° and 120", respectively, for these polygons when regular have a much smaller 
and more tolerable amount of angular strain. Furthermore, in the hexagon (as 
well as in polygons with larger number of sides) possible nonplanarity of the 
faces provides possibilities for relief of some of the angular strain. Angular strain 
considerations suggest that the relative tendency for various types of polygonal 
faces to occur in polyhedra for water networli in clathrates decreases in the 
following sequence: 

Pentagon (most favorable) > hexagon > quadrilateral > triangle (least favorable). 

In the actual polyhedra many of the faces will not be regular polygons and the 
angles will not correspond exactly to the [(n —2)/n] 180° values required for a 
regular polygon with n sides. However, the sum of the interior angles of even an 
irregular (but still planar) polygon with n sides must be a constant (n —2) 180". 
Therefore, as long as planarity is preserved, deviations in one interior angle of a 
polygon because of irregularity will be compensated by opposite deviations in 
the other angles. Thus, the angular strain is not appreciably changed by moderate 
deviations from regularity. Extreme deviations from regularity can only increase 
the angular strain. 

A further complication is that faces of polyhedra with five or more edges need 
not be planar. Bending of a face can serve to reduce the angular strain in faces 
with six or more edges. However, bent faces cannot be a major factor in the 
construction of convex polyhedra for three-dimensional water networks in 
clathrate hydrates for the following reasons: 

1. Incorporation of an outwardly bent face (i.e. one bent in a direction to 
increase the area enclosed by the polyhedron) introduces reentrant angles into the 
polyhedron tjiereby making it concave. Such concave polyhedra may be decom¬ 
posed into two or more smaller convex polyhedra with overlapping volumes as 
discussed above. As the concavity of the large concave polyhedron increases, the 
volume of the convex polyhedra into which the concave polyhedron can be 
decomposed relative to the volume of the original concave polyhedron decreases 
and the degree of overlap of the convex polyhedra into which the concave poly¬ 
hedron can be decomposed decreases. Concave polyhedra can be excluded from 
consideration in this paper since all concave polyheadra can be decomposed into 
two or more convex polyhedra of types included in the treatment of this paper. 

2. Incorporation of an inwardly bent face (i.e. one bent in a direction to 
decrease the area enclosed by the polyhedron) will decrease the ability for a 
given polyhedron to enclose a guest molecule. Hence, inwardly bent faces will 
only occur when necessary for the polyhedron to remain closed. 

These considerations suggest that simple angular strain as discussed above is 
the major factor in determining the polygons to be found as faces of polyhedra 
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in three-dimensional water networks and that relief of strain by bending will not 
cause polygons with more sides than those favored by angular strain considerations 
to become predominant as faces in the construction of such polyhedra. 

The first paper of this series [4] listed relationships between the parameters 
describing clos^ convex three-dimensional polyhedra with only triangular and 
quadrilateral faces. The following are the analogous relationships between the 
parameters describing closed convex-dimensional polyhedra with all vertices of 
order three: 

1. Euler’s Relationship [12]: e + 2 = v + f. 

2. Relationship between the Edges and Vertices: iv = 2e. 

.1. Relationship between the Edges and Faces; ^ if = 2e. Here f refers to the 

t 

numbers of faces with / sides or edges. Thus /4 refers to the number of quadrilateral 
faces (designated as q in the first paper of this series [4]). 

4. Totality of Faces: ^f=f- 

i 

For any closed convex three-dimensional polyhedron with all vertices of order 
three the numbers of edges and faces for a given number of vertices are uniquely 
defined hy the relationships e = ivf2 and / = (4 +1')/2. This reduces drastically 
the number of sets of v, e, and / values which have to be considered. For a given 
set of p, e, and / values there arc many possible polyhedra corresponding to 
different solutions of the equations Y, */i = and Yfi — f- 

I i 

Table I summarizes the possible closed convex three-dimensional polyhedra 
with all vertices of order three, with no more than eighteen faces, and with only 
quadrilateral, pentagonal, and hexagonal faces. Figure 1 shows Schlegel diagrams 
[12] of .some of (he more important of these polyhedra in the chemistry of clathrate 
water networks. 

Identification of the actual polyhedra corresponding to various sets of v, e, f 
and f values is relatively difficult in many cases but has been achieved for the 
polyhedra of greatest potential importance in polyhedral water networks in 
clathrates. The relationship of duality [13], briefly cited in the first paper of this 
series [4]. is of considerable value in the identification of the polyhedra listed in 
Table 1. In a pair of (mutually) dual polyhedra and the vertices of one of 
the polyhedra correspond to the faces of the other and vice versa. Both and Pj, 
belong to the same symmetry point group. Furthermore, the following relationships 
are satisifed where the subscripts a and b refer to the dual polyhedra P, and P^, 
respectively: = .4: Ci, = e,; f = i’„. The correspondence ofa vertex of a polyhedron 
Pg to a face of a polyhedron P(, and vice versa also mean that the following rela¬ 
tionships must be satisifed for all n: {/„)„ = (jah- One obvious 

consequence of the latter set of relationships is that the polyhedra with all vertices 
of order three generated in Table 1 all are duals of some triangulated polyhedron 
[4]. Triangulated polyhedra are of interest as coordination polyhedra [4,5], 
metal cluster polyhedra [1], and cage boron hydride polyhedra [1] and thus 
were discussed in earlier papers of this series. Many of the polyhedra in Table 1 
can be identified as duals of previously observed triangulated polyhedra. The 
“parallel plane method" for generating polyhedra [3] is useful for generating 
duals of polyhedra in Table 1. The existence of the 18, 27, ll-polyhedron {4^5'®) 
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is regarded as unlikely (although not yet rigorously disproved) since all previous 
attempts during the study on polyhedra for high coordination numbers [S] to 
find its dual (i.e. an 11, 27, 18-polyhedron with no vertices of order six or higher) 
were unsuccessful. 


Discussion 

The pentagonal dodecahedron is the optimum polyhedron for water networks 
in clathrates and semiclathrates since it is the only polyhedron with all vertices 
of order three where all faces are the favored pentagons with minimum angular 
strain. The pentagonal dodecahedron cannot be packed into a lattice if it is kept 
regular with idealized symmetry [14]. However, if the pentagonal 108° angles 
in the pentagonal dodecahedron are distorted slightly to the tetrahedral value 
of 109"28', then pentagonal dodecahedra can form a network with cubic symmetry. 
This network also contains larger 28, 42, 16-polyhedral (5* ^6*) holes which 
represent a distorted version of the idealized 7^ polyhedron of this type. In 
another packing of pentagonal dodecahedra larger holes are also generated 
which correspond to the 24,36,14-polyhedron (5‘ ^6^), i.e., the dual of the hexagonal 
bipyramid, and to the 26, 39, 15-polyhedron (5'^6*). These water networks with 
pentagonal dodecahedra are found in numerous clathrate hydrates and gas 
hydrates [Z 3]. The water networks containing pentagonal dodecahedra may also 
contain the 14-hedra, 15-hedra, and 16-hedra with the maximum numbers of 
the favored pentagonal faces. 

A pentagonal dodecahedron in a wato* network has a volume of about 
170 [15]. Some types of guest molecules in a clathrate or semiclathrate hydrate 

will be either too large or of the wrong shape to fit into a cavity of this size and 
shape. In some cases the guest molecules can be accommodated in the somewhat 
larger 24, 36, 14-polyhedra (5'*6^) (volume ~220A^) or 26, 39, 15-polyhcdra 
(5*^6^) (volume ~240 A^) which form the larger cavities in one of the packings 
of pentagonal dodecahedra. The still larger 28, 42, 16-polyhedron (5’ ^6“^) is found 
in isopropylamine hydrate 10 (CH 3 ) 2 CHNH 2 • 80 HjO [16]. 

Clathrate and semiclathrate hydrates of relatively bulky amines contain 
still larger polyhedra. Thus, the water network of diethylamine hydrate, 
12 (C2 Hs)2 NH ■ 104 HjO, contains 48, 18-polyhedra (5'*6®); the diethyl¬ 

amine molecules fit relatively well into these ellipsoidal cavities [17]. This network 
of 32, 48, 18-polyhedra (5* ^6*) contains no pentagonal dodecahedral cavities but 
instead some irregular concave 29, 44, 17-polyhedra (4^5*6*) which because of 
their concavity contain one vertex of order four. The water network of t-butyl- 
amine hydrate, IfilCHjljCNHj • 156 HjO, the only known amine clathrate 
hydrate without hydrogen bonding of the amine to the water network, contains 
unusual 30,45,17-polyhedra (4^5’6^7^); [18] this is the only polyhedron with 
heptagonal faces encountered in clathrate hydrates (polyhedra with heptagonal 
faces have been omitted from Table 1, since consideration of such polyhedra 
increases the possibilities to an unmanageable number). Packing these 30,45,17- 
polyhedra (4’5’6^7^) into a three-dimensional network leaves small cavities of 
\2, 18, 8-polyhedra (4^5*); this polyhedron is the dual erf the D24 8,18, 12-dodeca- 
hedron which is the most common coordination polyhedron for eight-coordinate 
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complexes [4, 19]. The 12, 18, 8 -polyhedra (4-^5*) in I 6 (CH 3 ) 3 CNH 2 • 156 HjO 
are far too small to accommodate any guest molecules. However, the 30, 45, 17- 
polyhedron (4^5’6*7^) has a free volume about 30% larger than that of the 28, 42, 
16-polyhedron (5* ^ 6 ^); this additional volume may be necessary to accommodate 
the relatively bulky t-butylamine molecule. Furthermore, the failure of the 
t-butylamine in its clathrate hydrate to form hydrogen bonds with the polyhedral 
water network may make a larger polyhedron necessary to enclose it in to keep 
the t-butylamine molecules beyond the bonding distances to the atoms in the 
water network. Most of the faces of both the 32, 48, 18-polyhedra (5*^6®) and the 
.10, 45, 17-polyhedra (4^5^6^7^) are the favored pentagons. 

The theory developed in this paper suggests that the normal water network 
for clathrates and semiclathrates contains the very favorable pentagonal dodeca¬ 
hedron. However, if the guest molecules are too large to fit into the cavities of 
pentagonal dodecahedra (e.g. diethylamine and t-butylamine), then alternative 
water networks with larger polyhedra will be formed. This suggests that clathrate 
and semiclathrate hydrates of relatively large and non-spherical molecules which 
do not fit into the polyhedra with up to 18 faces discuss^ in this paper are most 
likely to contain unusual polyhedra. However, a limiting factor in the preparation 
of clathrate hydrates of large molecules of appropriate polarity is likely to be 
the difficulty of packing large convex polyhedra into a three-dimensional network 
because of the concurrent need in such networks for strained small polyhedra 
both to fill the gaps between the large polyhedra and to accommodate the fourth 
hydrogen bond to each oxygen atom. 
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der Dreizentren-Kemanziehungsintegrale 
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Eingegangen am 13. August 1971 


Approximation of Three-Center Nuclear Attraction Integrals 
in LCAO-MO-Methods for Coordination Compounds 

At the calculation of non-diagonal elements in LC'AO-MO-methods for coordination com¬ 
pounds arise three-center nuclear attraction integrals of type | ^ | x^. We give a simple method 

for the approximate calculation of these integrals which is based on the high symmetry of the coordina¬ 
tion compounds. The three-center integrals are reduced to a sum of few special two-center integrals. 

Bei der Berechnung der Nichtdiagonalelemente in L('AO-MO-Verfahren fUr Koordinations¬ 


verbindungen treten Dreizentren-Kernanziehungsintegrale vom Typ 


Z. V auf. 
\ 't I 


Wir geben ein 


einfaches Verfahren zur nSherungsweisen Berechnung dieser Integrale an, das auf der hohen Symmetric 
der Koordinationsverbindungen beruht. Die Dreizentrenintegralc werden auf eine Summe von 
wenigen speziellen Zweizentrenintegralen zuriickgeftthrt. 


1. Einleitung 

Das von Wolfsberg u. Helmholz [13 angegebene Verfahren zur Berechnung 
von Obergangsmetailkotnplexen wurde mannigfach modiiiziert und kritisch 
untersucht, unk seine Mangel und seinen Anwendungsbereich kennenzulernen. 
Es zeigte sich, daB die Resultate stark von den gewahlten Parametem abhangen; 
das Problem der Reihenfolge und des Metall-Ligand-Charakters der Orbitale 
beim Permanganat-Ion ist dafur typisch (siehe etwa [Z]). Will man die Rechnungen 
auf eine theoretisch fundiertere Stufe heben, so muD man nichtempirische Ver¬ 
fahren anstreben. Dies erfordert die Berechnung der Matrixelemente. Wahrend 
die Behandlung der auftretenden Ein- und Zweizentrenintegrale keine prinzipiellen 
Schwierigkeiten bereitet, ist die der Drei- und Vierzentrenintegrale auBerordentlich 
kompliziert und zeitaufwendig. Im allgemeinen werden sie vernachlassigt, durch 
Hilfsformeln berucksichtigt oder mit Hilfc der Mulliken-Naherung [3] auf Zwei¬ 
zentrenintegrale zuruckgefuhrt, Fenske et al. [4] berechneten auch Dreizentren- 
integrale und konnten die Unzulanglichkeit der einfachen Hilfsformeln fiir die 
Nichtdiagonalelemente zeigen [5]. 

FUr exaktere, „parameterfreie“ Verfahren mussen also Mehrzentrenintegrale 
berechnet werden. Das schrankt die allgemeine Anwendung solcher Verfahren 
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ganz wesentiich ein. Wir beschreiben in der vorliegenden Arbeit ein bereits kurz 
vorgesteiltes [6] Verfahren zur naherungsweisen Berechnung der Dreizentren- 


Kcrnanziehungsintegralc vom Typ ^Xa ” Zdj Komplexmolekiilen, das sich 


die hohe Symmetric dieser Molekiile zunutze macht. Es fuhrt die Dreizentren- 
Kernanziehungsintegrale auf Zweizentrenintegrale zuriick und ermoglicht da- 
durch cine breitere Anwendung exakterer Methoden. 


2. Die Dreizentren-KemanziehiHigsintegrale 

F-'iir das Nichtdiagonalelement zwischen den Atomorbitalen Xk' Liganden 
A' und Xm am Zentralion M schreiben wir 


k*k' 

l.inc ausPuhrlichc Diskussion der einzelnen Teile des Hamiltonoperators im 
liinblick auf ihre Verwendung in den Matrixclementen Tindet man bei Fenske 
et al. [4], Das Potential P* der Liganden k im zweiten Term des obigen Ausdrucks 
luBt sich in gutcr Niiherung als Punktiadungspotential auffassen: 


I (x* |KtUM)= Z Uk' 

k*k' k*k-\ 


I'k 



(I) 


Das isl cine Summe von L- 1 Dreizentren-Kernanziehungsintegralen; L ist die 
Anzahl der Liganden. 

Wir spalten nun die Summe (I) nicht in Einzelintegrale auf, wie es gewohnlich 
gelan wird; bei den hochsymmetrischen Anordnungen, an denen wir interessiert 
sind, ist es zweekmaOig, die Summe (1) als Ganzes zu behandeln. Zunachst formen 
wir (I) identi.sch um zu 


I 



( 2 ) 


Die Summe iiber k enthalt jetzt auch das Glied k = k', das rechts wieder subtrahiert 
wird. Dieses Glied ist ein simples Zweizentrenintegral, das lediglich als HilfsgroBe 
dient. Es ist kein Zweizentren-Kernanziehungsintegral im Sinne von (1), da Tiir den 
Zweizentrcn-Fall die Punktladungsnaherung nicht anwendbar ist. Fiirdie Summe 
in (2) schreiben wir 



(3) 


Jede Punktladung hatte bisher ihr eigenes Koordinatensystem. Ab jetzt ver- 
wenden wir jedoch ein einheitliches Koordinatensystem mit dem Ursprung am 
Ort des Zentralions M. Driicken wir das Potential V in diesem Koordinatensystem 
aus, so haben wir die Mehrzentrenintegrale in (3) formal schon auf ein Zweizentren¬ 
integral zuriickgefuhrt. 
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3. Das Potential der Liganden 


Durch die identiscbe Umformung von (1) in (2) haben wir das Ligandenfcld- 
potential V (das Potential aller Liganden) in die Betracbtung einbezogen. Dadurch 
kdnnen wir jetzt den Formalismus der Ligandenfeldtheorie anwenden 

Das Potential von L Punktladungen ~q^ an den Orten = (/?*,©*, 
(Koordinatenursprung am Ort des Zentrabons) ist am Aufpunkt r = (r, d, tp) 


y(r)= 


y 


Nimmt man die Ladungen — und die Abstande der Liganden vom Zentral- 
ion als gleicb an {qu = q und R^ = R fur alle k) und entwickelt in der 

iibticben Weise nach Kugelflacbenfunktionen, so erbalt man 


P(r) = 




L 


I 


oo 


I 

L«( 



An 

2/iTT 





Fiir das Potential innerbalb einer Kugel mit dem Radius R gilt (mit r^=r und 

/Ljr 

K‘"“(r)= S I 2ATr ~R^ 


Mit diesem Potential arbeitet die Ligandenfeldtheorie, da die Aufenthaltswabr- 
scheinlichkeit der 3</-Elektronen des Zentrabons auBerhalb R vemachlassigt 
werden kann. Wir benotigen das Potential V jedocb zur Bildung der Matrix- 
elemente (3) zwischen Metall- und Ligandfunktionen, d. h. wir miissen auch das 
Potential auBerbalb R beriicksiebtigen (r< =R, r> —r): 


Wir fassen F'"” und F*““ zusammen zu 

V{r) = 0(R - r) K'"“(r) + &(r - R) F*““(r). 
Dabei ist G eine Sprungfunktion, definiert durch 


V(r) wird damit zu 


^ f I fur x>0 
= fur x<0. 


.^e{R-r)+-^e(r-R) 


Y,M<p)YMe,,<P,). 


Das schreibt man zweekmaBig als 


v(r)= y y A,, 

x^o -X 


o2A+l 

r* 0(R - r) + --pc^ S(r - R) 


Y,M<P) 


(4) 


‘ Wir lehnen uns eng an das Buch von SctiUfer und Gliemann „EinfUhrung in die Ligandenfeld' 
theorie" [7] an, benutzen insbesondete im wetentlicbeo die dortige Bezetchnungsweiie. 
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J. Reinhold und E. Hoyer; 


mit 

o 4ii ^ 

Y£,(e„^,). (5) 

Im Falle hochsymmetrischer Ligandenanordnungen reduziert sich die Anzahl 
dcr Summenglieder in (4). Wir greifen den Fall eines oktaedrischen Liganden- 
feldes heraus, d. h. wir betrachten das Potential von Z, = 6 Punktiadungen —q, 
die sich im Abstand R vom Zentralion an den Ecken eines regularen Oktaeders 
befinden. Da das Potential (4) invariant bezuglich aller Symmetrieoperationen 
der Oktaedcrgruppc sein muB, bleiben nur folgende Terme dcr Potentialcnt- 
wicklung: 


l-'(r) - 

+ 


r"<9(R-r)+ - 0{r-R) 


R‘> 

r-*0{R-r)+ -.-&(r-R) 
r 


*00 


(y*o+V?^(Y*A+y^.-*)) 


mil 


4 - ... 

/lon= -12 I'nq/R, = - 7 [/ji ^/3R'. 


( 6 ) 


Dcr Aii.sdruck kann weitcr vereinfacht warden, wcnn man bedenkl, daO das 
Potential in Matrixelementen mit Xk- untl Xm verwendet wird. Die Integration 
iiber <p liefcrl nur dann einen nichtvenschwindenden Wert, wcnn x = 0 ist. Damit 
bicibt nur 


+ A 40 
+ ■■■ 


r"0{R-r)+ ^ 0(r-R) 


r*0(R-r)-i- , 0{r-R) 

r 


'40 


(7) 


als wirksamerTeilder Entwicklung. Mitdiesem Potential werden wir im folgenden 
arbeiten. In dcr vorlicgendcn Arbeit betrachten wir nur die Glieder mit A ^4^. 


4. Zur Berechnung von Zweizentrenintegralen 

Aus Ciriinden dcr Bczeichnungsweise muO zunachst einiges zur Berechnung 
von Zweizentrenintegralen in elliptischen Koordinaten gesagt werden. Sind 
(r„, tpj die Koordinaten eines Punktes bezuglich eines Zentrums a und 
(»•*, <p^) diejenigen bezuglich eines Zentrums b, so sind die elliptischen Ko- 

^ Wir bemerken, daB in dcr Ligandenfcldthcuricdie zusatzlichc Bedingung2^4 gilt. Das Potential 
wird dort in Matrixelementen (3d\y\3dt verwendet. die als Faktor ein Integral iiber drei Kugcl- 
flSchenlunktionen enthaltcn. Allgcmein ist aber (y,„| yi,| Y,-^.) nur dann von Null verschieden. wcnn 
f + f + 2 geradc und - l’| S 2 S |/ + r| ist. Fur den Fall dcr Ligandenfeldlheorie (/ = I" >=2) liefcrt das 
2S4. Flir unsere Zwuckc ist dicser Satz nicht anwendbar. Wir brauchen V zur Bildung von Matrix- 
clemcnten zwischen Metall- und Ligandtunktionen. d. h. die enthaltenen Kugelflachenfunktionen 
gehbren zu versebiedenen Zentren: dann gilt aber der Satz nicht mehr. 
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ordinaten X, n,<p deflniert als 


mit lgA<QO, —und 0 g ^ g 2n. 
Bildet man mit Slater-Atomorbitalen 


tP=<Pa = <Pb 




( 8 ) 


Gberlappungsintegrale und geht zu elliptischen Koordinaten iiber. dann erhalt 
man nach Integration iiber tp die bekannten Formeln von Mulliken et al. [8], 
Jafr6 und Doak [9, 10]. Als 'willkiirliches Anschauungsbeispiel dient 

(2pff| ls)= i p*{l + t)^i^ (1 - t)^'^ [fjd + Xp){2^-p^)e-'’*e~'’"‘dXdp-] 


mit 


und 


A^(.p)=^ I X'‘e-'‘^dX und B^ipt)= | 


(9) 


c.-c» 


fl 

r = 2 — (Ca + Q. f r , - 
Oq Ca + ‘>b 

Wir verwenden fiir alle analogen Formeln die pauschale Schreibweise 

(n„ I uj /fcnij) = F(n, /, m„, fij,m*; p, t) [n, /„ m„, n* ; p, pf] . 


( 10 ) 


Die Faktoren F(n„l„m^, p, t) sind Funktionen von p und t. 

p, ptj bezcichnet Integrate iiber A und p; die Integranden sind 
Polynome in A und p, multipliziert mit Exponentialfunktioncn. Sie lassen sich 
in den Hilfsintegralen (9) ausdriicken; dann sind die [n„l„m„, p, ptj 

Summen von Produkten A^(p)Bi(pf). 

Wir werden im folgenden immer fiir die Ligandfunktionen das Zentrum a und 
fiir die Metallfunktionen das Zentrum h verwenden. Fine solche Vorschrift ist 
nicht iiblich; inj allgemcinen konnen natiirlich die Zentren willkiirlich gewahlt 
werden. Fiir unscre Zweeke macht sich jedoch eine einhcitliche Festlegung 
erforderlich. 


5. Uas Naherungspotential 

Die Zweizentrenintegrale | F|xm) (3) enthalten das exakte Potential (7). 
In dieser Form laBt sich das Potential nicht in geschlossener Weise durch elliptische 
Koordinaten ausdriicken, und der obige Ldsungsformalismus (Zurlickltihren auf 
die leicht zuganglichen Hilfsintegrale (9)) ist nicht anwendbar. Wir wollen nun 
aber gerade eine solche Gestalt fiir V suchen, daB das moglich wird. Dazu miissen 
wir die Sprungfunktionen in (7) beseitigen und geschlossene Ausdriicke fiir die 
Klammem suchen. 

Betrachten wir aber zunachst die Kugelllachenfunktionen in (7): Voo ist nur 
eine Konstante; aus der zweiten Klammer ziehen wir r* heraus, denn r* Y^o laBt 
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sich als Polynom in / und ji schreiben; 


mit 

und 




J 

16 




r *(8 cos* S|, — 24 cos^ 9^ sin^ 36 + 3 sin* Sj) 


= >'4K» 



(11) 


^4 = 8 ( 1 - ?.^lf -24(1- kfif - 1) (1 - /i^) + 3(A^ - l)Ml - ■ (12) 

(hs sei daran erinnert, daB die Metallfunktionen und somit auch das Potential V 
zum Zentrum h gehdrcn sollen.) 

Dann bleiben 


r"6>(/?-r)+ ^ e{r-R) 


und 


DO 

r<^G{R-r)+ (9(r-R) 


I)ur gcsuchtc Ausdruck fur diesc Klammern kann Potenzen von r enthalten; 
in elliptischcn Knordinatcn ergibt das/ ^ ) (2 — ft)'. Wir kdnnen deshalb Polynome 


in r als Nahcrungsausdriicke fiir die Klammern ansetzcn; 


X ho/P und ^K,r‘. 

i-O 1*0 

In dcr vorlicgendcn Arbeit habcn wir zunachst quadratiscVie Polynome verwendct, 
d. h. n„ = M 4 — 2; hdherc Potenzen vergroBern den Rechenaufwand. 

Hme wesentliche Verbesserung ohne Mchraufwand erreicht man aber 
durch cinen Faktor c Damit kann der Abfall des Potentials Tiir r > R auf Null 
gut angenahcrt werden. Bcim Cbergang zu elliptischcn Koordinaten wird dieser 
Faktor von den FixponentialFunktionen in (10) mit aufgenommen (siehc spater, 
Abschn. 7). 

Wir sctzcn damit fur das Potential (7) folgende Naherung an: 

^( r ] = A„„[e *^(600+ ^01'• + ^02''^)] I'oo 

+ '44o[e "''{b*o + ^iir + h^ir^)]r*Yio (13) 

+ . 

Die KoefU/ienten u,,. by,, <24 und 64 ,- sind so zu bestimmen, daB (13) mit (7) best- 
moglich ubereinstimmt. 


6. Bestimmung der KoefTizienten des Ndhenmgspotentials 

Zur Bestimmung der KoefTizienten in (13) vcrwenden wir die Methode dcr 
kleinsten Quadrate. Fiir die erste Klammer fordern wir, daB das Integral 


iKI2 

M= ]■ 


-rfoT, 


(boo + 


boi'' + bo2r^)-|©(R-r)+ ^d(r-R)j 


dr 


einen minimalen Wert annimmt. 
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Das Potential K wird in Matrixelementen vcrwendet. Da unser 

Ziel die naherungsweise Berechnung dieser Integrale und nicht die des Potentials 
ist, miiBten wir die Ausdriicke im Integranden von M eigentlich mit dem r-alv 
hangigen Teil des Produkts Xk- Xu wichten. Dann wUrde aber fur jedes spezielle 
Funktionenpaar ;i'i 4 ein neues Problem entstehen. Wir verwenden deshalb 
einheitlich fiir alle A- > Zm ^ir 0 g r ^ das Gewicht 1 und fiir r > | das Gewicht 0 
(dort verschwindet das Produkt Xk‘ Xu i*i^ wesentlichen). Wir versuchen also, im 
Intervall Q^r:^\R das Potential (13) moglichst gut an (7) anzunahem, urn damit 
auch gute Obereinstimmung der Matrixeiemente zu erzielen. 

Das Extremalproblem liefert ein nichtlineares Gleichungssystem fur die 
optimalen Kooffizienten a,^, hot- Durch Gbergang zu neuen KoefRzienten 



kann man crreichen, daB die Gleichungen R nicht mehr explizit enthalten. Man 
braucht also das Extremalproblem nur einmal zu losen; das Ergebnis gilt fiir jeden 
Metall-Ligand-Abstand R. Die optimalen KoefTizienten sind 


uo =0,981, 


(15) 


(^00 —1,0478, 
bo 1=0,5485, 
feo2 = 1.1288. 

Die Beziehungen zu den eigentlichen PotentialkoefTizienten Oq. ^oi sind durch (14) 
gegeben. 

Wir bcstimmen nun die KoefTizienten der zweiten Klammer in (13). Dazu ver¬ 
wenden wir das Integral 

3R/2| I d9 \12 

M= f \e-^^'{b^or* + b^^r^ + b^2r^)-{r*G{R-r)+^ e{r 


-m) 


dr. 


Den Faktor r* im Potential (7) und (13) konnen wir als Gewicht verwenden, da er 
keine Schwierigkeiten bereitet; im ubrigen gelten die Bemerkungen zum ersten 
Problem. Wir t)Bnutzen den glcichen Losungsformalismus wie oben, d. h. wir 
Tuhren die B-unabhangigen KoefTizienten 



ein. Als optimale Werte erhalten wir 

a* = 4,012, 

b^o= 1025.7, 
b*i =-2516,3, 
b«= 1482,0. 


(16) 


(17) 


Einen Vergleich zwischen den korrekten Potentialtcrmen in (7) und den 
Naherungen in (13) zeigt die Fig. 1. Man sieht, daB das Potential (7) mit dem 
Ansatz (13) gut angenahert werden kann. 

23 Tbe« ret chim. AcU (Berl.) VoL 25 
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I'lg I Vurgluich /wischcn den exaklcn Termen der Polentialentwicklung und den Niiherungcn mit 

den Kncllizienten (IS) und ( 17 ) 


1 . Dielnfegralc(z* I^IZm) 

Wir sind nun mil dem I’otcntialausdruck (13) - in der Lage, die Intcgralc 
('/.k 1 ^ Ixm) in in geschlosscncr Form in elliptischen Koordinaten auszudriicken 
und auf die I lilfsintegrale (9) zuriickzufuhrcn. Allgemein schreiben wir 

(Xul y\y.h)-= (llaMooft' “'■'■'•(/’no + Ki Tfc + ho2rl)] FooIZfc) 

+ + (18) 

4 * •' ■ . 

Diese Au.sdriickc zerfallcn in F.inzclintegralc, die rj, als Faktor enlhalten. Da die 
Funktion zur Flauptquantenzahl « die Potenz rJ'' enthall (zufolge (8)), so 
bewirkt dcr Faktor /■}, cine formale Frhdhung der Flauptquantenzahl von Xi, um / 
(bci unveriindertem Orbitalexponent). 

Bcim Ubergang zu elliptischen Koordinaten wird aus jedem ein ^ 

>'t = y* ist in (11) und (12) gegeben. Analog dazu schreiben wir auch Rir die 

Konstante F'oo 

>'()() = v„ Fo. mit Vo = 1 /21/7t und Fq = • • 

Wir bctrachten nun die Exponentialfunktionen in (18). Ihr Produkt mit den 
Fxponcntialfunktionen aus Xa und Xk ergibt 

exp I - u y (/. - n)\ exp {- pX} exp {- ptp} = exp {- (p + tj)A} exp {-{pt- a)p}. 

‘ ^ ' (19) 

Die FinHihrung von e in den Naherungsausdruek (13) bewirkt also lediglich 
eine Verschiebung dcr p- und pf-Werte. 
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In einer Schreibweise, entsprechend der bei den Oberlappungsintegralen in 
Abschn. 4 eingefubrlen, wird damit aus (18) 


2 / R\‘ . 

= ^oo>'o Z [-yj Kil^(nJ„m^,nJkm^-,p,t)ln„l„m„,ini, + Olbfnb'^P + Uo,Pt-ao'](20) 

+ '440.V4 L K»,(nfc+0/hmb;p + a4'P<-«4] 

( = 0 \ ■* / 


+ . 

Ziehen wir aus /4^o.V;i einen Faktor —q/R heraus, so erhalten wir konstante, 
symmctrietypische Vorfakloren das Oktaeder wird mil ( 6 ) 

und ( 11 ) 

Sq = 6, S4 = 2S(r • ^21) 

Damit nimmt (20) folgende endgiiltige Form an; 


{nJjn^\V\nJt,mb)= - F{nJ,m,,nJym^\p,t) 

X I 'o Z ^oi[«<.4'««.(”» + /)/fcmj,;p + Mo.P'-“o] (22) 

[ 1*0 
2 

+ •'*4 Z (’4i[”a/«»”«. K», (Mb + i)/b">b ; P + O 4 - pf - ^ 4 ] 

1 = 0 

+ .}. 

Der Faktor p.t) hat die glcichc Gestalt wic bei den Ober- 

lappungsintegralcn. [n„ (n^ + /)/|,ffJb; p + «o» Pf ~ ebenfalls die gleichc 

Gestalt wic bei den Oberlappungsintegralen, Icdiglich die Exponentialfunktioncn 
iindern sich gemal3 (19), d. h. die Hiifsintegrale (9) sind zu bilden als M,,(p + ao) und 
BdPt-Uo)- [«□/„'”«. F 4 ,(nfc+f)/fcWfc;/; + a 4 ,p/'-aJ hat,als Integral uber2 und p 
ausgedriickt, eine Form wie in den Formeln (10), nur werden alle Integranden mit 
(12) multipliziert; die Hiifsintegrale sind zu bilden als AdP + dt) und Bdpt — cid. 

Man sieht in (19) und (20), daO die R-abhangigen Koefllzienten do< «4 
und ^ 4 , beim Obergang zu elliptischen Koordinaten gerade so mit Potenzen von 
R/2 multipliziert werden, daB die i?-unabhangigen Koefllzienten (14) und (16) 
entstehen. Fiir die Bereehnung der Matrixclementc (a-I F(xm) werden also nicht 
die im Potentialansatz (13) befmdlichen R-abhiingigen Koefllzienten verwendet, 
sondern die R-unabhangigen Koefllzienten (14) und (16) mit den fiir alle Fallc 
konstanten Werten (15) und (17). 

Mit (22) als Naherungsausdruck fiir (3) konnen also die Dreizentren-Kern- 
anziehungsintegrale (1) in den Nichtdiagonalclementen auf Zweizentrenintegrale 
zuriickgefiihrt werden, die nicht schwieriger handhabbar sind als Oberlappungs- 
integrale. 
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8. Genaidgkeit des Nfihenmgsverfahreos 


Da uns kein Rechenprogramm /Ur DreizentrenintegraJe zur Ver/Ugung stand, 
iibcrpriiften wir die Genauigkeit der Naherung (22) an den von Fenske, Caulton, 
Radtke und Sweeney [4] durchge/uhrten Berechnungen der Dreizentren-Kem- 
anziehungsintegrale beim [TiF*]^”. In Tabelle 3 von [4] sind die Werte der Inte¬ 
grate (Xk -1 * I Xu) fiir die bei der Behandlung des rTiFs]^" benotigten Funktionen 

Xi,- und gegeben. Die Werte fiir die Dreizentrenintegrale (k¥^k') haben wir 
addicrt zu 


I 


exalii 



(23) 


Das cntspricht, bis auf -q^, dem Ausdruck (1) in den Nichtdiagonalelementen. 
Mil der Naherungsformel (22) fur den ersten Term in (2) berechneten wir 


/ 


approi 



(24) 


Um mil vergleichen zu kdnnen, benutzten wir die gleichen Basisfunktionen 
Xk- und Xu wie in [4], Ti^^-Funktionen von Richardson et al. [II, 12] und F'- 
Funktionen von Sugano und Shulman [13]. Die fur /,pp,„, berechneten Werte 
werden in der Tabelle 1 mit den exakten verglichen. 

Die Gbereinstimmung ist - unter Beachtung der fur /,pp,„, gemachten An- 
nahmen und Vcrnachlassigungen, besonders bczuglich der Gewichte in Abschn. 6 
Ubcrraschend gut. 

ts gibt zwei Moglichkeiten zur Verbesscrung des Verfahrens. Einmal kann 
man die Potentialtcrme durch hdhcrc als quadratischc Polynome annahern. Jeder 
optimalc Koeffizientensatz boo,..., bo»o ^ 4 o> erforderl die (einmalige) 

Ld.sung eines Extremalproblems in der in Abschn. 6 angegebenen Weise. Eine 
zweite Mdglichkeit zur Steigerung der Genauigkeit besteht in der Beriicksichtigung 
hbherer GJieder der Potentialentwicklung (7). Dazu miissen (wiederum einmalig) 
KocITizienten.satze b<,,, b#,-, ... berechnet werden. Die Formel (22) wird ent- 
sprechend erweitert; d. h. die Anzahl der entstehenden Zweizentrenintegrale 
steigl. Gegenwartig untersuchen wir systcmatisch den EinfluB dicser beiden Wege. 


Tabelle 1. Ver{ilcich der niiherungsweise berechneten Integrate mit den exakten Werten von Fenske 

el al. [4] 






^•uki 

^•^pfos 

A 

A{%) 

(25 

V 

4s) 

6.083 

5,871 

-0.212 

-3,5 

(25 

V 

4pa) 

9,632 

9.239 

-0J93 

-4,1 

(251 

y 

3da) 

3.989 

3,809 

-0,180 

-4,5 

(2p<r 

y 

4s) 

4,769 

4,805 

+ 0,036 

+0,8 

(2p<r 

y 

4p<r) 

5,395 

5,427 

+ 0,032 

+0,6 

(ipa 

y 

3d(r) 

3,703 

3,708 

+ 0,005 

+0,1 

(2pa 

y 

4pn) 

5,465 

5.435 

-0,030 

-0.5 

{2px 

y 

3dx) 

3,120 

3,129 

+ 0,009 

+ 0,3 
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9. AnweodingsnidgUcliJceitai 

Die Naherungsformel (22) mit den KoefHzienten (15) und (17) wurde zunachst 
nur fur sechs oktaedrisch angeordnete Punktiadungen — q abgeleitet. Sie gilt aber 
unvcrandcrt auch fur vier tetraedrisch angeordnete Punktiadungen, da sich die 
Form der Potentialentwicklung (7) nicht andert. Mit 

Aoo{'TciT.)=-%]/iqlR, ^ 4 o{Tetr.) = 28)/^9/27J?* (25) 

erhalt man lediglich andere symmetrietypische Koeffizienten 

So = 4, ^4= — T??- (26) 

Fur vier Punktiadungen an den Ecken eines Quadrates (£> 4 |,-Symmetrie) ist in der 
Potentialentwicklung (4) auch AiQjtQ. Das erfordert die Bestimmung eines 
optimalen Koeflizientensatzes 620 . 621 , die Naherungsformel (22) ist um ein 
Glied 

"2 

*2 Z 62 /Kla»W„, P2,(«fc+i)ffc»«fc:p + fl2.P»-a2] 

( = 0 

zu erweitern. 

Das angegebene Naherungsverfahren flir die Dreizentren-Kernanziehungs- 
integrale eignet sich naturgemaO - Entwicklung des Ligandenfeldpotentials nach 
KugelfISchenfunktionen - nur Tiir hochsymmetrische Anordnungen der Liganden. 
Insbesondere sollen alle Liganden gieich und (wenigstens naherungsweise) als 
Punktiadungen auffaQbar sein. Wir hoffen aber, dab das Verfahren auch bei solchen 
Koordinationsverbindungen Dienste leisten kann, bei denen wenigstens die 
Ligatoren die obigen Bedingungen erfuilen, auBerhalb aber noch Chelatringe Oder 
andere symmetrieerniedrigende Gruppen vorhanden sind. 

Fiir den praktischen Gebrauch der Methode hat man ein Computer-Programm 
zur Berechnung von Oberlappungsintegralen gemaB den Erlauterungen zu 
Formel (22) zu modifizieren. Wir hoffen, daB das Verfahren wegen seiner Un- 
kompliziertheit der breiteren Anwendung exakterer Methoden dienen kann. 


Dank. Wir danken Heim Professor Dr. G. Weber (Jena) fllr die kritische Durchsicht des 
Vtanuskripts. 
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The low temperature spectra of TcO* and RCO 4 both show two band systems with pronounced 
vibrational structures. The bands are identified as '/4, ' Tj transitions. No other bands are observed 

with certainty. It seems likely that the KCIO 4 crystals contain KRcO* crystallites. They arc therefore 
not pure mixed crystals. It is concluded that the virtual orbital ( 2 f) used in the construction of the low 
lying states re.sembles an atomic nd orbital more and more when going from n — .3. Mn to n = 5, Re. 

Die Ticflemperatur.spcktrcn von TcO* und RcO^ ^eigen bcidc /wei Bandensysteme mit aus- 
gepriigten .Schwingungsstrukturen. Die Uanden werden als 'A, ' 7'i-Obergange identifi/iert. Keine 

anderen Bandcn werden mit Sicherheit beobachtet. Es scheint wahrscheinlich, daB die KCIO 4 - 
Kristalle KRc 04 -Krisfallito enthaltcn und deswegen keine rcinen Mischkristalle sind. Es wird ge- 
schlosscn, dal3 das virtuellc Orbital (2e), welches zur Konstruktion dcr ticfliegcnden Zustiindc ge- 
braucht wird, in dcr Rcihe n = 3. Mn bis n = 5. Re immer weitgehender eincm nd-Atomorbital Uhnclt. 


IntrodiKtion 

In view of the continued interest in the electronic absorption spectra of 
tetrahcdrally coordinated d" transition metal ions it seemed natural to study the 
low temperature spectra of TcO^ and ReO^. The solution spectra of these ions 
have recently been reported [ 1 ], but it was anticipated that more detail would 
emerge by recording the spectra of .single crystals at low temperatures. As a result, 
we can now offer a somewhat better analysis of the vibrational band structures 
than was previously possible. Some conjectures regarding the non-appearance in 
these ions of the so-called “Teltow band" have also been made. 


Experimental 

KCIO 4 crystals containing 0.5, 1.5, and 3 mol-% respectively of TCO 4 were 
prepared by the following procedure: a O.I M .solution of ammonia in water was 
saturated with KC 104 (BDH) at 60 C, and an appropriate amount of a 0.26 M 
solution of NH 4 Tc ^‘*04 (Amersham Radiochemical Centre, England) in 0.1 M 
ammonia was added. The container was then tightly closed and placed in a 
thermostat the temperature of which was set to decrease at 2 C per day for 
25 days. Plate-shaped crystals were individually picked out of the solution and 
used for the measurements. 

* Nachwuchsstipendiat, Schwci/erischer Nationalfondii. 
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For the KCIO 4 crystals doped with ReO^ the same procedure was employed. 
Aqueous solutions of KReO^ (purity ^99.9%, Koch Light Laboratories Ltd.) 
and KCIO4 with perrhenate contents ranging from 0.5-4.0moI-% were used. 

Absorption spectra were measured at temperatures between 2.5° K and 
IT K using both a Cary 14 spectrometer (dispersion 32 - 12 A/mm) and a Zeiss 
2 m grating spectrograph (dispersion 8 A/mm). The Zeiss spectra were recorded 
on Kodak 103-F and SWR films. For the spectra measured between 2.5 and 
4.2' K an immersion dewar with a device to pump on the liquid helium was 
employed. The spectra between 4.2 and 77" K were obtained using a helium gas- 
flow dewar. The cryostat described by Morris et al. [2] was modified for 
spectroscopic use. 

For the experiments with pralarized radiation the crystals were oriented 
using X-ray diffraction photographs taken with a Buerger precession camera. 
The incident light beam was always parallel to the a axis of the KCIO4 host 
crystal, with the electric vector either parallel to h or to c using the setting of the 
crystallographic axes given by Donnay [3]. Glan-Thompwon prisms were used to 
polarize the light. 


Cenemi Features of the Absorption Spectra 

As has already been observed in the solution spiectra [I] of TCO 4 and ReO^ 
the main feature of the absorption spectra in the UV region arc two strong, 
overlapping band systems. We shall call the lower and higher energy systems 
band system I and 11 respiectively. In the crystal spxctra of both compounds both 
band systems exhibit vibrational structure. Due to the overlap, only an estimate 
of the origin of system (I can be made. On the high energy side of system II in 



Fig. I. UV absorption spectrum ofTcO* in a KCIO 4 host lattice at liquid helium tempieraturc 
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Fig. 2. UV absorption spectrum of RCO 4 in a KCIO 4 hast lattice at liquid helium temperature 


TcOj the absorbance increases slightly without, however, reaching a maximum 
in the wavelength region covered in this study. On the low energy side of system I 
both TCO 4 (Fig. 1) and ReO^ (Fig. 2) show very weak, broad and structureless 
absorption. 

The region on the low energy side of band systems I has been examined very 
carefully (2 m Zeiss, resolution ~ 1 A/mm; temperature 2.5° K; “concentration" 
of the crystals up to 4moI-%, in both compounds). No sharp absorption lines 
comparable to those observed in permanganate crystal spectra [4-6] could be 
found between 32000 cm" ‘ and 25000 cm" ‘ in TcO* and between 40000 cm"' 
and 30000 cm" ‘ in Re 04 . There seems to be, however, structureless broad 
absorption, best seen in Cary spectra, in the ascent to the ilrst component of the 
band systems I. 

, Analysis of the TCO 4 Spectra 
Band System I 

Progressions in 795 cm"' and 806cm"' are observed |{ and ± (with the 
electric vector parallel and perpendicular) respectively to the symmetry plane of 
the site group C,. The vibrations responsible for these progressions arc un¬ 
doubtedly totally symmetric vibrations Vj of the pertechnetate ion in the excited 
states. V, for a regular tetrahedral TCO 4 ion in the ground state [7] is 912 cm"'. 
It is thus diminished by 11.6-12.8% in the excited state, compared to 9.1% in the 
corresponding state of MnO^". 

The values given in Table 1 for the origins, 32677 cm" ‘ || and 32576 cm" * ±, 
are not very accurate because they occur only as shoulders. Based on the most 
intense “components” 3, 4, and 5, a splitting £ || — £± of about 70 cm '' between 
the absorption maxima of the spectra in the two polarization directions can be 
measured. The corresponding value for Mn 04 in the same host lattice is [4] 
some 20 cm"*. 
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Table 1. Vibrational structure in the absorption spectrum of TcO* dissolved in KCIO* 


II fi (“Crystal Data" setting) 

II f (“Crystal Data" setting) 

(tjj to the symmetry plane of 

(£.1. to the symmetry plane of 

the site group C.) 

the site group C.) 

PoMlioas of 

Positions of 

Maxima Icm ') A 

Maxima (cm ') A 


Hand system 1 




32f>77 sh 

0 

.32576 sh 

0 

3.343.“! 

(7.3S) 

3.3.372 

(796) 

34237 

X02 

.34159 

787 

.3.‘i(l2() 

7X3 

.34944 

785 

.33X04 

784 

.35751 

807 

36361 

757 

.36.39.3 

842 

3740X 

847 

37402 

809 



.3X3.34 sh 

(932) 

Average 

795 

Average 

K06 

Itaiul .sy.slem II 




3X344 sh 

0 

.3X619 

0 

31)2.34 

(7101 

.39432 

XI3 

4(KI23 

76'7 

402.34 

802 

40X2.3 

X(K) 

41062 

X2X 

413'W 

776 

41X46 

7X4 

42364 

763 

42614 

768 

431.33 

771 

4.34(X) 

7X6 

4.3XS.3 

750 

44150 

750 



44951 

801 



45756sh 

(X05) 



46624 sh 

(868) 

Average 

772 

Average 

791 


Hand System U 

f’rogressions in 772 cm ' and 791cm ' arc observed || and 1 respectively. 
These valties indicate ;t decrease of v, by l5.3‘o (||) and 13.3"i. (±) respectively 
compared to the ground stale of pertechnetate. The components in the || spectrum 
arc somewhat broader than the corresponding bands in the 1 spectrum. This 
probably indicates that each {| component is composed of at least two un¬ 
resolved peaks. With a site group of C\ for the Tc ’04 ions in the KCIO 4 crystal 
two origins are expected in the spectrum measured with the electric vector per¬ 
pendicular to the c axis. The progression frequencies are 15 -23cm~* smaller 
than in the first band .system, compared to 18cm“' and 20 cm“' in the spectra 
of permanganate and perrhenatc respectively. The differences of the positions of 
the absorption maxima in the two polarization directions. £ j| — EX, indicate a 
large site group splitting. For the most intense components the average splitting 
is — 253 cm much larger and of opposite sign to that in the first band system. 
Splittings of this order of magnitude have not been observed in diluted 
KMn 04 /KC 104 crystals, but have been recorded in diluted LiMn 04 - 31320 / 
LiC 104 -3H20 and in Ba(Mn 04)2 • 3 Hj 0 /Ba(Cl 04)2 • 3 H 2 O crystals [8.9J- 
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Table 2. Vibrational structure in the absorption spectrum of KRe 04 /KCI 04 crystals 


Positions of 



Maxima (cm ') 

A 


Band system I 


40066 

0 

40933 

867 

41795 

862 

42630 

835 

43461 

831 

44315 

854 

45155 

840 

46018 sh 

(863) 

Average 

848 

Band system 11 

45934 sh 

0 

46775 

(841) 

47393 sh 

(618) 

47582 

807 (189) 

48237 sh 

(655) 

48418 

8.36 (181) 

49227 

809 

50052 

825 

50878 

826 

51685 

807 

Average 

818 


The difTcrenl behaviour of MnOJ" and TcO^ ions in a KCIO 4 host lattice is 
understandable when the M-O distances are compared: Cl-0= 1.46 A, Mn-O 
= 1 .63 A, Tc-O = 1 .73 A. The latter value has not been experimentally determined 
but can be reasonably estimated [10], While KCIO 4 and KMnO^ are isomorphous 
and orthorhombic. KTcO^ (as well as KReO^) crystallizes with a tetragonal 
scheelite structure [^ 1 . 

Therefore, the environmental forces acting on a pertcchnetate ion "dissolved” 
in a potassium perchlorate lattice are certainly greater than in diluted 
KMn 04 /KC 104 crystals and can well be responsible for the observed large 
site splitting. 

Analysis of the RCO 4 Spectrum 

Band System I 

A regular progression in 848cm ' is built upon the origin at 40066cm“‘. 
Since the totally symmetric vibration of regularly tetrahedral RcO^ in the ground 
state [7] is 971 em“ ‘ the decrease in frequency in going to the excited state is thus 
12 . 7 / 0 . Attempts were made to record spectra with polarized radiation. However, 
due to experimental limitations this was only possible for the first five 
“components”. The positions of the absorption maxima were the same with both 
polarizations. This might mean that the site group splitting is too small to be 
detected. However, remembering that the splitting was larger in pertechnetate 
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than in permanganate and noting that the Re-O distance [ 10 ] is 1.76 A it seems 
more probable that we are not dealing with mixed crystals but with KCIO 4 
crystals containing KRe 04 crystallites. In other words, what has effectively been 
measured is a powder spectrum of potassium perrhenate in a matrix of potassium 
perchlorate. 

Band System II 

I'he overlap with band system I is very great and the assignment of the 
components in the overlap region is difficult. The third and fourth components 
attributed to band system 11 each have a shoulder on the low energy side that is 
certainly genuine and which probably has nothing to do with the overlapping 
bund system I. The average spacing between the absorption maxima is 818 cm~ 
30cm ' .smaller than in the first band system and 15.8% smaller than in the 
ground .state of perrhenate. 

There arc possibly more components of this band system beyond our 
experimental limit of 52(XX)cm~ ‘. 

Comparison of the Band Systems 1 of MnO^, TCO 4 , ReO^ 

In the first strong band system of the permanganate crystal spectra a great 
deal of fine structure can be resolved. However, the spectra of TcO^" and Re 04 
in KCIO 4 exhibit only one progression in each case. The half widths of the 
“components" of these progressions are ~600cm"’ for both compounds, 
compared to 200-.300 cm" ’ in the permanganate under similar experimental 
conditions. 

A second striking observation is the relative intensities of the “components" 
of each progression. We observe a shift of maximum intensity towards higher 
components in the sequence Mn 04 , TcOj, ReO^. 

Discussion 

The calculations of Dahl and Johansen [12] indicate that in permanganate 
the two low-lying absorption bands with pronounced vibrational structure are 
to be assigned [8,9] as ‘.4, -►‘Tjffi -»2e) and ’/I j' r 2 ( 3 t 2 -» 2 e). The two ‘Tj 
states are of course mixed, and also contain admixtures of higher lying ‘ Tj states. 
In symmetry electric dipole transitions are allowed only to the ‘Tj states. Both 
of the electronic excitations (t, -*2e) and ( 3 * 2 -»2e) will also produce ’T, states. 
These are placed on the red side of the ‘ Tj states [5, 6 ], and the first ’ T, is 
responsible for the “Teltow band" found in the MnO^ and Cr 04 ions. 

Calculations by Ziegler [13] show the 3*2 orbital to be a nearly-pure ligand 
orbital in MnO^, TcO^, and ReO^; by symmetry the *1 orbital is a pure ligand 
orbital. On the other hand the 2e orbital is given by a mixture ip(2e) = a(dg) 
+ P{T ligand orbitals). In the INDO approximation scheme the separation 
fif'rj) —Ef’r,) will therefore be proportional to and the same will be the 
case for the interaction term between the two ’ T 2 states and the two ’ 7\ states. 
To a first approximation we can therefore assume that the smaller the value 
of p, the closer can the states approach each other and the smaller will the energy 
separation be between the “Teltow band" and the first structured allowed 
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‘y4,-*‘r2 transition. Indeed, for P = 0, the transition is calculated to 

lie on the blue side of the ‘.dj -♦ ‘Tj transition [5]. 

The mixing parameter is expected to decrease through the series MnO^, 
TcO^, and ReO^, since the energy separations between the oxygen ligand 
orbitals and the metal nd-orbitals, n = 3, 4, and S, become larger. Consequently 
in ReO^ , ^(2^) is expected to be nearly pure 5d„ and both the allowed transitions 
‘ Tjll) and ’-4, ' Tiil) should be found close together possessing identical 

band shapes. This is indeed what is observed experimentally. The absence of a 
“Teltow band” is also explained, since we should expect it to be hidden under the 
first strong ‘/4, ‘ Tj transition. 

The spectrum of TcO* is intermediate between the spectrum of MnO^ 
and ReOj. Again the appearance of the ‘Teltow band" is probably obscured by 
the first strong transition. Furthermore, from an overall examination of the 
absorption spectrum it seems as if the characteristics of the first permanganate 
band are mirrored in the second pertechnetate band and those of the second 
permangante band in the first pertechnetate band. Evidently the potential surface 
of the '7'2(1) state found in MnO^ is closer to the second 'Tjj potential surface 
of TcO^ than it is to the first. 

In both TcOJ and ReO^ the spectral measurements reveal a tail stretching 
towards the red at the bottom of the first ' Tj band. We take this to indicate 
the presence of some spin forbidden, S = 0-»1, transitions. Such transitions are 
expected [14] on the red side of '/I, ‘ TjCl), and the high value of the spin-orbit 

coupling constant in ReO^ should certainly make them more pronounced here 
than in. say, MnO^. Since, however, we can observe no spectral details, we 
offer no further comment on this aspect. 
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Das Kastenmodell als Grundlage 
fur ein ah inirio-Verfahren 

Ill. F-rgebnisse Tiir das WasserstofT- und Heliumatom 
Ern.si-Ai.brix in Rkinsch 

Insittut fur thcurctisL-hi; ( hemic der Johann Wolfgang Gocthc-Univcrsilat in Frankfurt am Main 
Lingugungen am .3. De/ismber 1971 

I'hc Box MoJi-l as a Basis for an ah initio Procedure 
III Ri’.'.u/l.s /or ihi- llyilritfii-n and the Helium Atom 

I he results of the procedure developped in [IJ are given in the case of the hydrogen and Ihc 
helium atom. On tire basts of these results conclusions can he drawn on the applicability of the whole 
method 

I's werden die Kosultatc dcs in [ 1] entwickclten Verfahrens fiir den Fall dcs Wasser.stolT- und dcs 
I Icliuniiiloiiis inilgcleill und diskuliert. Mil dicsen Drilen las^n sich Rdckschlu.sse auf die Anwend- 
harkcit dcs Verfahrens allgemein zichen. 


1 Kinleitung 

In den beiden vorangegangenen Arbciten [1.2] wurde ein Verfahren zur Bc- 
rcchnung der Gc.samtencrgic von Molekiilen mittcLs einer Stbrungsrechnung auf- 
gezcigl. Es stcllt sich nun die Fragc, ob die Qualitat der Ergebnisse dazu anregt, 
den eingeschlagenen Weg weilcr zu verfolgcn. Deshalb sollen an dieser Stellc die 
Rcsullale von Teslrechnungen mitgetcilt werden. 

Da bei die.scr Melhode die Zahl der Elektronen nicht vom Ansalz fiir die 
Wellenfunktion her cingcht. hat man zwar den Vorteil, daB der damit verbundenc 
numerischc Aufwand mit zunehmender Zahl der Elektronen nicht wie n* an- 
stcigt. Umgekchrt stelll aber scibst ein so einfaches Gebilde wie ein ungebundcncs 
WasscrstolTatom keinen trivialen Fall dar und kann deshalb als ein echter Test 
gciten. Mit ihm soil begonnen werden. 


2. Einatomige Molekiilc 

AUifemeines 

Die Durchfuhrung dcr Rechnung erfolgl fur alle „ungebundenen“ Atoms auf 
die glciche Weise. Sie kann deshalb zunachst in allgcmeiner Form skizziert wer¬ 
den. Als erstes ist die Art, in der die Atome zum Gitter angeordnet werden, fest- 
zulegen. Da sie mdglichst gleichfbrmig im Raum verteilt werden sollen, wurde 
die Form dcr hexagonal dichtesten Kugelpackung gewahlt. Der Abstand zweier 
bcnachbartcr Atome wird mit 2 A bezeichnet; er ist der einzige Parameter fiir 
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die Anordnung. Bei vollstandig durchgerdhrter Storungsrechnung - Konvergenz 
vorausgesetzt - wiirde die Energie pro Atom fur groBe A gegen die (gesuchte) 
Energie des isolierten Atoms gehen. Das ist bei Abbruch der Storreihe nicht der 
Fall. Die Frage bleibt aber, ob sich die Naherung soweit an den wahren Verlauf 
anschmiegt, daU ein Bereich von A existiert. in dem die Energie leidlich konstant 
gegeniiber Anderungen von A ist. 

Ist Z die Kemladung des behandelten Atoms, so ist die Zahl der Elcktroncn m 
je Elementarzelle cbenfalls Z und das Volumen der Zelle a = 4(,^2 /l^. Unter diesen 
Umstanden gilt [vgl. Gl. (11.11)] fur die Energie pro Atom in erster Naherung 


wo bei 


und 


£<oi4.E(»> = 


Z*« 

-i- at 

10 A^ 


A 


471 A 



at ist eine Art Madelungsche Konstante; 


a= - 



(itOl 


1 

\Qr\ 


I dv’ 
4/2 ^ 


( 1 ) 


mit q' = A r', Qy — A (Z (/') geht uber alle Gitterplatze). Die numerische Aus- 
wertung ergibl 

a = 0.8065. 


Bildung der n-Summen 

Fiir die hoheren Ordnungen von E sind Summen iiber die Gittervektoren 
des reziproken Gitters [vgl. die Gl. (11.12 u. 13)] zu bilden. Da dies numerisch 
zu geschchen hat, ist cs unvermeidbar, an geeigneter Stclle abzubrechen. Der 
Fehler, der dadurch entsteht. soil am Beispiel des -Terms im Fall von Z = 2 
diskutiert werden. 

Das reziproke Gittcr ist ebenfalls das Gitter einer hexagonal dichtcslen Kugcl- 
packung. und es ist am bequemsten, die Summation jcweils iiber Schichten von 
Gitterpunkten, die die Oberfliiche einer stiindig waehsenden hexagonalen Bi- 
pyramide bilden, vor/.unehmen. Dicse Schiehten werden mit n nummeriert und 
» = 0 sei der Gitterpunkt im Ursprung. In Fig. 1 ist der Logarithmus des Beitrages 
der n-ten Schicht (bis auf einc Konstante) gegen logn aufgctragen. Die Aus- 
gleichsgerade zeigt - wic erwartet - die Steigung -4 [vgl. II. Abschn. 5]. Man 
kann aus ihr den Faktor fiir die l//i'*-Terme entnehmen; in unserem Beispiel 
ergibt sich 3,058. 
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('It; I L.ciganthmus des Hcilrages der n-ten Schicht gegen logn beim Graph fur Helium 


In Tabellc 1 isl die Summc der Beitrage fiir = 8, 10, 12 und 14 zusammen- 
gestelll. Man kann den Fehler infolge Abschneidens bei n = 14 recht genau 
crmiltcin, wcnn man 


3.058 


bcrcchnct, Mil der Riemann.sc’hen C-Funktion ergibt sich 


3,058 (C(4)- ^ =0,00034, 


und man kann damit den Bcitrag auf cxtrapolieren. Die Tabellc 1 zcigt 

weiter, daO der Fehler auch Fiir n„„ = 8 schon sehr viel kleiner als die erforder- 
derliche Genauigkeit, deren GrdBenordnung 0.01 a.E. betragt, ist. 

Urn den Fehler auch ohne das Legen einer Ausgleichsgeraden gering zu halten. 
kann man nach dcm von Bulirsch u. Stocr [3] angegebenen Verfahren mil einer 
rationalen Funktion extrapolicren. Derartig extrapolierte Ergebnisse sind in der 
Ictzten Spalte der Tabelle angegeben Man sicht, daB sich dann schon bei = 8 
recht gute Extrapolationswerle ergcben und daB die n-Summe hier spatestens 
nach = 10 abgebrochen werden kann. 


Tabelle 1. Fehler durch Abbrechen der n-Summen (K/ im Fall Helium) 



Summe der 

Fehler 

extrapol. 


Beitrage 


nach Bi!. 

[3] 

8 

-0.44570 

-0,00164 

-0,00088 

-0,00053 

-0,00034* 

-ad4739 

10 

-0,44646 

-0,44731 

12 

14 

00 

-a44681 

-0,44700 

-0,44734 

-0,44731 

-0,44731 


* Berechnet auf die im Text angegebene Weise. 
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Fiir den Beitrag der Graphen Vg liegen die Verhaltnisse noch giinstiger, 
da die Beitrage der Schichten hier proportional 1 /n^ sind - also die Summe noch 
schneller konvergiert. Die Extrapolation erwies sich in diesem Fall als uberflussig. 
Die n,, Mi-Summen, die in dem Ausdruck fur den Graphen auftreten, machen 
aber den Abbruch bei nmax = 8 notwendig, weil die lahl der Paare von Gitter- 
vektoren insgesamt wie ansteigt. In diesem Fall muBte auf die Extrapolation 
zuriickgegriiTen werden. 


Berechnung von und kj? 

Bcziiglich dcr Integrate bis sei auf das in Teil II [2] Gesagte verwiesen. 
Offen bleiben lediglich noch die Terme V’i und Vi. Gell-Mann u. Brueckner[4] 
haben den fc^-unabhangigen und den lnk|.-Term fiir Elektroncngase berechnct. 
Sie geben fiir die Energie pro Elektron den Ausdruck 

0,0622 In - 0,096 [Rydberg] 

an, wobci 



Die Umrechnung auf Energie pro Elementarzelle [in a.E.] und die Einfiihrung 
von kf fiihrt zu 

Vi = m ■ (-0,0311 In kf - 0,028), (3) 

wobci m die Zahl der Elektronen pro Elementarzelle, hier also Z ist. 

Die nachsthdheren Terme findet man unvollstandig bei Carr u. Mardudin 
[5], Sic lauten 

0,018 r. In r,-0,036 r,, 

wobei das noch auftretende, unbekannte £3 wie in dcr zwciten HUlftc von [5] 
selbst gleich Null gesetzt wurde. Eine zu Vi analogc Umrechnung fiihrt dann zu 

Vi = ^ •( - 0,017 In kf - 0,023). (4) 

ky 


3. Krgebnissc fur das Wasserstoffatom 


Fiihrt man die Rechnung 
(in a.E.) 




fur Z = 1 aus, so ergeben sich folgende Terme 
0,^3 _ 1^10 


Vi =-0,0458 

Vi = 0,0311 In A-0,045 

Vi =- 0 , 0112/1 

Vi 14 ! = -0,0006 A 

Vi = 0,0098 /4 In /4 - 0,0184 ^ . 


(5) 


24 Theoret thim AcUi (Bcrl) Vol 2' 
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E 



2 ii llcruchncit; (icsamtcncrgic fiir das Wasscrstoflatom in Abhiingigkcil des Gitterparameters A. 
h Arigcnommenc obere Schranke fiir den Encrgievcrlauf einschlicBlich Gitlerencrgie. c Untere 
Schrankc fur den Fehlcr infolge Abbruchs der Stbrreihe durch DifTcrcnzbildung 


F ur /I •- 1.5 a.i:. bcispiciswcise luutcn die Wcrte 


+ -0,4121 

E'^>=-0,0783 
t'*” = - 0,0404. 

Durch die f iln. (5) ist die Energie pro Atom in Abhangigkeit von A gegeben. 
I'ig. 2 (Kurveu) zeigt ihren Verlauf, der den Erwartungen entspricht; I>;r linke 
Kurvenast ist durch die anstcigende Gitlerenergic, der rechte durch den Fchler 
infolge dcr rasch abnehmenden Konvergenz der Storungsrcchnung bestimmt. 

Zunachst kann man feststellen. da6 die Gesamtenergie fiir Werte von A 
zwi.schen 1,1 und Z2a.E. in der richtigen GroBenordnung liegt. Der Fehler be- 
tragl in diesem Bereich maximal etwa ±6%. AuBerhalb dieses Bereiches haben 
die Resuhate fiir das WasserstofTproblem keinen Sinn mehr, weil sie entweder 
durch die Existenz der Gitterweehselwirkungen oder durch die Unzulanglichkeit 
des Verfahrens vollstandig bestimmt sind. 

Leider ist es nicht mbglich, diese Resultate direkt mit entsprechenden ex- 
perimentell erhaltenen Werten zu vergleichen, da WasserstoiT ja keine metall- 
artigen Gitter biidet. Man kann Fiber den Fehler des Verfahrens deshalb nur auf 
Umwegen Aussagen machen. Die Gesamtenergie stellt so, wie sie hier berechnet 
wird. eine obere Schranke dar, denn bei EinschluB der Terme dritter Ordnung 
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laBt sie sich als Envartungswert der Energie der Zustandsfunktion von crster 
Ordnung auiTassen und liegt somit nach dcm Variationsprinzip hohcr als der 
tiefste Eigenwert. 

Es ist klar, daB bei richtigem Verhalten die Energie fiir groBe A asymptotisch 
gegen den Grenzwert £ = — 0,5 ginge. Man wird deshalb einen Verlauf, der etwa 
der Kurve b in Fig. 2 entspricht, als eine geschatzte obere Schranke fur die wahre 
Energie annehmen konnen. Das fiihrt zu der Kurve c in Fig. 2 als unterer Grenze 
fur den Fehler des Verfahrens bei Abbruch nach den Graphen dritter Ordnung. 

Man kann dann den Kurven h und c entnehmen, daB - im Fall des Wasser- 
stoffatoms die Gitterenergie bis zu A-Werten von etwa 2,1 eine kaum zu ver- 
nachlassigcnde Rolle spieit. Andererseits zeigt es sich, daB der Fehler infolge Ab- 
bruchs der Stdrreihe bereits bei A-Wcrten von 1,9 schon betrachtlich ist. Die 
untere Schranke dcr beiden Fehlerquellen ist bei A — 2 jcweils 0,01 a.E. 

Man konnte also im Fall des H-Atoms zu dcr Meinung kommen, daB sich 
dieses System tatsachlich auf die beschiicbene Weise mit einer Genauigkeit von 
0,01 a.E. (6 kcal/mol) behandein laBt. Das eigentliche Problem besteht aber darin, 
daB der Bereich von A, in welchem die Fehler die angegebene GroBe nicht 
wesentlich iiberschreiten, sehr eng ist. Die zwei Berciche. in denen die beiden 
Fehler die Energie beeinflussen. schticBen aneinander an und es fehlt eine Zone, 
in der sich £ an die Abzisse 0.5 anschmiegt. So hat man im allgemeinen Fall kein 
Indiz mehr daPur, daB man bei der Wahl von A eine gute Mitte zwischen beiden 
Fehlerquellen eingehalten hat. 


4. Ergebnisse fiir das Heliumatom 

Als nachstes soil die Frage untersucht werden, wie die Methode auf Ver- 
groBerung der Kcrnladungszahl Z reagiert. Sie kann and Hand von Rechnungen 
zum Fall des Heliumatoms eine voriaufige Antwort finden. Die Berechnung ist 
analog zu derjenigen fiir das WasserstofTatom durchgefiihrt worden und das 
Resultat ist in Fig. 3 enthalten. 


Efa.E.] 



Fig. 3. Berechnete Qesamtenergie fUr das Heliumatom in Abhangigkeit von A 

24* 
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Das Minimum dieser Kurvc liegt bei einem A von 1,75, entsprechend einem 
Abstand zwcicr Atome von 1,85 A. Die Energie je Atom ist an dieser Stelle 
-2.67a.r'.. wuhrend der theorctische Wert — 2,9037a.E. betragt [6]. Der Fehler 
liegt somit bei etwa 8%, nichi gercchnet die schwer erfaBbare Beeinflussung 
durch den HinschluB von Gitterenergic. Diese durfte jedoch im Vergleich zum 
WasserstolTatom gering sein, weil Helium ein Edelgas ist und scin Siedepunkt 
sehr ticf liegt. 

Hci Helium wird also der theorctische Wert zwar ungefahr getroffen, aber der 
I ehicr betragt bereits 0,23 a.E:. und liegt damit auBerhalb der Toleranzschranke 
der theorcti.schen C'hemie. Es kann als sichcr geltcn, dafl die Genauigkeit bei noch 
groBeren Kernladungcn weiier abnimmt. 


5. Diskussion 

Ab.schlieBend liiBt .sich sagen, daB das Verfahren nur fiir den Fall mit der 
geiingslen .Stbrung Werte lieferl, die mit einem Iragbarcn Fehler behaflet .sind. 
Cicringe Sibrungen sind dann gegeben, wenn 

(il die Kernladungcn klein und 

(ii) die (iiltcrabstiinde eng sind. 

Beides tendiert in Richtung mbglichst geringer Schwankungen des Kernpotentials. 

Ls /eigt sich dann. daB man bei Abbruch der Stiirreihe nach den Graphen 
diitter Ordnung nur im Fall von Kcrncn der Ladung 1. d.h. fiir Was.scrsloff, 
cinigermaBen akzcptablc Werte erhalt: ihr Wert wird allerdings eingesehriinkt 
durch die Tatsache, daB das Gitter so eng gewiihlt werden muB, daB die - hier 
unerwunsehtc Gitterencrgie cine nieht mehr zu vernachliissigendc Rolle spielt. 

Gchl man mit der Kcrnladung auf 2, d. h. zu Helium liber, so verschlechtern 
sich die hrgcbnis.se .so weit, daB dcr Fehler auch im giinstigsten Bercich der Gittcr- 
ab-stiindc auf 8"« ansleigt. Das fiihrt zu der E’e.stellung, daB das Verfahren fiir 
die Chemie nicht als brauchbar gewerlet werden kann; denn es wiirde mindestens 
die Behandlung von Kernladungcn bis zu 8 (SauerstoB) notwendig sein, um einen 
GroBteil wenigstens der organischen Chemie erfassen zu kbnncn. 

Es liegt nahe, die Stdrungsrechnung noch um cine Ordnung weiterzutreiben. 
Aber nach den hicr gemachten Erfahrungen muB ein Erfolg bezwcifelt werden. 
Einerseits wiirden die mathemati.schen und numerischen Probleme hinsichtlich 
dcr Graphen vierter Ordnung ein Viclfaches der der dritten Ordnung betragen 
und einige der Summer in den Beitragen sind Summer liber Tripel von reziproken 
Gittervektoren. Andererseits steht nach diesen Erfahrungen zu erwarten, daB die 
Resultatc auch dann noch nicht die erforderliche Genauigkeit erreichen wiirden. 


Die rccht umrangrcichen Rcchnungen sind sowohl im Dcutschcn Rechenzentrum, Dannstadi. 
als auch im Rechenzentrum der Baycrischen Akademie der WissenschaRea Miinchea durchgeruhrt 
worden. Der Sonderforschungsbereich Theorctische Chemie stellte die notwendigen finanziellcn 
Mittel 7u VerfUgung. 
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Using the I-initc FJeetric Field CNDO/H method discussed previously (Chem. Physics Letters 5, 
507, (1970)), components of the first hyperpolarizability tensor are calculated for a scries of linear 
molecules, for HjO and Nil, and for methane and its fluorinatKl derivatives. These are compared, 
where possible, with results of previous calculations and with experimental results. 

Mit llilfc dcr /uvor diskutierten C'NDO/ll-Methode, bei dcr endliche Werte dcs stdrenden 
elektnschen Feldes Verwendung finden (Chem. Physics Letters 5, 507 (1970)), werden die Kompo- 
nenten des ersten llyperpolarisicrbarkeitstensors fur eine Reihe von lincaren Molekiilcn, fiir 
HjO. NH, und fiir Mcthan und seine fluoricrlcn Derivate bcrcchnct. .Soweit moglich. werden die 
I'.rgehtusse mit friiheren Rechnungen und expcrimcntcllcn Werten vcrglichcn. 

In a previous communication [la] concerned mainly with electronic 
polari/abilitics, we mentioned hriedy preliminary calculations of components 
of the first hyperpolarizability tensor [2] for the diatomic molecules CO and 
NO. These have now been extended. 

Several sets of ah initio calculations of hypcrpolarizabilities have previously 
been reported. O’Hare and Hurst [3], using an uncoupled Hartree-Fock 
perturbation .scheme calculated hyperpolarizability tensor components for a 
.series of First-Row polar diatomic molecules using several sets of zero-order 
wavefunction.s. The finite-field technique has been employed by McLean and 
Yo.shimine [4,5] for a number of linear molecules, while Moccia et al., [ 6 ], 
used a coupled Hartree-Fock perturbation method for H 2 O, NH 3 , CH 4 and CH 3 F. 

One fact which the results of these calculations reveal is the sensitivity of the 
hyperpolarizability components to the form of the basis set used and to the form 
of the zeroorder wave-function employed. A critical evaluation of the theoretical 
results is difficult at present due to the paucity of experimental data'. Where 
values arc available, the experimental difficulties often allow only order of magni¬ 
tude estimates to be made. 

It is of interest to sec whether semi-empirical calculations, with a valence 
orbital basis set, are capable of yielding useful predictions of hyperpolarizabilities. 
Using the Finite-Electric-Field CNDO/II method described earlier [ 1 ] we have 
extended our previous work to include calculations of first hyperpolarizability 
components for several linear (C,,.) molecules, for HjO, NH3, CH4 and its 
fluorinated derivatives. 

* Present address: Department of Theoretical Chemistry, The University of Sydney, Sydney. 
N.S.W., Australia. 

' For a comprehen.sive survey of experimental methods and results the reader is referred to the 
review by Buckingham and Orr [2], 
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The perturbed SCF equations in the CNDO/II approximation are given 
in Ref. [la] and these are used to calculate the perturbed dipole moment fi. 
The latter is expanded in the familiar Taylor series in powers of the external field F: 

= + OijFj + {Pif,FjF^ H— (1) 

where ay is the electronic polarizability tensor. The nonzero components of 
are determined by the molecular point group symmetry and are listed elsewhere [2]. 
For example, in the case of a C^, „ molecule the non-zero comf>onents are 
and where r is the highest symmetry axis. In the finite field method, 

the components of the perturbing electric field are chosen to induce the com¬ 
ponent of the dipole moment appropriate to the component it is required to 
calculate. 

Thus to calculate P^„ for a C„„, molecule the field is applied purely in the x 
direction and, since is symmetric in the suffices, \ P^„ is then the coefficient 
of F^ in the expansion of /i,. The components of P were determined in this way 
by calculating the appropriate dipole component for several values of the field 
and obtaining the quadratic coefficients from a least-squares analysis. The results 
are discussed in the sections below. 


I) Linear (C,,.) Molecules 

For these molecules we have calculated the non-zero components and 
Pxxz(=Pyys)- Thcsc, aloHg with available comparison calculations, are listed in 
Table 1. Also listed in Table 1 are the corresponding values of the anisotropy, 
A p, of the hypcrpolarizability tensor [2] defined as 

^P=(hrx-}Pxxr-lPyy. 

for C(,o„ molecules. 

We note firstly that agreement with the finite-field calculations of McLean 
and Yoshimine [5] i.s reasonably good (CO. LiF, FCCH and HF)^. The values 
for p..^ obtained by O’Hare and Hurst [3] from different zero-order wavefunctions 
cover a wide range for each molecule studied; for CO and HF these ranges include 
the values obtained by us and McLean and Yoshimine. The general agreement is best 
for HF. For the molecule BF however, our value for P^„{~ 0.0624 x tO' ’®C^m^ J “ 
differs in sign from the range of values (0.289—1.834 x 10"*° C^m^J~^) calcu¬ 
lated by O’Hare and Hurst. 

Our calculated values of are also shown in Table 1, and compared with 
the calculations of O’Hare and Hurst for CO, HF and BF. The three sets of 
wavefunctions used by O’Hare and Hurst give reasonably consistent values of 
P^ for HF and BF whereas for both these molecules the CNDO wavefunctions 
yield a value with the opposite sign. For the other molecule where a comparison 
can be made, namely CO, the range of values quoted by O’Hare and Hurst 
(0.0794 to -0.0698 x 10" *°C*m*J"^) includes our value (-0.0635 x 10" *°C*m^J' ^). 

^ Comparison values have, wherever necessary, been converted to S.I. units. 
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Using a simple charged sphere model of a polar diatomic molecule, 
Buckingham and Orr [2] have shown that for this extreme limit = 
or dj8 = 0. Such a model might roughly represent a highly polar molecule such 
as HCl but would form a poor representation of, for example, CO. From the values 
of d ^ listed in Table 1 it is clear that in general for both the present and comparison 
calculations, this simple relationship is not well obeyed. However for two molecules, 
namely HF and BF, one of the values of calculated by O'Hare and Hurst is 
indeed very small. 


2)CH4(T,) 

The only non-zero component of in this case is where the x, y and z 
axes are co-incident with the three twofold axes. Our calculated value can be 
compared with an approximate experimental one [2], and also with the theoretical 
values of Buckingham and Stephen [7] and Moccia et al. [6]: 


ThLs work 

Previous 

calculations 

Experimental 

(UniU; X 10 

-0.00779 - 0.0779 [7] 

4 0.0148 [6] 

4 0.0071 [6] 

|rc-„ = 1.094A; <HCH = 109'28T 

=.0.0037 [2] 



Moccia et al. calculate a positive sign for this quantity, in disagreement with 
the negative sign obtained in the present work and that of Buckingham and 
Stephen. 


3) NH3(C3.,) 

With the reference frame such that the z-axis is the three-fold axis with the 
y-z plane one of the planes of symmetry, the non-zero components are 
— - py^^ uod = P■ Ouz valucs for these can be compared with 
those of Moccia et al. [Q. We can also compare values for the quantity p defined [2] 
as 


P = iiPxxz + Pyyz + Pzzz) 

for which an approximate expierimental value has been quoted [2]. There is 
agreement of sign for both and pyy^ but not for the Pyy, components. Both 
sets of calculated values of P have the same sign as the approximate experimental 
quantity but are smaller in absolute magnitude. It should also be noted that p 
is independent of Pyyy. 
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This work 

Moccia et al. 

Expt. 


-0.0488 

-0.000798 

-0.00854 



-0.00980 

-0.00924 
- 0.0203 


p,» 

-0.00490 

+ 0.0173 
+ 0.0283 


p 

-0.0419 

-0.0116 
-0.0304 

ca. —2.6 

(IJnit.s: 

xIO ■ 

■1 


H = 

I.Olft A, <HNH 

= 107 ) 



4) H,0(C’j,) 

The non-zero components here are /?,„ and Py^. with : as the two-fold 
axis and yz as the molecular plane. Again our results for these can be compared 
with Moccia t-f al. [6]. For the p^^. component there is a disagreement in sign. The 
values are in reasonable agreement and the values agree in sign; however, 
there is a marked difference in Moccia’s calculations performed with two different 
sized basis sets which emphasises the sensitivity of these calculations to choice of 
orbital basis. 



This work 

M(Keia «'( u/. [6] (Units: x 10 ’“C'm'J 

P.., 

-0.15.32 

0.1086 



0.8974 

Pn. 

-0.1232 

0.(XK)06 



-0.01026 

P.:: 

0.1274 

0.06372 



0.08032 

(^0 II 

-0.958 A, <^11011 

-- 104' 27’) 


5) Fluorinated Derivatives of Methane 

There is an unfortunate lack of experimental data for the molecules mentioned 
above; consequently appraisal of the various theoretical methods employed in 
the calculation of ^s is difficult. Recently however, experimental estimates of 
hypcrpolarizability components for CH 3 F, CH 2 F 2 and CHF, have become 
available through the work of Buckingham and Orr [8] on the temperature 
dependence of the first Kerr virial coefficient. The experimentally determined 
parameter is p (defined as in Section 3 above) and our calculated values for this 
quantity are compared with the experimental values in Table 2. Also included 
for comparison is a calculation by Moccia et al. [ 6 ] of P for CH 3 F. 

The most precise experimental value for P is that for CH 2 F 2 (—0.041 ±0.01 
X 10”*”C^m^J“^) and our calculated value of —0.0254 x 10" is in 

fair agreement with this. For both CH 3 F and CHF 3 the experimental and calcu- 
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Table 2. Hyperpolarizabilities of fluorinated methanes (Units; - x 


Molecule p.(cm x lO'**’) (calc.) 

ft.. 


Py,. 

ft„ 

fi(calc.) 

^(expt.) 

CHjF 

-5.7310 

-0.0186 

-0.0067 

-0.0067 

0.0 

-0.0192‘ 

-0.19±0.1 

CHjF, 

6.6283 

-0.0121 

-0.0130 

-0.0173 

0.0 

-0.0254 

-0.041 ±0.01 

CHFj 

5.7557 

0.0221 

0.0076 

0.0076 

0.0 

0.0224 

0.27 ±0.1 

CF* 

0.0 

0.0 

0.0 

0.0 

0.0043 

- 

- 


* Axis system is right-handed, with carbon at origin: r is the highest symmetry axis and the nuorine 
atom(s) always constitute the negative end of the dipole. In CH jFj the CHj fragment is in the yz plane. 
^ Mixxiae(n/.[6Jcalculate —0.0594 x 10" 

' Ref. [8]. 

Bond Lengths and angles: 

CHjF; <HCH = 110 rt.„^l.l09A r,- ^ = 1..38.5 A 

CHjFi: <HCH = 109.5’ <FCF=I08.5' re „= 1.093A r,- f = I..360A 

CHF,; <FCF = 108.8“ rr „=l.098A rcF=I..332A 
CF*; rc_p=1.3l7A <FCF= 109.5" 


lated fi values have the same sign but even allowing for the appreciable uncert¬ 
ainty in the experimental value, the calculated fi for CHF , Ls an order of magnitude 
different from that reported. The calculated ff for CHjF Ls of the same order of 
magnitude as the upper estimated experimental limit for this molecule, as also 
is the calculated value of Moccia et al. [6]. 

It is clearly diflicult at present to draw general conclusions from these results. 
Two points may however (with caution) be regarded as encouraging: these are 
firstly, the reasonable agreement for the axial hyperpolarizability components of 
linear molecules calculated by two finite-field methods (ours and that of Ref. [5]) 
and secondly, the quite good agreement for ff with the best-established experi¬ 
mental value (i.e., that for CH^Fj). 


Ackmmlcili/cim'iii. This work wa.s carried out during the tenure of a maintenance grant from the 
Science Research Council by one of us (M.1..W.). 
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Ah inilui calculations including electron correlation arc reported for the water and methylene 
iiiolecuie.s as a function of geometry. A large contracted gauiuian basis set is used and the mullicon- 
figiiration wave functions, optimized by the iterative natural orbital procedure, include 277 and 
617 configuratiun.s for H^O and CH^ re.spcctively. The method of selecting configurations, yielding 
“nrsl-order" wave functions, is discussed in some detail. For HjO, the SCF geometry is r = 0,942 A. 
0 I05,K , the correlated result is r = 0.%8 A. f) = 10.3.2 , and the experimental r = 0,957 A, 0 = 104,5 . 

The water stretching force constants, in millidyncs/A, arc 8,72 (SCF), 8,75 (CT). and 8,4 (experiment). 
Bending force constants are 0.88 (SCF), 0,83 (Cl), and 0,76 (experiment). For methylene the SCF 
geometry is r= 1,072 A, f/=l29,5 , while the result from first-order wave functions is r= 1,088 A. 
0- 1.34 The predicted CHj force constants are 6,16 (SCF) and 6,13 (CT) for stretching and 0,44 (SCF) 
and 0,33 (Cl) for bending. 

Ls wird Ober ah initio-Rcchnungcn mil Bcriicksichtigung dcr Elcktroncnkorrclation berichtet, 
die an Wasscr- und McthyIcnmolekUlen als Funktion dcr Geometric durchgefiihrt worden sind. 
Daz.u benut/t man cinen groBcn kontrahierten GauB-Basissatz. Die Multikonfigurationswcllen- 
funklioncn. die unler Benutzung von natiirlichen Orbitalen nach der iterativen Prozedur optimiert 
werden. enihalten fiir Hj0 277 Konfigurationen und fiir CHjblL Die Auswahlmetbodc, die zu 
Wcllenfunktioncn 1. Ordnung fiihrt, wird diskuliert. Im Falle des Wassers erhiilt man die SCF- 
Geometrie zu r = 0,942A, 0=105,8 , das korrelierte Resultat ist: r = 0,968A, 0=103,2 und das 
cxperimentelle r = 0,957 A, 0=104,5. Fur Wasser ergeben sich die Valcnzkraflkonstanten (in 
Millidyn A ‘) 8,72 (SCF). 8,75 (Cl) und 8,4 (Experiment). Die Deformationskonstanten sind 0.88 (SCF). 
0,83 (CT) und 0,76 (Experiment). Im Falle des Methylcns ist die SCF-Gcometric r = 1.072 A, 0= 129,5 , 
wUhrend man mit Wcllenfunktioncn I. Ordnung r= 1.088 A und 0=134 crhall. Die CHj-Krafi- 
kon.stantcn werden fiir die Valenz.schwingung zu 6.16 (SCF) und 6,13 (Cf) bzw. fiir die Deformations- 
.schwingung zu 0.44 (.SCF) und 0,33 (Cl) vorausgesagt. 


Introduction 

The correlation energy of a many-electron system arises from the instantaneous 
repulsions between pairs of electrons [1] and can be quantitatively defined [2] 
as the difference between the Hartree-Fock (or best single configuration) energy 

* Work performed under the auspices of the U.S. Atomic Energy Commision. 

** Permanent address; Department of Chemistry. University of New Mexico, Albuquerque. 
New Mexico. 

*** Supported by the grants from the Research Corporation and the University of California 
Committee on Research. 



Ground States of HjO and CHj 


353 


and the nonrelativistic exact energy. In recent years molecular calculations using 
near-Hartree-Fock wave functions have given theoretical chemists a fairly clear 
picture of the merits of the single configuration scif-consistcnt-field (SCF) approach 
[3—6]. Going beyond the Hartrce-Fock approximation, the picture is less clear. 
The question most frequently raised is how much electron correlation must be 
considered to reach a given level of reliability. For diatomic molecules rather 
thorough investigations have been made of the effect of correlation on predicted 
dipole moments [7-9] and potential energy curves [10,11]. However, most of 
chemistry is concerned with polyatomic molecules and very few through examina¬ 
tion of the effects of configuration interaction (Cl) have been carried out [12]. 

In this paper we consider two simple molecules, H^O and CHj, and study 
the influence of correlation on the predicted geometries and force constants. 

The correlated “first-order wave functions'* used here have proved useful in 
calculations (employing smaller basis sets) on other small molecules [3. 13- 15]. 
The agreement with experiment obtained for H^O will give us an estimate of 
the reliability of our predictions concerning CH 2 . Although it is now clear that 
the ground state of methylene is bent [16 18] the experimental bond angles 
are not yet of quantitative accuracy. 


Basis Set 

If one intends to draw general conclusions from an ah initio calculation, it is 
necessary that the results be independent of basis set.The s. p basis sets on oxygen 
and carbon atoms in the present work are the 10.s 6p gaussian sets of Huzinaga [ 19]. 
This basis set has been carefully contracted to five s and three p functions (5.s 3p) 
by Dunning [20], For the ground state of carbon Dunning finds [20] the 
contracted energy to be -37.68716 hartrecs while the unconiracted energy is 
— 37.68732, and the Hartree-Fock energy —37.6886. For the hydrogen atom 
Huzinaga's 5s set [19] is contracted following Dunning [20] to 3.v. Dunning has 
also investigated the gaussian representation of polarization functions [21], and 
following his suggestions wc have used single gaussian p^^^Py, and p, functions 
(with exponents 1.00 for CH 2 and 1.16 for H 2 O) on each hydrogen atom, d functions 
on the central atoms were linear combinations of two gau.ssians cho.scn to least- 
squares fit a single Slater function (with exponent 2.00 in CH 2 and 2.01 in H 2 O). 
The final basis set, designated (5.v3p l<//3.'? Ip), yields an SCF energy for H 2 O at 
equilibrium of — 76.05 hartrees, to be compared with the estimated Hartree-Fock 
limit —76.065. 


Selection of Configurations 

Using a basis set as large as that detailed above it is not feasible to carry out 
a full configuration interaction. In fact, using the much smaller (4.s 2p/2.s’) basis 
set and including only the SCF configuration plus all single, double, triple, and 
quadruple excitations yields 6779 configurations for H 2 O [22]. A full configuration 
interaction for water would have to include up through 10 electron excitations. 
In this work wc have used two configuration selection schemes. Both schemes 
have the virtue of being nonarbitrary in the sense that, having set down the 
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genera) ruJes [)3], the selection of configurations for a particular molecule is 
automatic. 

To clarify the selection proce.ss it is useful to write down the SCF electron 
configurations for the two molecules (assuming symmetry) 

C H, Inf 2af l/>i 3u, l/>, 

'A, HjU Inf 2nf Ihf 3nf Ihf . 

The molecular orbitals arc fruitfully divided into four categories; 

a) The core orbitals P. In both molecules there is only a single orbital of this 
type, namely In,, which is e.sscntially the Is atomic orbital on the central atom. 

b) The occupied valence orbitals Q. 2n,, Ihj* 3o,, and lb, for both H 2 O 
and C'H^. 

c) The unoccupied (in the SCF configuration) valence orbitals R. For CH 2 
these are the 3n, and lb, orbitals (only singlyoccupied in the state) and for 
both molecules the 4n, and 2b2 orbitals fall in this category. 

d) The unoccupied higher orbitals S. These are the remaining functions in 
the basis .set, in this case 5n, through Ibn,. and 2a2, 2b, through Sb,, and 
Sbj through % 2 - 

With these definitions the form of our two Cl wave functions which we have 
referred to [ 13] as MC 1 and MC2 is easy to specify: 

MC 1 includes the SCF configuration, all single excitations of the type Qi-*Rj 
and double excitations of the type QiQj-*R,^R,. This type of wave function is in 
the spirit ofthc"optimi7.ed valence configurations” approach of Wahl and Das [23]. 

MC2 includes all the configurations in MC 1 plus all single excitations of the 
lype f*f>d all double excitations QiQj-* BuS,. This is our approximate first- 

order wave function, which has been discussed elsewhere [11, 13-15, 24]. 

We do not list the configurations included here for H 2 O and CH 2 since 
explicit examples have previously been given for several molecules [11, 13-15]. 
For H 2 O MCI includes 18 and MC2 277 configurations. The analogous 
methylene calculations include 32 and 617 configurations. 

Method of Calculation 

A self-consistent-field calculation is the first step in our computational proce¬ 
dure. Rather that the usual methods for solving the SCF equations [25], the 
iterative natural orbital technique [26,27] is used to annihilate single excitations 
relative to the SCF configuration. Iterations arc continued until the coefficients 
of the singly-excited configurations vanish and the natural orbital (NO) occupation 
numbers [28] become integers. The orbitals obtained via this method are not the 
canonical SCF orbitals [25], so we use a simple unitary transformation employing 
the properties of Koopmans' theorem to yield to canonical orbitals, which are 
eigenfunctions of the Fock operator. 

Before proceeding to the final NO iterations, the virtual orbitals are trans¬ 
formed so as to correspond to the single particle states of the molecular positive 
ion. This gives us a well defined starting point for the final NO iterations, which 
are carried out on the full first-order wave functions (617 configurations for CH 2 ) 
until the energy reaches a minimum. Typically this requires four iterations. 
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Results 

The calculated total energies are given in Table 1. From the calculated energies, 
the equilibrium geometries and quadratic force constants have been determined 
as described elsewhere [29], These results are given in Table 2. 

For water all three calculations give good agreement with experiment [30-32] 
for both geometry and force constants. The SCF bond distance is 0.015 A shorter 
than experiment, while the first-order value is 0.011 A too long. We anticipate 
[11] that further expansion of the basis set will make both the SCF and first- 
order bond distance smaller. The SCF bond angle is 1.3" too large and the first- 
order value l.r too small. Thus it is seen that for both bond distance and bond 
angle the first-order results are in slightly better agreement with experiment than 
the SCF values. The SCF and first-order stretching force constants are both 
104% of experiment, while for the bending force constant the theoretical values 
are 116% and 109% of experiment. The errors (4% and 9%) in the force constants 


Table 1. Theoretical energies for the ground states of CHj and H^O. Bond angles are in degrees 

and bond distances in hohr radii 


0 

«(CH) 

K(SCF) 

£(MCI) 

£(MC2) 

% CHj 





124 

1.95 

- .38.92961 



124 

2.00 

-38.93183 



124 

2.05 

-38.93193 



124 

2.10 

-38.93019 



128 

1.95 

-38.93026 

-38.96421 

- 39,00686 

128 

2.00 

-.38.9.3239 

- 38.96788 

-39.01027 

128 

2.05 

-38.93238 

-38.96941 

-39.01155 

128 

ZIO 

-38.93054 

-.38.96911 

-39.01102 

1.32 

1.95 

-38.93036 

-38.96454 

-39.00755 

1.32 

2.00 

-38.93235 

-38.96811 

-39.01083 

1.32 

2.05 

- 38.93225 

- 38.96956 

-39.01200 

1.32 

2.10 

-.38.93031 

-38.96918 

-39.01135 

136 

1.95 

- 38.92986 

-38.96438 

-39.00774 

136 

ZOO 

-38.93178 

- 38.96790 

-39.01092 

136 

2.05 

-38.93158 

-38.96927 

-39.01198 

136 

2.10 

- 38.92955 

-38,96880 

- 39.01123 

140 

1.95 

-38.92892 

- 38.96386 

-39.00754 

140 

2.00 

-38.93073 

-38.96729 

-39.01065 

140 

2.05 

-38.93043 

-38.96859 

-39.01156 

140 

2.10 

-38.92830 

-38.96805 

-39.01071 

'-4, HjO 





99.52 

1.7589 

-76.05717 

-76.10676 

-76.17031 

99.52 

1.8089 

- 76.05724 

-76.10910 

-76.17316 

99.52 

1.8589 

-76.05449 

-76.10870 

-76.17312 

104.52 

1.7589 

-76.05847 

-76.10736 

-76.17099 

104.52 

1.8089 

-76.05826 

-76.10943 

-76.17349 

104.52 

1.8589 

-76.05525 

-76.10872 

-76.17322 

109.52 

1.7589 

-76.05837 

-76.10653 

-76.17029 

109.52 

1.8089 

-76.05791 

-76.10838 

-76.17251 

109.52 

1.8589 

- 76.05467 

-76.10745 

-76.17196 
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Tabic 2. Predicted geometries and force constants for the ground states of CHj and HjO. SCF refers 
to our self-consistent-field wave functions. MCI to the conAguration interaction including SCF 
plus all promotions to valence orbitals and MC2 to the approximate first-order wave functions. 
Experimental values arc given in parentheses 



11,0 

St'F 

MCI 

m‘C2 

CH2 

^F 

MCI 

MC2. 

Bond distance (A) 

0.942 

0.964 

0.968(0.957)* 

1.072 

1.092 

1.088 

Bond angle (degrees) 

105 8 

10 .1.2 

103.4 (104.5)* 

129.5 

131.7 

134.0(136-1-S)** 

Interpolated total 

76.05876 

-76.1096 

-76.17,18 

-38.9327 

-.18.9696 

-j '.0121 

energy (hartrec.s) 

Stretching force 

8 72 

8.61 

8 75 (8.4)‘ 

6.16 

6.09 

6.13 

constant (md A) 

itending force 

0.88 

0.84 

0.83 (0.76)" 

0.44 

0.23 

0.33 

constant (md/A) 


' Bcncrlict, W..S., (iailar, N., Plyer,h. K.. J. chem. Physics Z4, 1139 (1956). 

'' Wasscrinati.l.., Yager. W A., Kuck.V.J.: Chem. Physics Letters 7. 409 (1970). 
'• Niblcr.J W.. Pimentel.Ci .1 molecular Spectroscopy 26. 294(1968). 

'' Duncan. J. L.. Mills, I. M. ■ .Spcctrochini. Acta 20, 523 (1964). 


from first-order wave functions arc about what we have seen for diatomic mole¬ 
cules O, [llj, BcO[14J. KrF" [3.1], and BH [34], However. H 2 O is unusual 
with respect to the SCh force constants, since these are often in poor agreement 
with experiment [35]. 

The geometry of CHj has been of considerable interest to theoreticians since 
increasingly accurate ah initio calculations [36 38] have predicted a bent triplet 
ground state, while experimentalists generally accepted Herzberg’s spectroscopic 
determination of linearity [39]. However, recent electron-spin resonance meas- 
uremcnls at 4 K have demonstrated that CH 2 is bent [16.17,40,4l],aconclu.sion 
which can be understood in terms of predissociation in the gas phase absorption 
spectrum of CHj [18, 39], The ESR measurements have been used to determine 
bond angles for C H 2 of 136 [ 17,40] and 137.7 [41], However these “experimental” 
bond angle determinations cannot be taken literally since they assume that one 
of the two unpaired electrons (16,) is in a 2p^ orbital perpendicular to the plane 
while the other electron occupies a hybrid orbital oriented along the bisector of 
the H C H angle [41]. As has been pointed out to the authors by Hoffman [42], 
hybridization is not a physical phenomenon and thus the experimental deter¬ 
minations arc by no means rigorou.s. In light of the above, the most reliable 
experimental value for the bond angle may be Herzberg’s experimental range 
of 128 148 . 

The present calculations predict bond angles of 129.5 , 131.7 , and 134.0 from 
SCF, MCI, and MC2 wave functions. The SCF bond angle agrees with the 
value 129 recxmtly obtained by Allen and Franceschetti [43] using a slightly 
smaller basis set. The angle predicted from first-order wave functions is expected 
to be the most reliable. To aid in our evaluation of the expected reliability of 
this 134 CH 2 angle, we point out that comparable first-order calculations [44] 
on the ground ’S, and first-excited , states of NH 2 yielded bond angles differing 
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by 0.6' and 0.7° from experiment. In light of these results and the HjO results 
discussed above, we estimate that our theoretical bound angle of 134" is reliable 
to within 2". Thus we feel that the present calculations provide the most reliable 
value to date theoretical or experimental, for the bond angle of the ground 
state of methylene. 


Table 3. Important spatial coniigurations in the first-order wave functions for CHj and H 2 O. The 
"degeneracy" of a spatial configuration is the number of linearly independent spin eigenfunctions 
arising. The coefficients tabulated incorporate the effects of all proper spin eigenfunctions associated 

with a given spatial configuration 


Excitation 

Coefficient 

Energy criterion 

L= i c f («„-//„)] 

CHj R = 2.05 bohrs, 0 

= 132“ 


1. la?2o?lbi3a,l(), 

0.9796 


2. 2^1 lh^-+4a|2b2 

0.0618 

0.0074 

3. 

0.0552 

0.0056 

4. 2a, -*40, 

0.0660 

0.0044 

5. 2uJ-»4af 

0.0453 

0.0041 

6 . lh,ih,-^2h,2h, 

0.0482 

0.0040 

7. I/iJ-.4af 

0.0505 

0.0038 

8 . Ibj 3a,-. 2/12 50, 

0.0448 

0.0036 

'A, HjO R= 1.8089 bohrs. 0=104.52' 


1 . lo} 2 aJ l /)2 3ai 1 /iJ 

0.9815 


2. l/ijSa,-.4a,2l>j 

0.076.5 

0.01 .M 

3. Ibjlhi-'ZhjZOi 

0,0698 

0.0122 

4. 3a,t/),-.4a,2/., 

0.0696 

0.0121 

5, ibi-*2bl 

0.0630 

0.0084 

6 . 2o,l/)2-.2/>2.5a, 

0.0464 

0.0070 

7. .3aJ-.4aJ 

0.0576 

0.0069 

8 . 2o, 3a,-.4a, 5o, 

0.0455 

0.0065 


Tabic 4. Natural orbital occupation numbers (g 0.001) for f'Hj and HjO at the geometries given 

in Table 3 



CHj 

H 2 O 

la. 

2000 

2.000 

2 a, 

1.972 

1.944 

.3a, 

0.997 

1.975 

4a, 

0.025 

0.025 

5a, 

0.004 

0.005 

6 a, 

0.002 

0.001 

7a, 

0.002 


lUj 

0.002 

0.001 

1 /., 

0.996 

1.989 

26, 

0,004 

0.010 

36, 

0.002 


I 62 

1.970 

1.974 

262 

0.021 

0.028 

362 

0.002 

0.001 
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The SCF, MC1, and MC 2 stretching force constants are essentially the same, 
as was the case for H 2 O, and ail three values should be fairly reliable. There are 
considerable differences between the three calculated values of the bending force 
constant. It is clear, however, that this force constant is small, less than half that 
for H 2 O. 

Some detailed information concerning the electronic structure of H 2 O and 
CH 2 is given in Tables 3 and 4. Tabic 3 gives the coefficients of the eight most 
important configurations in the final Cl expansions and Table 4 the corresponding 
natural orbital occupation numbers. The fact that the coefficient of the SCF 
configuration is 0.9796 for CH 2 and 0.9815 for H 2 O is a verification of the essential 
correctness of the molecular orbital model for these molecules. The same qualitative 
conclusion is .seen in the nearly integer values of the occupation numbers in 
Table 4 for the SCF orbitals. Table 4 also shows that the most important orbitals 
besides the SCF orbitals arc the 4a, and 2b2 valence orbitals. Higher orbitals 
(those which cannot be constructed from a minimum basis) arc seen to be rel¬ 
atively unimportant. 

Wc lhank Professor Roald Hoffmann for helpful correspondence regarding 
Ihc reliability of the cxpcrimcniul C'Hj ground stale bond angle. 
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Hk' iiifliicncc of an impurity atom on the ^-electronic structure of long polyenes is considered 
using the iinre.stricled fiartree-l-'ock (UHP) method. It is shown that the substitution of a carbon 
atom III a long ptilycnc chain is a local perturbation in .spite of the nonlinearity of the UIIF Hamiltonian. 
'I he conditions under which ihc local states appear in the forbidden /one of long polyenes arc stated. 
.Some experiments arc proposed to elucidate the nature of the forbidden /.one in the ii-clcctron spectra 
of long polyene chains. 

Dcr I'inlluLI cines T'remdatoms auf die it-ldcktroncnstruktur langer Polyene wird mit Hilfe dcr 
uiicingcschranklcn Hartrce-Pock-Methode (UIIF) untersucht. Fs wird gc/eigt. dal) die Substitution 
cincs ( -Atoms in cincr langcn Polyenkette einc lokalc Stdrung diirstcllt. obwohl dcr Ulll'-llamilton- 
operutor nicht linear ist. Die Bedingungcn, untcr denen die lokalcn /.ustiinde in der verbotenen 
/.one fiir die langcn Polyene crscheinen, werden darge.stcIlL tiinige i-.xpenmente zur Aufkliirung 
der Natur dcr verbotenen Zonen in den n-F.Icktronen-Spcktren langer Polyenketten werden vor- 
geschlagcn. 

lat methodc Hartree-Fock sans restrictions (UHF) cst utilisce pour eludicr Tinflucnce d'une 
impurelc atomique sur la structure electronique n dcs grands polyenes. On montre que la substitution 
d’un atome de carbone dans une longue chainc polycnique cst une perturbation locale en depit de la 
non liniarite de Thamiltonicn UHF. On cnonce Ics conditions d'apparition des ctats locaux dans 
la zone interdite des longs polyenes. Certaines experiences sont proposees pour clucidcr la nature de la 
zone interdite dans Ic spectre d'electrons ir des longues chaines polycniques. 


IntroductHMi 

The optical experiments have shown [I] that the frequency of the first electronic 
transition in polyenes tends to a non-zero value when the polyene chain is length¬ 
ened. Until recently this energy gap was .supposed to arise from the instability 
of the equal-bond polyene configuration with respect to the bond alternation 
[2, -1]. Nevertheless, it has recently been shown that the unrestricted Hartree- 
F'oek (UHF) method taking into account electron correlation can be used to 
describe' the 7r-electronic spectra of large conjugated systems (polyenes, 
cumulenes, polyaccnes, graphite) [4- 11]. The papers [4,9-11] have dealt with 
the electronic structure of ideal polyene chains consisting of an even [4,9] or 
odd [10, 11] number of carbon atoms. 

' Effect of projecting of the UHF wave function on the pure spin state is considered in Ref [22] 
for the case of large systems. 
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Comparing with experiment only the values of energy gaps, obtained in the 
two different models, do not make it clear which of these mc^els (or their com¬ 
bination [12]) is more realistic. One of the possible methods of investigating the 
electronic structure of periodic systems is to study the influence of the ap¬ 
propriately introduced defects on the energy spectra of these systems. That is 
why, to study the effect of disturbed periodicity on the electronic structure of 
polyene chains by means of the LIHF method is of interest. The same problem 
has been discussed in [13-15] under the assumption that the energy gap is due 
to the bond alternation. 


The UHF Solution for Long Polyene Chains with an Impurity Atom 

The UHF equations for an ideal polyene chain have the following form in 
the orthogonal AO representation [4,9 11] 

(oto+y 

\ / v-l 

= [oio + vnl%]C^(fi) + mi 1) + (1 I)]. 

where Xo and are the Coulomb and resonance integrals.)' is the electron repulsion 
integral, = Y, [Ci‘,’(^)]^ are the electron populations of the /j-th AO with 

*"2 

<r-spin, <T = t. i. 

The .solution of (1) is defined by the relations 


av(/i)= 

[l+(- ^mnkl\/l + ^i , 

(2a) 


|/^ [(- ir-^' - sin, 2 lc//l + e, , 

(2b) 


— 4^* = — j/4/<^cos^k , 

(3) 


where TV > 1 is the number of carbon atoms in the chain. The self-consistent 
value of a is found from the equation 


V 

-- f dk{4p^cos^ 

k + a^) = 1 ; 


IT 0 

(<t = T) 

(4) 

r -1 


(o’=i) 


= [2/1 cos /c + j/ 4 / 1 ^ cos^ k + a^ya. 

(5) 


The width of the forbidden zone between the energy levels 4'' occupied in 
the ground state and empty levels is equal to 2a. It follows from (2)- (5) that 




(6) 



362 


1.1. Ukrainsky and G. F. KvenUel: 


As is seen from (6) the values of depend on an atom number /x. The analysis 
of (6) shows that this dependence occurs near the chain boundary: 

S,^S + (ir''^S, (7) 

where 3 = a/y = 0.21, d 5 = 0.06 (^ = - 2.4 eV, y = 5,4 eV [4]). 

Using the UHF method we now consider the electronic structure of a long 
polyene chain with the v-th atom substituted. We make an assumption that such 
a substitution can be approximated by changing an appropriate Coulomb 
integral as: = ato + f. As seen from (11, the change of y corresponding to perturbed 
atom can be taken into account by an appropriate change of the effective value 
of a. We shall consider here such substitutions which can be described by the 
change of the parameters a and y only, i.e. the values of p are considered to he 
close to tho.se for ideal polyenes. There are a number of substitutions which 
satisfy the above conditons, e.g. C-»N. 

The UHF Hamiltonian for polyenes (1) is a non-linear operator since it 
contains nj,“'(6). Therefore, a direct application of the local-perturbation theory 
[16] developed for linear Hamiltonians [17,18] (e.g., for the tight binding method) 
requires an justification. The correct solution involves an iteration procedure 
usual for the calculations by the SCF methods. Consequently, one can use the 
local-perturbation theory for each iteration. The equation for eigenfunctions and 
eigenvalues in the case of long polyenes with the substitution has the following 
form for the first iteration (c.g., see [17]) 

{H, + tA-zJ(p„ = 0, ( 8 ) 

where H„ is given by (1), the operator A is defined by 


{g,A<p)= i^*(;i)/l(//,//')(/>(|i') = .9*(v)</>(v). ( 9 ) 

Let us present some general results which follow from [17]. Eigenvalues 
of the Eq. (8) are determined by 




[a^(v)]^ 


k.J 


AJ). 


^<i> 


= 0 . 


( 10 ) 


It follows from (10) that a perturbation of type (9) gives rise to the infinitesimal 
shifts of zone levels: 




= 4" + 


N dii 


©L'i. 


( 11 ) 


The perturbation of the type (9) can also give rise to a local state splitting off 
zones. This question will be discussed in the next section. Now, we consider the 
effect of the substitution of an atom placed near the end of polyene chain {v<^N). 
Then the shifts in a quasi-continuous spectrum are determined by the equation 
(see Appendix) 


sin 2k 

2 /lZi!i(v)sin^ v/c 




sin 2 vk 
sin 2 k 


ctgnei,'^ = 


( 12 ) 
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where X = t/\p\, 

2W[4'' + (-iraT.]. 


(13) 


The eigenfunctions corresponding to the eigenvalues (11) can be written as 
(for the derivation, see Appendix) 

<p'klifi) = |/^~ Ci'^(/i)sin(k*p - 7i0i^), (^^ > V), (14) 

<P^(/^)= |/-^<?i«(/^)sin(v/c-rt©i‘2)sinpk/sinvk, (fi<v), (13) 

I / I * 

= ]j Yf^ sin 7 tQj«/(f^t«(v)sinkv), (16) 


where C^Kn) = 



Ci^(p)sinpk, k* = k + 


~ It follows from (14) that the 


perturbation results in the phase shift of the eigenfunctions for p > v. In order 
to define under what conditions the relations ( 10 ) (16) correspond to the self- 
consistent solution of Eq.( 8 ) we evaluate Transforming (14) yields for the 
zone-state density at the p-th atom 


-1- -- f 4k[cos(2/ik — 27t0l'j)]/Ei^* (/i>v). 

^ 0 

Comparing (17) with ( 6 ) one can see that the perturbation effect on the zone- 
state density is transferred along the chain in the same way as the influence of 
its boundary, i.c. it sharply attenuates (2’''‘’l times at the distance Ip —v|). Thus, 
if fi — vpt then (17) leads to nJ,V = It means that regardless of the non¬ 
linearity of the UHF equations, the impurity effect is local as in the case of linear 
Hamiltonians. Following [17] one can obtain for the electron density at the 
impurity atom (see Appendix) 

U8) 

Taking into consideration Coulson’s and Lonquet-Higgins’ relation [19], we 
reduce the expression (18) to the form 


where the integration is in the positive direction along the infinite half-circle 
(Rez<0) and imaginary axis in the complex plane z; M,(z) and M’^^fz) are 
determinants which vanish at the points 2 = ®nd z = 4’*» respectively. The 
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expression (19) can be written as [20] 

«'vV= §zdln[l-tGoJv, v;z)] 

= - § dz In[ 1 -1 Go<,(v. v; z)] , 

where the function 


is the Green function; 


Go„(v,//;z) = 


^ 2 — 


(20) 


( 21 ) 


Z m') - ] G„Jn', v; z) = - 5^,. 

«■ -1 

The equivalence of expressions (19) and (20) results from the fact that in 
accordance with (10) the functions in braccts in (19) and (20) have simple poles 
and zeroes at the same points. Having failed to obtain general analytical ex¬ 
pressions for (17) or (19) we now di.scuss some limiting cases. Let 1. Then 
the integrand in (20) can be expanded in the series of 2 

= J , I dzG,Jv, v; z) f Go,(v' v; z)]- . (22) 

According to (21) |/lGo,(v, v; z)| < 1 if zeC. Therefore, the series in (22) 
converges regularity if |.j.l < 1 and z e C. As a consequence, integrating (22) term 
by term yields 

<V= Z[d’('’)]^ Z [40v)sin2v#c/sin2fc]". (23) 

t n-O 

It follows from (23) that 


«'vV = «'v"’ + 0(A).lA|«l . (24) 

Thus, if |A1 is small, the solution of (8) given by (10)-(18) and corresponding 
to the first iteration of the self-consistency procedure for a long polyene chain 
with impurity is a self-consistent one. The equation of second iteration has the 
following form 

Z {ffjfi, H') + tA(n, /<') -F yKV - <«;] ,5,,. - zS^^.] <pJti') = 0. (25) 

Let us consider this equation for the case v = 1, i.e. when the perturbation is 
localised at the first atom of the chain. It follows from (23) that 

- <’ = z 'I't -1Vv - 

ri^l 


(26) 
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where * > 0, 


Jt 0 y cos^ k + d^ 


As seen from (26), the correction — to the perturbation has the opposite 
sign to the initial perturbation A|^|. Consequently, if A is finite, the impurity is 
screened with zone electrones, as one should expect. It means that the effective 
value of the perturbation parameter |A'| is less than |A|. It is easy to verify using 
(23) that this result is also valid if v i. 

In order to evaluate differences n'JJ — for /i > v we now concider another 
limiting case: |A| -> 00 . Then it follows from (12) that Hence, the relations 

(14)-(16) take the form 


Ijm = 

|A| *or 


'a^(M-v), 

0 


(/!> v) 
(/^gv). 


(27) 


It follows from (27) that a strong perturbation tears the link consisting of v atoms 
off the chain. It is obvious that the functions (27) arc self-consistent for the chain 
consisting of N — v^N atomes because they coincide with the self-consistent zone 
functions of an ideal polyene chain. Substituting (27) into (17) and using (6) and 
(7) we obtain 


K: - Cl = l<5,- V - < 5,1 g |«5, - .fjl - 0.09. (28) 


It means that the changes of values > v) are small even though the parameter 
|A1 changes from zero to infinity. Thus, in order to obtain the zone functions 
of a long polyene chain with the v-th atom substituted (v < Af) as p > v, it is quite 
sufficient to restrict oneself to the first iteration of the self-consistency procedure 
for any value of the perturbation parameter A. In particular, if v = 1 one can 


suppose that C 


"(Iff — "lit 



It means that the non-linearity of Eq. (8) 


can be neglected except for the fact that an initial perturbation parameter A is 
to be replaced by its effective value A', |A'| < (Al. On the other hand, if v ^ 1 and 
|A| > 1 then functions (fi < v) are to be close to the corresponding functions 
of a short polyene chain consisting of v — 1 atoms. It should be also noted that 
calculating rtj,y-values, we neglect the contribution of local-state functions, which 


have the amplitude (see Appendix): 


\q>^,{n)\ = -I- e- ’"’“). 


(29) 


where > 0. Hence it is clear that the functions are localized near the substituted 
atom. If |A| P 1 then q^P h i-e. <Pp,(M )~if 1A| < 1 then (Pp„{p )~ A (see Appendix, 
the relation (A 17)). Thus, taking into account the local-state functions does not 
affect the relations (24) and (28). 


Local States 

General results obtained in the preceding section can be used to consider 
the local electronic states in polyene chains with impurity. 
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As stated by Lifshits [17] and Koster and Slater [18], the wave functions of 
local states are determined by the equations 

(pjv)=~ X! ( 30 ) 

a. /t’ 

Merc is the matrix of perturbation produced by substitution. If, for example, 
only one of the Coulomb integrals a,-»a,^ + tda^ changes, then = 

To solve (30) the following relation should be satisfied 


Det [5^^. +Go„{n, /!'; z)] = 0. 


( 31 ) 


The relation (31) gives the equation for evaluating the energies of local states. 
Substituting 4^' and from (2)-(3) into (21) one can obtain expressions for 

f;„„(/i, v;z) for the most interesting case of local states in the forbidden zone: 

G„„(2/i, 2 V; .-„) = (r„ - a T„) (2/(^sh 0) ' (-1 y*"'[^ -1" -'I« - -1" ^'I **] 

G„„(2/i - 1,2 V - I; zj = (z„ + a T„) (2/1" sh 0)- ‘ (- I[e -1" -' I* + e -1" ■" '!<»] 
G„„{2/i-I,2v;z„) = (-l)'‘-*(^sh0)-'[sh/^0-sh(/i-1)0] (v^/i) (32) 

G„„(2/<- 1, 2v; z„) = (-))" ■'(/(sh0) ' [1-e*]e ''®sh/i0 (v</i) 


— (z" — a" — 2fl") 

where 0 is given by the relation ch0=- ~~2^ -‘ 

The Green functions determined by (32) are identical with those for a diatomic 
(...A —B —A —B...) chain with equal bonds in tight binding approximation 
(see the expressions (9a)-(9g) in [15] for = P 2 and z = az„). If the values of 
were independent of v this fact would be concidered as trivial because the Hamil¬ 
tonian (I) and that of [15] are identical. However, as follows from (6), n„ depends 
on V and the self-consistent field near the end of a chain differs from the one in 
the middle of a chain. Thus, the Hamiltonian (1) differs from the Hamiltonian 
of [IS] and coincides with the tight binding Hamiltonian for the diatomic chain 
in the case of the specific change of the Coulumb integrals ®*3d when /t 
increases. As the Green functions of [IS] and (32) are identical, one can use the 
results of [15] to consider the conditions under which the local states arise. These 
conditions corresponding to the simplest perturbation, which is described by the 
change of the Coulomb integral of an atom or resonance integral of a bond, can 
be formulated as follows. 

The infinitesimal change da of the Coulomb integral of an odd atom is 
sufficient to give rise to a local state in the forbidden zone. 

On the other hand, the perturbation of an even atom with number 21 generates 
the local state in the forbidden zone only if 


|da|>2^"[l/a"-)-4/("±fl]-' 


1 

7 


(33) 


The wave function and the energy of the local state caused by the perturbation 
of the first atom will be considered in more detail. Substituting v = 1 and 
(3 *) o**® obtain 

0=1-)-/[z,,, -rfrj (1 -)- e-n/shqo , 


(34) 
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with 


chq„=l+2(rf^-2 ?„); <d. 

(35) 

and 

with 

0 = 1 - A[2,, - dtj (1 - c-C“)/shQo. 

(36) 

cheo = 2[2^-d^]-l; 12^,1 >[/l^d^ 

(37) 


As seen from (34), the infinitesimal change of the Coulumb integral of the 
first atom actually leads to the local state appearing in the forbidden zone. Its 
energy distance from the edge of the gap is equal to 


In the case of large perturbations the Eq. (36) gives for the energy of 

local state: ± 30 . 

Using the general Eq. (30) one can obtain the wave function of a local state, 
the first atom being perturbed 


j‘zL 


= V( - n ^ C ^ , 

(fi is odd) 

(38) 


(/I is even). 

(39) 


Here Tp„ = (l — and are determined by (35). In accordance 

with (36) the greater the perturbation parameter the higher the degree of the 
localisation of the wave function of the impurity level in the region of impurity. 
It can be shown that the situation is exactly the same when v # 1. 

If the perturbation of a chain can be simulated by a small change of the 
resonance integral of a bond, then it does not cause the local states to splitt off 
the allowed bands. 

Discussion 

Derived in the preceding section properties of local states differ essentially from 
those obtained under the assumption that the energy gap in the spectra of long 
polyene chains is due to the bond alternation [13]. In the latter case the perturba¬ 
tion giving rise to the local state in the forbidden zone is ~ 1// (/ is the number 
of a perturbed atom) both for even and odd /. Thus, in contrast to the above 
mode), the generation of a "surface” state (/= 1) is most difficult. In addition, 
the appropriate change of the resonance integral of a bond (weakening of a 
stronger trand or strengthening of a weaker bond) leads to two local states 
appearing in the forbidden zone. 

The recent theoretical results [6,12,21,22] provide an evidence in favour of 
the electron-correlation nature of the polyene-spectrum gap. But it appears likely 
that the question stiU remains doubtful [see, e.g., 23- 25]. The above mentioned 
differences in the properties of local states can be used to investigate experimentally 
whether the energy gap is due to electron correlations or its appearence is a 
consequence of the bond alternation. 

The results obtained seem to be useful in the study of the following question. 
In contrast to polyenes, the first optical transition frequency in the symmetric 
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cyanide dyes tends to zero when the conjugated chain of the dye is lengthened [26]. 
Nevertheless, the long conjugated chains cyanine dyes and polyenes differ by 
their end groups only. Then, it is natural to correlate the above difference in the 
optical spectra of these molecules with the effect of nitrogenium atoms of the 
end groups of cyanine dyes. Indeed, the insertion of nitrogenium atoms into the 
chain can give ri.se to a local state near the bottom of an empty zone. As a con¬ 
sequence, the first optical transition corresponds to the transition of an electron 
from this local level^ to an empty zone. The energy of this transition is small 
for long chains. Then, the extrapolation of experimental data can give zero value 
(or nearly zero value) of the first transition frequency. 


Appendix 

In this section we deal with the derivation of main relations used in the 
previous section. At first, we shall consider the sum in (10). 


-fi (vv •.»')-y I®''"' 


single + aT„( — I)"] 




N 




* t9!M' 


N 


dq (Al) 


+ 


()( ^ )-[<’ + (-l)‘at.]S<'’(q.a), 


where we have used (11 ).To calculate a) we shall use the methcxl developed 
by Lifshits [17]. Let us denote 


S"’(q, <T) = SV'(q,ff)+ <^) 

and evaluate apart each of the two sums. 


(A 2) 


S'.''(</<T) = 


2 7t 01,2 dff^'/dqcli's'm^ k v 


N 


di' 




j- I 


) 


2 sin^^v _ 2sin*^v | 2 „ f 1 

" - 9 - e: 2 ) 


+01 "i 


2sin^qv I „ 

,.(i| 

*‘,i t 


_ 11 


(A 3) 


jin{nn-n&‘^) 


■■■' dq 

= - 2sm^qvctgn0'^/(c^‘^di:'^'/dq); 

^ k*4 <■„ 


1 


i 


1 — cosvk 


2nlr 0 cosk — cos2q 


dk + 




(A 4) 


^ The conjugated chains of cyanine dyes consist of an odd number of atoms ^N). But, the number 
of Ji-electrons N, is even: N, = N T 1. If N, = N + 1 then the local state considered above is occupied 
in the ground state. \{ N,~ N — \ then there is a hole in a valency zone of cyanine dye and the ex¬ 
planation of optical experiments is trivial. 
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Fig. 1. The contours for the evaluation of integrals in (A6) 


where ^ denotes the value principale (V.p.) of a corresponding integral. In order 
to evaluate (A 4) it needs to calculate 


where 


! cosvfc , 

J- — ,- z,—dk = Ii + /2 = /, 

0 COS K COS 2 ^ 


,,itx 


1 ^ e" 

/ = I dx -. 

2 Q COS.K —cost/ 

1 * ^-IVX 


cos.v —cosq 


(A 5) 


(A 6) 


The integrals (A 6) can be evaluated by means of the residuum theory. The 
integral /, is taken along the contour Cj./i-along C^. The contours C, and Cj 
are given on Fig. I. After the calculations required performed one can obtain 


sin vt/ 

= , sinq 

The substitution (17) into (A 5) and (A 4) results in the relation 


ni 

I = - - res 

2 \ cosz 


— e \j __ sin 
zosz —cos^//. = „ sir 


I sin2v</ 

S*2 (f/. ff) = - 1^02 • 


(A 7) 


(A 8) 


The Eq. (12) can be obtained from (A 3), (A 8), (A 1) and (10). The eigenfunctions 
of (8) are defined as [ 17] 


k.J 


pU) _ ,li) 

•"Ik ^Iia 


(A 9) 
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The sum which stands in (A 9) is calculated just like as a). Let us evaluate 


a normalisation constant 




/i-1 


C;,'»sin<7v ^_1 

N ^ ‘ 


dr*‘'fdq 


* (‘-"-K 


C^J^(v)sin9v 


0 ( ^ ) 2N(t[ (d^^q)sin7t^:; 


(A 10) 


= 1 . 


Substituting t)'^ from (A 10) into (A 9) one obtains (14)- (16). It follows from (A 10) 
that 




CVJ(v) 


-*« 
Aji_ ,(<i 


dz*“ 

dt 


l-k - *■„» 

■' d 


cY»cli>(v) 

2* ,.(j) _ , 

k.j •'* ■ 




dJJl 

dq 


(All) 


Taking also into account that in accordance with (A 9) and (10) </>I,‘^(v’)= one 
obtains (IX). 

Now let us consider functions 6’o„(v,/i; 2 ). where ^ [d, |/l + i.c. for 
statc.s splitting off zones. Using (2), (3) one obtains 






2 + (-l)Vr„ 

"nm 


(A 12) 


I dk{] — cosvk)/(cos/c-f a), 


where 


5 = z/ 21 /(l; d = a/ 21 ^|; a= 1 + 2 (d^ - 5 ^). 


The integral in (A 12) is calculated like as the integral (AS) except the poles of 
the integrand are in the complex plane k on the lines Rek = 0 ( 2 ^> 1 +d^) and 
Refc = n (|21 < d). Having carried out the calculations required one obtains 


j cosvk _((—!)'■ Tit' 

o cosA + o! Ijre '‘'®"/sh go' 


(- 1 )'■ Tit' ‘■“"/sh qo, (a > 0) 
(a<0) 


(A 13) 


where 


ch = 1 + 2(d^ — 2 ^). (P < d*) 
cheo = 2(2^-d^)-l. (2^>l+d2). 

Using (A 13) one can calculate all functions Go,(v,g,z) with 2^>l4-d^ or 
2^ < d^. In particular, one can obtain equations for local energies 

1 -tGoJv, v; 2 p J = 0 (A 14) 

and for corresponding functions 

<0p,0i) = frp„Go,(p, v; 2 ,.). 


(A 15) 
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The relations (29),(32).(34H39) results from (A 14) and (A 15). If |>1|> I, then it 
follows from (A 13) and (A 14) that ^o(Co)^ 1- Using (29) and (16) one can see 
that if |A| < 1 then 

T^,-t-^(l-e-^'')sh^q, (q^qn^Qo) 

hence 

IV,..^v)|^~A^ (A 16) 
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rite experimental results are correctly interpreted as from the delocalized model of the transition 
state and the theory of perturbations. The surfaces of the energy of interaction between both molecules 
in function of diflerent coordinates of reaction make it possible to discuss the concerted nature of 
photodimerr/atinn and permit the two conjugated systems to he added between carbon atoms 5 and 6 
of both molecules. 

Die experimcntcllcn Resultatc werden mit Hilfe cines delokalisierten Modells des Ubergangs- 
/ustandes und der Stiirungsthcorie richtig interpretiert. Die EnergiehypcrflUche der Wcchsclwirkung 
/wischen den heiden Molekiilen als Funktion vcrschicdener Reaktionskoordinaten crlaubt die Dis- 
kussion des kon/ertierten Ablaufs der Photodimerisation und der Addition der beiden konjugierten 
Systeme, die zwisuhen den Kohlcnstoifatomen S und 6 der beiden Molekule stattHndet. 

I.es rcsultats ex terimenlaux sunt corrcctemcnt interpretis k partir du module delocalise dc 
I'etat du transition ct de la theorie des perturbations. Lcs surfaces dc I'^ncrgie d'interaction entre Ics 
deux molecules en fonction uux difrerentes coordonn^ de reaction permettent dc discutcr le carac- 
ti;re conccrtc dc la photodimerisation ct que I'addition des deux systimes conjugues se realise entre 
les Carbones 5 ut 6 dus deux moirculc's. 


1. Introduction 

1 lie research activities in photochemistry of the pyrimidine bases of the DNA 
during the last few years can be seen in frequent review articles [1 -5], From the 
results thus obtained, one can cite the following. 

The photodimerization of the thymine, discovered some ten years ago [6] 
has al.so been observed in the other pyrimidine bases, uracil [7, 8] and cytosine 
[9, lOJ. 

The formation of mixed dimers has also been observed [9, 11]. 

Experimentation with DNA of different con^sition ha^shown the following 
relative efficiency in the formation of dimers; >CC [12], 

Theoretically, four conformations of final products arc possible (Fig. IX In 
this study, the nomenclature cis-syn, trans-syn, cis-anti, and trans-anti has been 
adopted to designate them [13], In certain conditions, the four conformations 
are obtained [ 14,15], whilst in other cases, the cis-syn conformation is predominant 
[16, 17], 

The analysis by .x-ray diffraction techniques has permitted the determination 
of the geometry of the dimers [18-23], In the cis-syn conformation, the planes 
of both bases are not parallel, the bases have turned around the bonds 5-6, 
opening themselves, furthermore, the cyclobutanc formed in the dimerization 
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H H 



l-'ig. 1. Possible conformations of thymine and uracil dimers (R = CH,, thymine dimers; R = H uracil 

dimers) 


is twisted by a turn of some 28 around the axis which unites the two midpoints 
of the 5- 6 bonds. 

The reaction seems to be concerted with both new bonds, closing itself simul¬ 
taneously [24], The bimolecular process results when one base, in a fundamental 
electronic state, interacts with another, in its first excited state. A mctastable 
dimer in an excited state appears to be the intermediate product [25]. 

P + P* V T5» ^ 

One supposes that the determining step of the velocity of reaction is the a. The 
intervention of the first singlet excited state or the first triplet state depends upon 
the conditions of reaction [15]. In diluted solutions, one deals, without doubt, 
with the first excited triplet state, due to its longer life span [26 28]. In a solid 
phase and in concentrated solutions, the intervention of the first excited singlet 
state seems assured [15, 29, .10]. 

Following the pioneering works of Pullman and Mantione [31, 32] the 
reaction of the photodimerization of the pyrimidine bases has been interpreted 
from the diminishing with the excitation of the bond index between the carbons 5 
and 6 [33 36]. This carries a notable increase of the free valence above these 
eentres in the first excited state. This static index is characteristic for reactions of 
addition. Also, one has underlined the high spin density about the carbons 5 
and 6 in the first excited state. This corresponds to grand coefficients in these 
centres in the semioccupied orbitals. The electronic excitation is found to be highly 
localized in the double bond between the carbons 5 and 6, which arc the points 
of photodimerization. 


26 Tlworct chin) Acta (Bcrl I Vo] 2.^ 
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Other theoretic works try to interpret the photodimerization of the pyrimidine 
bases by evaluating the energy of interaction between the monomers throueh 
the perturbation theory, limiting itself to the frontier orbitals [37], or includi^ 
all the orbitals ti, and the overlaps, explicitly [38], ’ 

In this present work, one is trying to interpret the experimental facts previously 
enumerated from the dynamic indices. One adopts the delocalized model of the 
transition state, and one studies the interaction of one base in a fundamental 
state with another in an excited state, at the beginning of the reaction, through 
the theory of perturbations. By always using a monoelectronic operator, the 
distinction between the first single excited state, and the triplet is not considered. 
Finally, one has to underline the kinetic nature of the present study, and this 
differentiates if from the energetic studies made on the stability of the different 
conformations of the final products [13, 19]. 


2. Method of Calculation 

The calculations based on the delocalized model of the transition state were 
carried out according to the method previously described [40]. The conditions 
under which this method can be applied to cycloadditions of two conjugated 
systems have been exposed, by studying the photodimerization of the anthracene 
[41]. Faced with the Wheland model, this model of the transition state corres¬ 
ponds to an extension of the delocalization. This is suitable for rapid reactions 
in which the transition state docs not separate itself far away from the reactants. 
At intermolecular distances which are great, the Hamiltonian operator in each 
conjugated molecule differs only slightly from the original, in a manner in which 
the ff/Tt separation would still be practically valid. The wave function of the transi¬ 
tion state can be constructed from molecular orbitals covering all the system for 
the electrons n of both molecules, whilst the electrons <r remain localized in each 
molecule, acting as a hard core which forbids too close an approach. The extension 
of the Miickel method to the whole delocalized system of electrons is based on 
an orbital overlap argument, and not on a symmetry one. This can be done because 
the idea of delocalized bond does not include any element of symmetry. 

The delocalization energy is the difference in energy, in units of p, between 
the transition state containing the whole delocalized system in its first excited 
state and the inital state of two molecules of pyrimidine bases, one in its ground 
state and the other in its first excited state. The larger the value of delocalization 
energy, the lower in energy is the transition state for formation of the photodimer. 
In some calculations the resonance integrals between carbons 5 and 6 of both 
molecules have been only taken into account. The resonance integrals are assumed 
to be equal to 0.5. This value corresponds to “a” type overlap of 0.125 between 
two carbon 2p SCF orbitals with atoms 3 A apart This distance is common for 
all charge transfer electronic delocalization. In other calculations all the resonance 
integrals between atomic 2p^ orbitals of both molecules have been taken into 
account. These resonance integrals are assumed to be proportional to overlap 
integrals [42]. The intermonomer overlaps were obtained in the following way: 
for every pair of atoms, spreading over both monomers, the 2p^ orbitals were 
decompose into components of a and n mutual symmetry. The overlap of the 
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componente wth a a-a sjonmetry was calculated by equations sueacstcd hv 
Roothaan [43]. The contribution of the components with the n-n symmetry 
to the overlap was disregarded. Fmally eigenvalues and wavefiinctions^S 

^H^olSSStr^ ™ 

The calculations based on the theory of perturbations has been done using 
the approximation proposed by Salem [45], The energy of interaction between 
the conjugated systems is expressed in function of the overlaps between the atomic 
orbitals 2p, of both molecules. Two limitations are imposed. Each atomic centre 
only interacts with one centre of the other molecule. The resonance integrals are 
small when compared with the unit (i.E.^0.2). 

One supposes that both molecules have orbital bands u and it well separated 
One only evaliwtes the energy of interaction coming from the molecular orbitals n. 
The contribution to the stabilisation of the orbitals <r will be depreciable since 
it comes from terms of perturbation of the 2" order between molecular orbitals 
occupied by one molecule and vacant orbitals of the other. In the denominator 
the difference of energy between the orbitals considered will be elevated, and a 
small term will figure in the numerator, which corresponds to a weak overlapping. 

The extended Huckel method [46] is also used for calculating comparatives. 


3. Results and Discussion 

The Table 1 presents the energy of delocalization for the photodimerization 
of the pyrimidine bases. Only the resonance integrals between the carbons 5 and 6 
of both molecules have been taken into account. 


Table I. Delocalization energies 



Syit 

^nli 

Uracil 

0.703 

0.608 

Thymine 

0.699 

0,618 

Cytosine 

0.588 

0.464 

Cytosine-thymine 

0.600 C* 

0.503 C* 


0.700 T* 

0.603 T* 


The delocalization energy of the anthracene in the photodimerization is 
0.566 [41]. Attending only to this factor, the photodimerization is presented as 
more favourable for the pyrimidine bases. The relative efficiency in the formation 
of dimers between the cytosine and the thymine [12] agrees well with the de- 
localization energies evaluated. Take note that the delocalization energy of the 
mixed photodimer will distinct, following that the excited reactant molecule will 
be that of the cytosine (C*X or the thymine (T*). One must signal the difference 
between theoretic results, and experimental values. The latter correspond to equi¬ 
librium constants, whilst the former are in regard to constants of velocity of the 
direct reaction of the dimerization. 
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By virtue of the delocalization energies obtained, the formation of syn con¬ 
formations (head-to-head) will be kinetically more favourable than the formation 
of anti conformations (head-to-tail).This result, already previously obtained for 
the thymine [37], has a general character. To study the conformations cis (endo) 
and trans (cxo) it is necessary to consider the interactions between all the centres 
of both molecules. The Table 2 presents the results obtained for the uracil and 
cytosine. The uracil was selected to avoid the problems stemming from the methyl 
group of the thymine. The calculations have been done with the two bases in 
parallel planes at a distance of 2.8 A. Later on, this selection will be justified. 
Using Slater orbitals at this distance, one obtains lower values for the overlap 
integrals with resp>ect to those obtained with atomic orbitals SCF. The Table 2 
also contains the interaction energy evaluated by the theory of perturbations, 
and the increase of energy between the transition state and reagents evaluated 
by the extended Hiickel method. 


Tabic 2 

Dclocali/atinn Interaction AE* computed 


Unicil 

energies 

I'.XC. 

lund. 

energies 

Bxc. 

Fund. 

by I-HMO 

Eixe. Fund. 


0 446 

0.()3« 

0.224 

-0.130 

-0.191 

0.997 

'llmi'.-wn 

0 362 

0.030 

0.229 

-0.0.S9 

-0.144 

0.755 

Cl I'<11111 

0 .3(K) 

0,069 

0.116 

-0.102 

0.248 

0.868 

Ihins-iuui 

()..1()6 

0.037 

0.1 K4 

-0,050 

■0.064 

0.716 

Cytosine 







Cii-svn 

0412 

0.034 

0.196 

-0.1.39 

... 

— 

7h«(is-si'/i 

O.W 

0,032 

0 169 

-0.051 



Cis-imii 

O.’.^ 

0.069 

0.072 

-0.1 IX) 


- 

Trans-iinii 

0.26‘i 

0.044 

0.102 

-0.043 




The delocalization and interaction energies are given in units of /? and zl£^ 
in eV. 

The energies obtained by the three methods prc.sent a displacement, intro¬ 
duced in the theory of perturbations by repulsive terms resulting from the inter¬ 
action of orbitals jt doubly occupied of both molecules, owing to the overlapping, 
and in the Hiickel extended method, by the repulsion of a orbitals. It is interesting 
to note that relative results between the different conformations in the photo¬ 
dimerization and the dimerization, with both molecules in a fundamental state, 
remain practically constant. One must note that the results of the extended Huckel 
method come given in the eV and not in fi units. The cis-syn conformation is the 
most favoured. The inclusion of all valence electrons does not modify this result. 
However, when u.sing a monoeicctronic operator, one does not bear in mind the 
electrostatic interaction between both molecules. An exploratory calculation with 
the distribution of the n charges gives a high repulsion in the cis-syn conformation, 
in such a way that the electrostatic factor comes in to compensate the energy 
differences between the different conformations. To discuss the conformation 
kinetically most favoured, it appears to be indespensable to introduce a bielectronic 
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Hamiltonian operator, as has already been done for reactions with both molecules 
in the fundamental state [47, 48], It is necessary to give only a provisional value 
to the results obtained with a monoclectronic operator. 

Experimentally, the ds-syn conformation presents a double rotation around 
the 5 -6 bonds, and the line which unites the midpoints of the 5-6 bonds. One 
tries to study whether the improving reaction initiate these rotations which present 
the geometry of the final product. The theory of perturbations is inadequate to 
study the rotation around the line which unites the two mid-points of the 5-6 
bonds, by excluding the interaction between 3 or more centers in the approxima¬ 
tion used. 

One has evaluated the delocalization energy by turning the upper base to the 
distance of 2.8 A. In the transition stale of the photodimerization of the uracil, 
there was an energetic minimum presented at 9 of rotation, 0.004 (i underneath the 
starting position. On the other hand, the electrostatic repulsion dimini.shcs with 
the rotation. Because of this, it appears that one can be sure that the rotation 
around the line which unites the mid-points of the 5- 6 bonds is already initiated 
in the transition state. A similar result, but with a higher rotation of 28 , had 
been discovered earlier by another method [38]. 

The angle formed by the two planes of the bases at coming together can be 
studied by constructing the interaction energy surface in function of the distance 
and the angle of the turn. The analytical expression of the interaction energy in 
function to the overlap integrals between the orbitals 2p^ of both molecules permits 
a rapid evaluation of the points of the surface. Table 3 contains said equations for 
the cis-syn and ds-anti conformations of uracil, of the thymine and the cytosine. 
S,.p indicates the overlap integral between the 2p^ orbitals of the centre r of one 
molecule, and the centre p of another. The numeration which has been adopted 
for the dilTercnt centres is to be found in Fig. 2. The expressions for the second 
order terms have been truncated, owing to their length. So for example, the 
equation for t ie uracil ds-syn contains 44 term.s. 


Table 3. liquation.s of interaction energy in function of overlap integrals 


l.racil 

Ch-synAL - 1,060 S,,+0,109 4 0.198 .V„ + 0,282.?„+ 1.91 .S + 1,668 + 0,470 

+ 0,299 S„ - 5,692 Sf, - 1,421 S,, S,; - 

Cis-mti /I £ = - 0.440.8 ,4 + 0.131 .Sj, + 0,1.31 .S'jj - 0,440 S*, + 1,402 4-1,402 S„, + 0,117 . 8 ^* 

-1,I76.S,4.8„--- 

Thymine 

Cis-syn A E = 1,034 5,, + 0,104 Sjj + 0,203.8, j + 0,320544 + 1,891 S„ + 1,663 + 0,489 S„ 

+ 0,288 + 0,001 S„, + 0.006 5.688 S?, - 1,426 5,,Sji - 

Cis-amiAE-= -0,462. 8,4 + 0,125 Sj.,+ 0.125 S„-0.462 84 ,+ 1,441 . 8 ,„+ 1,441 .S„, + 0.083 S ?4 

- 1.181 S,*5i,- 

Cytosine 

Cis-syn ^ = 1,027 5,, + 0,050 Sj j + 0,5.30 S,., + 0.735 S 44 + 1,290 5,, + 1.362 S„„ + 0.659 S,, 

+ 0.347 S,» - 5,466 5?, - 1,191 5,, 5,j- 

Ci.s-ontl 4 £ = -0,689 5,4 + 0 , 1 24.8„ + 0,124 Sjj-0,689 5*, + 0,798 5,^ + 0,798 5^, + 0.481 5f, 

— 1,286 5,4 52} — ••• 
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Fig. 2. The numeration of centres. 1. R = H uradl, R = CHj thymine; II. cytosine 


At great distances, the terms of the Grst order will be predominant. Among 
these, those whieh affect the 5 and 6 centres have the highest coefficients, owing 
to the high coefllcients of the frontier orbitals in these positions. The Figs. 3, 4, 
and 5 present the interaction energy surfaces for the uracil cis-syn, the uracil 
cis-anti and the cytosine cis-syn. The most favourable path of reaction will be 
perpendicular to the isoenergetic lines, in the direction of the higher interaction 
energies. This path is the one which corresponds to the maximum stabilisation. 
In the Figs. 3, 4, and 5, a dotted line has been drawn for the most favourable path 
of reaction, starting from a position parallel to both molecules at great distances. 
The molecules come together in parallel imtil the distance of 2.8 A. After this 
distance, the approximation is accompanied by a rapid turn of both molecules 
around the 5-6 bonds. A rapid decrease in the interaction energy impedes a 
parallel approximation after the distance indicated. If one had used the SCF 



Fig. 3. Interaction energy surbee between two cis-syn uracils, r distanoe between 5-6 bonds of both 
molecules, y angle formed by the two planes of the bases 
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Fig. 4. Interaction energy surface between two cis-anti uracils, r and y as in Fig. 3 



Fig. 5. Interaction energy surface between two cis-syn cytosines, r and y as in Fig. 3 

atomic orbitals instead of the Slater orbitals to evaluate the overlap integrals, 
one would have found a greater distance. Even though the interaction surface 
represents only one of the components of the potential surface, the path of reaction 
found, seems to be qualitively correct, since other factors, such as the electrostatic 
repulsion, confirm it. 
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(> liiliTiicdon cncrjjy surface bclwccn (wo urucils, r distance between the midpoints of 

5 fi bonds of both molecules, i angle formed by the two 5 6 bonds of the bases 


The cquation.s of the interaction energy permit the study also of the concerted 
character of the proce.ss of photodimerization. For the anti conformations it is 
undoubtable that the new bonds arc formed at the same velocity, since there is 
an axis of symmetry in cxistance, but for the syn conformations, this is open to 
question. Fig. 6 presents the interaction energy surface in function of the distance 
between the two midpoints of the 5 6 bonds, and the angle formed by these two 
bonds. For positive values, the 6 6 bond is formed more rapidly, and vice-versa, 
the 5 5 bond for negative values. It can be seen that if both 5 6 bonds arc parallel 
at great distances, they remain in parallel in the course of the reaction. F.ven if 
both bonds for a certain angle at great di.stances they will follow on adapting a 
parallel conformation as the reaction advances, since the no-null angles appear 
to have a high diminishing of the interaction energy, as the distance between the 
two bases decreases. The concerted character of the reaction seems, therefore, to 
be confirmed by this theoretic study. 


Afknmvleducmcnl. The author is gratiTuI to the F.uropcan Molecular Biology Organization tor 
rinundal support to visit Ouaiilum Chemistry Group of Uppsala University where some calculations 
were carried out. 
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CNDO/2 calculations have been carried out for an ethylene chlorine complex, with the halogen 
orthogonal or parallel to the C-C bond. For comparison similar calculations were also carried out 
for ethylene and fluorine. TTie results are compared to estimates from experiments on related complexes 
and from Mulliken’s resonance theory. It is concluded that the CNDO/2 calculations grossly over¬ 
estimate the ethylene-chlorine interaction in particular if d-orbitals on chlorine are included in the 
AO-basis. The explanation for this may be the too high d-orbital exponent used here and the wrong 
asymptotic behaviour of the Slater orbitals. 

Es werden C.NDO/2-Rechnungen fur zwei Konformationen eines Xthylen-Chlor-K.omplexes 
und eines Fluor-Analogens berichtet und die Resultate mit der Resonanztheorie von Mulliken und 
mit experimentellen Daten verglichen. Es ergibt sich, daD bei CNDO/2-Rechnungen die Chlor- 
Athylen-Wechselwirkung stark Uberschiitzt wird. insbesondere. wenn d-Orbitale eingeschlossen 
werden. Letzteres kbnnte auch an einem groSen Exponenten bei diesen Funktionen oder am falschen 
asymptotischen Verlauf von Slater-Funktionen liegen. 

Calculs CNDO/2 pour un complexe ethyl6ne-chlore avec I'halogine orthogonal ou parallile & la 
liaison C -C. A titre de comparaison des calculs analogues ont 6t6 aussi elTectu6s pour r6thyl6ne et le 
fluor. Les r6sultats sont compares i des estimations expirimentales sur des complexes voisins et ft des 
estimations provenant de la thiorie de la resonance de Mulliken. La conclusion est que les calculs 
CNDO/2 surestiment beaucoup I'interaction ftthylftne-chlore, en particulier lorsque Ton inclut des 
orbitales d dans la base des orbitales atoroiques. La raison peut s'en trouver dans les exposants trop 
ftlevfts des orbitales d et 'dans le mauvais comportement asymptotique des orbitales de Slater. 


latroductioa 

At present, experimental results on charge transfer complexes are in general 
interpreted using Mulliken's resonance theory [1], While this theory has made 
it possible to systematize a large body of experimental results, it is quite often 
difilcult to apply. It is for instance not easy to estimate the relative importance 
of pure electrostatic and charge transfer contributions to the energy of formation 
[2], or to find out the extent to which the complex forming molecules are deformed 
upon complex formation. 

In recent years the CNEMD approximation of Pople and coworkers [3] has 
been successfully applied to a large number of different problems. In view of 
these successful applications it seemed worth-while to calculate a number of 
properties of a simple charge transfer complex from the CNDO approximation 
in order to get an idea of the usefulness of such calculations. While this work 
was in progress a CNDO calculation on the benzene TCNE complex appeared 
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[4] , Its results, a too short equilibrium distance and a too large energy of formation 
are in general accord with the results of this paper. 

Since there is available a large body of experimental results on halogen 
complexes, chlorine was chosen as electron acceptor as being the only complex 
forming halogen for which parameters are available. Ethylene was used as electron 
donor, since work is presently carried out in this laboratory on ethylene complexes 

[5] . 


Calculations 

The calculations were carried out at the UNIVACllTO computer of the 
University of Lund computing centre. The CNDO/2 program used is based on 
QCPE 100, by Clarke and Ragle, supplied by the Quantum Chemistry Program 
Exchange, Indiana University, Bloomington, Indiana. The program was rewritten 
to allow calculations with second row atoms, as described Segal and Santry [6]. 
For these atoms calculations may be carried out both using basis sets with no 
d-orbitals and with d-orbitals (sp- and spd-approximations of Ref. [6]). The 
orbital exponent of the d-orbitals was the same as of the s- and p-orbitals on the 
same atom. Excitation energies were calculated in the virtual orbital approximation 
as described by Kroto and Santry [7}. Oscillator strengths were calculated using 
the formula of Giessner-Prettre and A. Pullman [8]. The parameters used were 
the original parameters of Pople and Segal [9] and Segal and Santry [6]. Vibration 
frequencies were obtained by fitting parabolas, or (in the case of ethylene-chlorine 
sp-approximation) a paraboloid to the energy values calculated within 0.02 
(Cl-Cl-distance) or 0.03 A from the equilibrium position. The use of Fues- 
potentialfunctions (A B/R -t- C/R^X which fit the calculated energies much 
further from the minimum than parabolas do, was found to have no effect on the 
calculated frequencies. 


Results 

Calculations were carried out for complexes between ethylene and fluorine 
or chlorine. In all calculations the experimental geometry of ethylene was used [10] 
and the fluorine intemuclear distance was kept at the experimental value [11]. 
The chlorine intemuclear distance was varied both for the most stable complex 
and for free chlorine. Two different relative orientations of the two interacting 
molecules were considered. In one series of calculations the halogen molecule 
was p)arallel to the C-C bond and the CCCIQ plane was orthogonal to the 
ethylene plane (resting model). In the other series of calculations the halogen 
molecule was placed on the symmetry axis of ethylene, orthogonal to the ethylene 
plane (axial model). For each orientation the halogen ethylene distance was 
varied. 


Ethylene-Fluorine 

a) Axial Model. A minimum in the energy of 0.0584 a.u. (ca. 37 kcal/mole) 
below the energy of the free components was found for R = 1.456A (R, the distance 
between the nearest chlorine atom and the midpoint of the C-C bond). From 
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the variation in the CNDO-charges, Q^, {Q^ = — X where is the core 

i^A 

charge of atom A and Pa is the diagonal element of the CNDO density matrix 
for the (-th atomic orbital) with the fluorine ethylene distance, it was found that 
the charge transfered from ethylene to fluorine increases as the distance decreases, 
and that all charge transfered to the fluorine molecule becomes localised on the 
fluorine atom farthes away from the ethylene molecule. In fact the other fluorine 
atom even becomes positively charged. The charge transfered within the fluorine 
molecule is between one third and half of the charge transfered from ethylene to 
fluorine, depending on distance. The dipole moment rises rapidly with decreasing 
distance, reaching 3.58 D at the energy minimum. 

h) Restin^f Model. As might be expected the energy rises rapidly when the 
fluorine ethylene distance is decreased. In fact, in this conformation the ethylene 
molecule acts as an electron acceptor, a rather unfavorable situation. Between 
1.66 and 1.65 A the calculated ground state changes abruptly from two inter¬ 
acting molecules to a highly deformed state of 1,2 difluoroethane. In the first 
excited state, where one electron is excited from the highest occupied to the 
lowest virtual orbital the energy changes smoothly from an excited state of the 
two interacting molecules to an excited state of difluoroethane. This kind of 
behavior was expected from considerations of orbital symmetry [12]. 


lit hylene-C Mori ne 

a) A.xitil Model, sp-Approximation. The energy decretises as the chlorine 
molecule is brought closer to the C C bond (keeping the Clj distance fixed) 
and reaches a minimum for R = 2.259 A, the minimum energy is 0.00983 a.u. 
(ca. 6.2 kcal/mole) below the energy of the free components. When the chlorine 
internuclear distance was varied the energy minimum was found for R = 2.242 A 
and I = 2.000A (compared to I.980A for free chlorine in the sp-approxi- 

mation) and the energy was 0.00986 a.u. below the energy of the free components'. 
The axial energy minimum was found to be stable to small simultaneous variations 
of the parameters describing the relative orientations of the two interacting 
molecules. A number of properties calculated at equilibrium are given in Table la 
and 1 b. As was found for the fluorine case, the only atom, which gains charge 
as the distance is decreased is the outer chlorine atom. In this case the charge 
transfer within the chlorine molecule is approximately equal to the ethylene 
chlorine charge transfer. Since the equilibrium distance obtained was much 
shorter than might be expected a number of properties were also calculated at 
a more reasonable distance. 3.25 A. the results are given in Table 1. 

The energy of the three lowest excited states of the complex, in the virtual 
orbital approximation, were also calculated as a function of distance. The two 
lowest states may be described as an excited chlorine molecule interacting with 
ethylene. Their energy curves are indistinguishable except at small distances. 
These states are repulsive. There is a very small dip in the energy at ca. 3 A which 

' The value in Table I has been corrected for the zero point vibration energy of the CIj... ethylene 
vibration. 237 cm "'. 
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should not be taken seriously, since no variation of the chlorine distance was 
carried out. The vertical excitation energy is given in Table 1 b for the .sp-minimum. 
The third lowest excited state is obtained upon excitation of an electron from an 
orbital which is essentially a combination of the Ipn orbital of ethylene and the 
3/)ff orbital of chlorine to the 3/wr* orbital of chlorine. It thus involves charge 
transfer from ethylene to chlorine and may therefore be identified with the charge 
transfer band of Mulliken's theory. 

As expected the equilibrium distance of this excited state is somewhat shorter 
than for the ground state, 1.97 A compared to 2.26 A for the ground state. The 


Table I a. Calculated properties of the ethylene-chlorine complex 



MCI,) 

A 

-AE 

kcal/molc 

Dipole 

moment 

D 

>'(C1,) 
cm ' 

(^0 

Dipole moment 
derivative 
D/A(amu|' ‘ 

CNDO (sp-approx. equilibr.) 

2.000 

5.8 

1.52 

913 

0.070 

I..32 

CNDO (.sp-approx. 3.25 A) 

1.980 

0.46 

0.06 

980 

0.0005 

0.031 

CNDO (spd-approx. 3.25 A) 

- 

2.74 

0.15 




CNEK) (spd-approx. 3.25 A 

1.752 

2.6 

0.13 

1.305 

0.0021 

0.013 

Ch distance relaxed) 







CNDO Clj (sp approx.) 

1.980 

— 

- 

981 



CNDO Clj (.vpd approx.) 

1.751 

— 

- 

1.308 

- 


Estimates (sec text)* 


2 .2" 

0.4 


o.ou 

0.16 

Benzene-Cb (experimental) 

1.99" 

1 .1' 

0.5-0.7' 

526' 

0 .02H 

0 .20“ 

CIj (experimental) 

1.988' 

" 


.541* 


■- 


* The energy of formation was e.stimatcd by adding the resonance and van der Waal's energies 
calculated above. 

^ Hassel.O., Stromme, Knut; Acta cliem. scand. 1.3. 1781 (1959). 

‘ Herzberg,G.: Spectra of Diatomic Molecules, 2nd Ed. Princeton N.J.: Van Nosirand 1950. 

‘‘ The resonance contribution was 1.4 kcal/molc. 

‘ Estimated by Lippert,Joscph L,. Hanna, Melvin W., Trotter. Philip J.: J. Amcr. chem. Soc. 91. 
4035(1969). 

' Collin,J., D'Or,I,.: J. chem. Physics 23, 397 (1955). 

• Ericdrich.H. Bruce. Person, Willis B.'. J. chem. Physics 44. 2161 (1966). 


Table I b. Calculated excitation energies of the cthyleiic-chlorinc complex 



'-ci,- 

kK 

Oscillator 

strength 

CT-abs 

kK 

O.scillalor 

strength 

CNDO (.sp-approx. equilibr.) 

40.0 

0.026 

80.4.3 

1.65 

CNDO (,sp-approx. 3.25 A) 

37.2 

0.031 

105.(X) 

0.58 

Clj.CNDO (sp-approx.) 

.36.8 

0.030 

43.4'' 

- 

Experimental 

Experimental, Cl, 

30.5* 

0.0017' 

0.19* 


• Secry.D.J., Britton, D.: J. physic. Chemistry 68, 2263(1964). 

’’ Dubois,).E., Gamier,F.: Spectrochim. Acta 23A. 2279 (1967). 
‘ Estimated, see text. 
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0-0 excitation energy is 0.343 a.u.^ (75.1 kK) compared to the vertical excitation 
energy of 0.366 a.u. 

bj Resting Model, sp-Approximation. The potential curve obtained for this 
model has a very insignihcant minimum around 3 A, the energy is ca. 0.(X)07 a.u. 
{ca. 0.4 kcal/mole) below the energy of the free components. Inside this minimum 
the energy rises rapidly. As for the resting model of the fluorine complex, ethylene 
here acts as an electron acceptor. 

c) Axial and Resting Models, spd-Approximation. For both models the 
calculated potential curves had very deep minima at very short equilibrium 
distances. For the axial model the energy is 0.23 a.u. (ca. 140 kcal/mole) below 
the energy of the free components at the equilibrium distance of ca. 1.7 A. The 
energy minimum of the resting model is at ca. 1.9 A and the stabilisation energy 
is ca. 0.14 a.u. 

The inclusion of <l-orbitals allows charge to be back donated from the outer 
to the inner chlorine atom, and thus the strong polarisation of the chlorine 
molecule in the sp-approximation is absent. The inclusion of d-orbitals also 
transforms the chlorine molecule into an electron acceptor in the resting con¬ 
formation. 

Kccausc of the very poor results for stabilitsation energies and equilibrium 
distances, the .spd-approximation was only used to calculate a few properties of 
the axial complex at .1.25 A. The results are included in Table 1. 

iLstimates 

At present, only the charge transfer band of ethylene chlorine complex has 
been observed experimentally [13]. It was therefore necessary to estimate other 
properties for comparison with the results of the CNDO calculation. 

All estimates, except of the van der Waal's energy were made for an axial 
complex with R = 3.5 A. The van der Waal’s energy was calculated as a function 
of R as described by HlicI et al. [14], A very flat minimum was found at I? = 3.3 A, 
where the interaction energy was — 0.8 kcal/mole. 

In order to estimate the resonance energy, the experimentally observed relation 
between ionisation potential and position of the charge transfer band was used 
as a startingpoint. 

/.rc-r = /-C,+Q/(/-Q) 

(For detailed information on the physical interpretation of the parameters, and 
their values in different cases see Refs. [1] and [15].) The value of C 2 for the iodine 
complexes, given by Briegleb [15] was used directly, but the value of Ci was 
changed to take into account the differences in electron affinity and in electro¬ 
static interaction between the ethylene iodine and chlorine complexes. The change 
in vertical electron affinity was taken from Person [16]. The difference in electro¬ 
static energy was calculated from a simple point charge model for the excited 
state of the complex, and the assumption that the ground states do not contribute. 

^ This is only a crude approximation to the true CNDO 0-0 excitation energy, since no variation 
in the internal structure of ethylene or chlorine was carried out. 
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the sum of the van der Waal’s 
radu [1^ and the charges were divided even between the halogen atoms, and the 
two carbon atoms of ethylene. The resulting parameters were; Po = — 4-5 kK., 
^1 = ~ 8.8 kK and Q = 42 kK. These parameters and formulas given in Ref. [1] 
were used to calculate the values given in Table 1. For the position of the charge 
transfer band, these parameters give 45.0 kK compared to the experimental 
value 43.4 kK. 


Discussion 

For ethylene and chlorine all calculations predict the existence of a stable 
complex with the chlorine molecule on the Cj axis orthogonal to the ethylene 
plane. This structure is also expected from considerations of overlap between 
donor and acceptor orbitals. For the sp-approximation the equilibrium distance 
is 2.24 A, which lies between the CCl single bond length 1.77 A, and the sum of 
the van der Waal’s radii, 3.5 A [17]. However, since the ionisation potential of 
ethylene is higher than for benzene, the ethylene complex is expected to be weaker 
than the benzene-chlorine complex, and thus the equilibrium distance is expected 
to be longer than that of benzene chlorine complex, which is 3.28 A in the crystal 
[18]. Considering the possibility that the benzene chlorine distance found by 
Hassel and Stromme may represent the average value of a long and a short 
distance [1] the ethylene-chlorine equilibrium distance may be shorter than 
3.28 A, but it seems very unlikely that it is shorter than 3.0 A. The failure of the 
CNDO approximation to give reasonable equilibrium distances for complexes 
is in contrast to the reasonable bond distances which are obtained from such 
calculations. 

It is very diflicult to make any precise statements about the energy of formation 
of the ethylene-chlorine complex, in the gas phase. Olefin-iodine complexes have 
enthalpies of formation of about —1 to — 2kcal/mole at room temperature in 
solution [15]. Chlorine complexes are in general weaker and therefore should 
have more positive enthalpies of formation. Lippert et al. [2] estimate the energy 
of formation of the chlorine benzene complex to be — 1.1 kcal/mole in solution, 
compared to — 1.3 kcal/mole for the benzene-iodine complex. The energies of 
formation in the gas phase are expected to be more negative than in solution 
since van der Waal's interactions between the complex forming molecules arc no 
longer compensated for by interactions with the solvent [1]. The van der Waal’s 
energy of the ethylene complex was estimated above to be 0.8 kcal/mole. If this 
contribution is added to the experimental values for the olefine-iodine complexes 
and the change from iodine to chlorine is assumed to have no effect, the energy 
offormationofthe ethylene chlorine complex isestimatedtobe —2to —3 kcal/mole. 

The resonance energy contribution to the energy of formation was estimated 
above to be ca. 1.4 kcal/mole, if the van der Waal’s energy is added the energy 
of formation is estimated as ca. — 2.2 kcal/mole. From these estimates it seems 
as if the calculated energy of formation - 5.8 kcal/mole (sp-approximation) is at 
least too low by a factor two. 

The interaction energy between axial chlorine calculated for 3.25 A, 
-0.5 kcal/mole, seems too close to zero, while the interaction energies from the 
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.vp<i-approximation seem to be reasonable ( — 2.7 and —2.6 without and with 
relaxation of the Cl-Cl distance respectively). 

As is seen from Table 1 the Cl-Cl stretching frequency decreases upon complex 
formation. A comparison with the frequency shift for the benzene-chlorine 
complex and with the estimated shift from the resonance theory makes it rather 
obvious that the shifts calculated at 3.25 A are all too small, while the sp-approxi- 
mation at equilibrium gives a much too large shift. It should be pointed out here 
that the calculations for the .sp-minimum indicate a very strung coupling between 
the CI 2 -C 2 H 4 vibration and the Cl-Cl vibration in the complex. If the CI-CI 
frequency shift is calculated from the corresponding force constant alone the 
relative change is only 0.040 compared to 0.070 when this coupling is included. 
The coupling although much exagerated by the CNDO calculation should be 
of importance also in real halogen complexes. A decrease in the halogen donor 
distance will increase the charge transfer to the halogen, and therefore weaken 
the halogen-halogen bond. 

For the 1 2 hexamethylenetetramine complex, Ichiba et ai [19] found that 0.37 
electrons were transfered from the iodine closest to nitrogen to the outer iodine, 
while only 0.08 electrons were transfered from the donor to the iodine molecule. 
Of course the hexamethylenetetramine iodine complex is much stronger than the 
ethylene chlorine complex, which makes any extrapolations from the results of 
Ichiba et al. to this complex dangerous. It seems, however, that the spj-approxi- 
mation grossly under estimates the importance of the halogen polarisation relative 
to that of the charge transfer. 

When the overlap integrals were calculated between the free molecules and 
the axial complex at a distance close to the minimum (2.3 A) in the .vp-approxi- 
mation. it was found that most orbitals of chlorine and ethylene are quite un¬ 
affected by complex formation. Two things should be noted, first the contribution 
of the 3p<r^-orbital of chlorine to the two highest occupied orbitals of a,-symmetry 
of the complex. (Overlap integrals 0.145 and 0.069.) These contributions are 
responsible for the polarisation of the chlorine molecule, and also for the charge 
transfer. Second the strong mixing of the 2 p 7 t-orbital of ethylene and the 3p<T 
orbital of chlorine. They contribute approximately equally to the two highest a, 
orbitals of the complex. This mixing leads to repulsion and therefore helps to 
precent the two molecules to get too close to each other. 

Qualitatively, the calculated UV-spectra agree with experimental observations 
on halogen complexe.s. The chlorine absorption is shifted towards higher wave- 
numbers by ea. 3.4 kK. This shift may be compared to a shift of the visible iodine 
band of ea. 2.3 kK in the ethylene iodine complex at 20 K [5], The shift of the 
chlorine band, although it seems a little too large, is thus of the expected magnitude. 
The calculated charge transfer excitation energy is much loo high. 


Conclusion 

From the results of the calculations discussed above, it will seem as if the 
CNDO approximation gives a qualitatively correct picture of the structure of 
the complex, and of some of its properties, at least if d-orbitals are left out. The 
quantitative results are rather poor however. In view of the qualitative agreement 
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it may be possible to obtain useful results from comparisons between calculations 
on cloMly related complexes. However, if the CNDO approximation is to be 
useful for more general investigations of molecular complexes, some changes in 
the method of calculation seem n^ssary. From the successful CNDO calculations 
on stable molecules it seems as if the approximations involved in the setting up 
of the F matrix balance each other at the relatively short distances between 
bonded atoms and next neighbour atoms. At the much longer distances involved 
in molecular complexes, the Slater orbitals used to calculate the overlap matrix 
go to zero much faster than Hartree Fock orbitals. This probably creates an 
unbalance in the approximations, since the exchange repulsion will be under¬ 
estimated compared to nuclear repulsion and electron nuclear attraction, which 
may be the reason for the too short equilibrium distances etc. It might be of 
interest to calculate the overlap matrix using orbitals which approximate Hartree 
Fock orbitals more closely at large distances from the nucleus. 

Another point which is of importance for chlorine complexes is the role of 
the d-orbitals. From an extrapolation of the trend in stabilisation energies of the 
fluorine and chlorine complexes in the .sp-approximation it seems as if bromine 
and in particular iodine should be very weak acceptors compared to chlorine, 
while experimentally it is the other way around. This reverse of the trend may 
perhaps be due to the increasing importance of the d-orbitals when going from 
chlorine to bromine and iodine. The results of the calculations are very dependent 
on the d-orbital exponent, which makes the choice of the latter a very important 
problem. It may perhaps be as has been argued by Craig el al. [20] that the d-orbi- 
tals contract upon bond formation, which would make them sensitive to environ¬ 
ment and make it more or less impossible to choose the correct orbital exponents in 
actual cases. Recently Keeton and Santry [21] stated from an investigation of 
the d-orbital exponents of phosphorus and sulfur, using minimal basis sets, that 
the d-orbital exponent is 0.9 of the 3.s orbital exponent quite independently of 
the atoms surrounding the phosphorus or sulfur atom. There may thus be some 
hope that a “best” set of d-orbitals may be found. 


References 

1. MuIliken.R.S.. Person, W B.; Molecular complexe.s. New York: Wilcy-Intcrsciencc 1969, 

2. Lippert.J.L., Hanna, M.W., Trotter, Ph.J.rJ. Amcr. chem. Soc. 91. 4035 11969). 

3. Pople.J.A., Beveridge.D.L.: Approxir 'te molecular orbital theory. New York: McGraw-Hill 
1970. 

4. Chesnut. D. B., Wormer.P.E.S.: Theorel ;him. Acta (Bert) 20. 250(1971). 

5. Fredin.L.: Private communication. 

6. Santry,D.P.,Segal,G.A.:J. chem, Phy.sics47. 158(1967), 

7. Kroto, H. W., Santry, D. P.: J, chem. Physics 47, 792 (1967). 

8. Giessner-Prettre.C.. Pullman.A.; Theoret. chim. Acta (Berl.) 13, 265 (1969). 

9. Pople,3.A., Segal.G. A.: J. chem. Physics 44, 3289 (1966). 

10. Her7.berg,G.: Electronic spectra of polyatomic molecuic.s. Princeton, N.J.: Van Nostrand 1966. 

11. — Spectra of diatomic molecules. 2nd Ed. Princeton. N J.: Van Nostrand 1950. 

12. Woodward.R. B, HoffmaiuR.: The conservation of orbital symmetry. Weinheim/Bergstr.: 
Verlag Chemie, GmbH. 1970. 

13. Dubois.J.E., Gamier, F.: Spectrochim. Acta 23 A 2279(1967). 

14. Eliel.E.L., AlIinger.N.L., Angyal.S.J., Morrison,G.A.; Conformational Analysis. New York: 
Wiley-lnterscience 1965. 


27 Theorel chim Acta (Berl) Vol 25 



390 


B. NeUnder: Complex between Etbylene and Chlorine 


15. Briegleb.G.; Elektronen-Donator-Aoceptor-Komplexe. Berlin; Springer-Verlag 1961. 

16. Person, W. B.: J. cbem. Physics 38, 109 (1963). 

17. Pauling.L.: Nature of the chemical bond. 3rd Ed. Ithaca, N.Y.: ComeU University Press 1960. 

18. Hassel,0., StT 0 mmc,K.: Acta chem. scand. 13, 1781 (1959). 

19. Ichiba,S., Sakai.H., Negita,H., Maeda, Y.: J. chem. Physics 54 , 1627 (1971). 

20. Craig.D.P., MaccolKA., Nyholm,R.S., OrgeUL.E., Sutton,L.E.: J. chem. Soc.332 (1954). 

21. Keeton,M.,Santry,D.P.: Chem. Physics Letters?, 105(1970). 

Dr. B. Nelander 
Themochemistry Laboratory 
Chemical Center 
University of Lund 
S-220 07 Lund 
Sweden 



Theoret. chim. Acta (Berl.) 25,391 395 (1972) 

© by Springer-Verlag 1972 


Nuclear Mass Effect in Many-Electron Atoms* 

B. W. N. Lxj and S. Fraga 

Division of Theoretical Chemistry, Department of Chemistry, University of Alberta. 
Edmonton 7, Alberta. Canada 

Received February 23, 1972 


The total nuclear muss effect, including the normal mass and the muss polarization corrections, 
have been evaluated, from existing analytical Hartrec-Fock functions, for the positive ions, neutral 
systems, and negative ions of all the atoms from He through Kr. The formulation for the ma,ss 
polarization effect is presented in detail. 

Mit Hilfe existicrendcr analyti.schcr Hartree-Fock-Funktionen wurdc dcr totalc Kernma.s.scn- 
effekt ein.schlieBlich der Korrekturen fur normale Massen und Massenpolurisation fur positive und 
negative lonen und neutrale Systemc Tiir alle Atome von He bis Kr berechnet. Dcr Formalismus 
fur den Massenpolarisationseffckt wird im einzelnen dargelcgt. 


Introduction 

The electronic state functions of atoms are determined under the assumption 
of an infinite nuclear mass. The corresponding energies must then be modified 
by inclusion of the corrections for the finite mass of the nucleus and its motion 
(Bethe and Salpeter [1]). The.se corrections, although small, give rise to the .so- 
called masss-dependent isotopic shift, that can be observed experimentally. 

The purpose of this work is to present the formulation for this correction and 
the numerical values obtained for all the positive ions, neutral systems, and 
negative ions of all the atoms from He through Kr, u.sing existing analytical 
Hartrce-Fock functions, in order to complete the research project’ undertaken 
at this Laboratory on the determination of atomic Hartrce-Fock parameters [4]. 

Theoretical Formulation 

It is customary to consider separately the two contributions, normal mass 
effect and mass polarization cflect. to the isotopic shift. The corresponding 
formulations are presented below. 

Normal Mass Effect 

This correction arises from the u.sc of the Rydberg constant, for the 
nucleus under consideration. Taking into account that 

* This work has been supported in part by the National Research C ouncil of C’anada. 

‘ The complete spin-orbit and electron spin-spin contact interactions and the mass variation 
and Darwin relativistic corrections have been reported recently t6-8X For details on previous work 
see Ref. [4J. 


27* 
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where m and M are the masses of the electron and the nucleus, respectively, one 
obtains 

J £, = - [m/(m + Af)] £„£„ 

for the normal nass correction to the energy; £^ represents the electronic energy 
evaluated for infinite nuclear mass. 


Mass Polarization Effect 

The correction corresponding to this effect, also denoted as specific mass 
cITect, is given by 

/IE,= -[ 2 m/(m + M)]Rj^<'P| A Aji>P>, 

i<J 

where *£ represents the total electronic function for the state under consideration 
and the summations extend over all the electrons in the system. 

Taking into account (Innes and Ufford [5]) that 

A J^(C" 

Pr r 


where C’’" is the modified spherical harmonics tensor operator of rank I and / 
is the orbital angular momentum vector operator, one can write 


•' dr, dry •' r, dry 

- 4 - {O' ’ • (C"'f)y'} + ■ {(C"'/)l'> • (C'"/)y >} 

ry dr, r,ry 


The general matrix element between 2-electron states may then be written as 


= {</1 • /1>, + </l • AX) d(LM,SMs, LM',.S'M's .), 


where </l ■ Ay^ and </l • /!>, stand for the direct and exchange contributions; 
is the antisymmetrizing operator. 

Using the relation 

</l |(C‘*'/n |/'> = [/(/ +l)-k{k + I) - /'(/' + 1)] [2k{2k + 2)] ''^</l |/'> , 


one can write for the direct contribution 


<A . /!>, = (- </.l (C'“l IO</»| |C'‘>| ll,y 

{T(ah, cd) - + 1) - /c^c + 1) - 2] U{ah, cd) 

-Klsils+ I)-/A+ l)-2 ] U{ba,dc) 

+ Wall. + 1) - IcUc + 1) - 2] [M4 -hi) - -H) - 2] Q(ah, cd )}. 

The exchange interaction may be obtained from the above ex pression by exchanging 
first the subindices a and b and then multiplying by ( — 
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The radial integrals are defined by 

nab,cd)= J J 

0 0 0^1 or 2 

00 GO 1 

U{ah,cd)= J J rldr^rldr2R.^i)R,^2)— ~~R,(l)R,{2), 

0 0 fi r’r2 

00 00 

Q{ah,cd)= J J ridrir 2 dr 2 R„(l)R,( 2 )/?,(l)/?d( 2 ). 

0 0 

R being the radical function of the shell denoted by the subscript. 

Using the generalized 2-particle coefficients of franctional parentage one can 
now derive the expression of the total correction for a many-electron configuration. 
Restricting the discussion to functions obtained within the one-electron function 
approximation, it is found that the intrashell interaction and the direct term of 
the intershell interaction vanish due to the parity restriction in the double-barred 
matrix elements. The interaction* between two shells, when at least one of them 
is closed, can be written as 

<A ■ /!> = (- [2(2/. -I- l)(2/,-H)]-' </.| |C"»| |/,>* 

{ T*. - i [/A + 1) - U/s + 0 - 2] U., 

+ Wad. + 1) - /b(/h + 1) - 2] [/,(/, -H) -/,(/,+ 1) - 2] Q^] , 

... re n. and rij, are the occupation numbers of the two shells involved. For 
simplicity, the notation of the radial integrals has been changed to 7^, and 
Q.J, with the convention Xit—T(ab, ha), U(ah, ha), and Q„^ = Q{ah.ha). 

In order for this interaction not to vanish, it is necessary that /„ and differ 
by ± 1. In such a case the above expression simplifies to 

</l (/-t l)[ 2 ( 2 /-l- l)(2/-l-3)]-' 

[2|+ij + (/ + 2)f/| i+i — /t/|+| I — /(/-I' 2)Q| i] . 

The total interaction for the configuration considered is then obtained by 
summing all the intershell contributions. 


Results and Discussion 

The calculations have been carried out for the positive ions, neutral systems, 
and negative ions for all the atoms from He through Kr. 

The normal mass effect has been evaluated for the most abundant isotope of 
each atom; for simplicity the values* are not presented here as their calculation 
is straightforward. For the atoms considered here, this correction varies from 
86 cm“^ for He to 3996 cm'' for Kr. 

* The derivation parallels that given for the electron spin-spin contact interaction [6] and for 
that reason it is omitted here. 

* The values for both corrections for all the systems considered are available upon request. 
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Table 1. Values (in a.u.) of </t - /t> for positive ions, neutral atoms, and negative ions 


Configuration' State 

Positive ions 

System 

Neutral atoms 

System 

Negative ions 
System 

V 


C 

0.88085 

B 

0.40491 





N 

2.54998 

C 

1.39425 

B 

0.53604 




2 50114 


1.35552 


0.49119 


'S 


2.42858 


1.29785 


0.51252 

2p' 

■'S 

() 

5.21731 

N 

3.17939 

C 

1.60.538 


-1) 


5.13555 


.3.11391 


1.54622 


-p 


5.08115 


3.07051 


1..50570 


'/* 

I- 

8.94324 

O 

5.84933 

N 

.3..36944 


'!) 


8.88.588 


5.80080 


.3.32681 


'S 


8.79700 


5.72740 


.3.26152 

2l>' 

"p 

Ne 

14.06424 

F 

9.71118 

O 

6.12790 

2r'' 

'S 

Nil 

20.78773 

Ne 

14.9754.3 

F 

10.08886 


's 

Vfg 

27.58848 

Na 

20.80104 



Vs- 

'.S' 

Al 

.35.39230 

Mg 

27.60894 

Na 

20.80.392 

3/)' 


Si 

44.563(81 

Al 

35.59283 



3/1- 

'/■ 

I* 

55.08558 

Si 

44.82954 

Al 

35.66672 


'/J 


55.0()518 


44.81.350 


35.46262 


'.s 


55 0.3452 


44.78686 


.35.60850 


■*.s 

S 

67.05839 

P 

5.5.42108 

Si 

44.95406 


-/) 


67.02311 


5.5.39441 


44.93002 




67.(881.54 


.55.37640 


44.90803 


'p 

Cl 

80 .50782 

S 

67.412.37 

P 

5.5.5.5414 


'/) 


8049627 


67.391.38 


55.53360 


'.s 


80.44737 


67..3605.3 


55.50495 

■V’' 

‘p 

A 

95 59085 

Cl 

80.94511 

S 

67.59899 

3/)'’ 

'.s 

K 

II2..3869 

A 

96.10217 

Cl 

81.1878.3 

4n' 

-s 

Ca 

1.30.1744 

K 

112.4413 



as-* 

'S 



Ca 

130 2436 

K 

112.4485 

id' 

’1) 



Sc 

150.6497 



id- 


Sc 

151.4151 

Ti 

17.3.28.58 

Sc 

151..3041 

id' 

■'r 

Ti 

174.18.34 

V 

198.1.598 

Ti 

174.0642 

id‘‘ 

V) 

V 

199,1627 

Cr 

225 3846 

V 

199.0490 

id' 

'■.s 

C r 

226.5326 

Mn 

255.0946 

Cr 

226.32.39 

id'- 

'0 

Mn 

2.56.1654 

Te 

287.1840 

Mn 

256.0124 

id' 

•‘Z- 

Fe 

288.4189 

Co 

322.0240 

Fc 

288.2575 

id" 

■'/ 

<'o 

.323.3.581 

Ni 

3.59,7512 

Co 

.323.1725 

itr 

-1) 

Ni 

360.9808 

Cu 

400.0073 



id'" 

'S 

Cu 

401.6254 





4.s' 


Zn 

443.5981 

Cu 

401.4520 

Ni 

.367.0901 

4.S- 

'S 

Ga 

487 8287 

Zn 

443,4911 

Cu 

401.408.3 

4/.' 

■p 

Cic 

5.34 8446 

Oa 

488.0597 



4/)- 

'p 

As 

584.4249 

Gc 

5.35.1090 

Ga 

488.1461 


'!) 


584.4121 


53.5.1055 


488.1216 


'S 


584,3779 





4/.-' 

■'s 

Sc 

636.7640 

As 

584.7467 

Ge 

5.35.2614 




636.6319 


584,7188 


535.21.59 


’/> 


636.60.39 


584,7112 


535.2054 

4/i-‘ 

'P 

Br 

691.5456 

Se 

637.0015 

As 

584.8960 


'D 


691.5312 


636.9765 


584.8695 


's 


691.4848 


636.9552 


584.8337 

4/)' 

^p 

Kr 

749.1885 

Br 

691.9457 

Se 

637.1991 

4/1- 

's 



Kr 

749.6405 

Br 

692.178.3 


• The positive ions of the transition elements (from Sc through Cu) have configurations 4.v'’3ir. 
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The evaluation of the interaction has been carried out using the 

analytical Hartree-Fock functions of Clementi [2] and Malli [9], It has been 
considered more convenient to report in this case only the values of (A ■ A}, as 
in this way the mass polarization effect^ may then be calculated at any time for 
any desired isotope; the corresponding values arc collected in Table 1. This 
contribution is more important, varying from a value of - 4.40 cm ~' for B to a 
value of — 1067cm"* for Kr. 

The accuracy of the values for the mass polarization effect parallels the 
accuracy of the electronic functions used. Taking into account the characteristics 
(d/= ± 1) mentioned above, it is evident that introduction of angular correlation 
will affect the values. This fact is clearly evident in those systems (He, Li, Be) 
with . 5 " configurations, where the Hartree-Fock value vanishes. (Calculations have 
been carried out for some of these systems using correlated functions [3, 10-12].) 
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Calculations have been performed on the silyl and methyl halides, using the CNDO method 
and the phntoclectron spectra of the silyl halides arc interpreted from the results. Inclusion of d orbitals 
on silicon is found to be necessary so that the calculated ionisation potentials of silyl bromide and 
chloride arc greater than the corresponding methyl compounds, in agreement with observation. 


Introduction 

A recent publication by Cradock and Ebsworth dealing with the photo- 
electron spectra of the silyl halides [3] gave the observed band positions for 
electrons believed to be excited from the halogen “lone pair" orbitals orthogonal 
to the Si -X axis. The authors concluded, moreover, from the presence of vibrational 
bands in the photocicetron spectra, that there is bonding between these lone pair 
halogen electrons and the silicon 3d orbitals. However, an ah initio calculation 
on SiH^F [2] has suggested that the first ionisation potential should occur at a 
much lower energy than that reported in Ref. [3], and it therefore seemed of 
interest to calculate the electronic structure of the silyl halides, SiHsF, SiHjCl 
and SiH ,Br, to examine the nature of the molecular orbitals which give rise to 
the photoelectron spectra, and to evaluate the extent of the postulated {d^ — p^) 
;r-bonding. 

Our method of calculation used a modified [1] version of the CNDO/2 
method [5]. The parameters used in the calculation were taken from previous 
work [4] and the relevant interatomic distances were abstracted from Ref. [6]. 

The parameter k used in the construction of the offdiagonal elements of the 
H matrix 

was varied in the calculations on silyl fluoride so as to obtain a set of eigenvalues 
comparable with the eigenvalues given by the ah initio calculation [2], 


Results and Discussion 

Calculations were attempted on silyl fluoride using a wide range of k values, 
and we found that in no case did the energy of the highest Tilled molecular orbital 
approach the value quoted (16.1 eV) by Cradock and Ebsworth. However, the 
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Table 1. Valence oibital eigenvalues (cV) for silyl and methyl halides 


Eigeavalue 

I 

2 

3,4 


5 


6.7 

CHjF 

-45.41 

-31.15 

-19.48 


-13.98 


-12.75 

SiHjF 

-40.43 

-24.83 

-16.76 


-1X34 


-1X33 

SiHjF* 

-39.52 

-24.68 

-16.66 

■P..6 

-11.66 


-11.50 

GHjO 

-41.30 

-24.68 

-20.23 


-12.41 


-10.77 

SiHjCI 

-32.77 

-25.26 

-17.47 


-12.14 


-11.30 

SiHjCI* 

-3X61 

-24.27 

-17.60 


-11.24 


-lo.n 

CHjBr 

-37.16 

-23.97 

-18.47 


-11.73 


-10.27 

SiHjBt 

-29.78 

-24.77 

-16.62 


-11.46 


-10.95 

SiHjBr* 

-29.45 

-23.36 

-16.21 


-10.18 


- 9.75 


* Without d orbitals on silicon. 


Table 2. Experimental lone pair ionisation potentials (eV) for silyl and methyl halides 


Halide 

Methyl* 

Silyl'* 

fluoride 

17.0 

16.1 

chloride 

11.28 

11.61 

bromide 

10.70 

11.03 


• Ref. [7]. - Ref. [3]. 


latter quantit)' correlated well in energy with the third and fourth molecular 
orbitals (a degenerate bonding pair). These have some halogen lone pair character 
(see later). Our finding also agreed with the ab initio work of Ref. [2] when a 
value of k= 1.15 was chosen. 

Using this k value of 1.15, calculations were next performed on the silyl and 
methyl halides, both including and neglecting the silicon 3</ orbitals. The eigen¬ 
values and the experimental ionisation potentials assigned to the “lone pair” 
electrons are given in Table 1 and 2 respectively. From these values it can readily 
be seen that the experimental “lone pair" ionisation potentials correlate with the 
energies of molecular orbitals 3 and 4 for both methyl and silyl fluoride, whilst 
for the chloride and bromide they correspond to the 6th and 7 th eigenvalues. 
Both these pairs are degenerate and examination of their eigenvector elements 
(Table 3) reveals that orbitals 3 and 4 are bonding in nature while the 6th and 
7th are antibonding orbitals orthogonal to the Si-X axis. Table 3 shows that on 
going from the fluoride to the bromide the contribution of the hal^en “n” 
orbitals to the bonding orbital decreases whereas it increases in the antibonding 
orbital. The LCAO MO approach which we have used no doubt somewhat over¬ 
estimates the conjugation of these halogen lone pairs but some delocalisation 
certainly occurs and the degenerate orbitals incorporate substantial amounts of 
the halogen “p 7 t” orbital. Moreover, the calculations show that the energies of 
the 6th and 7th orbitals show only a gradual trend over the halide scries and, 
therefore, a band at 12.3 eV should be expected in the photoelectron spectrum 
of silyl fluoride having characteristics similar to those of the bromide and chloride. 
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Table 3. Atomic orbital coefllcients for silicon and halogen p orbitals in the degenerate molecular 

orbitals of the silyl halides 


Molecular 
orbital number 

3 

C(Sij ' 

.QXj 

6 

C(si) 

QX) 

Sill,}- 

0.62 

0.59 

0.26 

0.84 

SiHjCl 

0.63 

0.50 

0.26 

0.84 

SiHjBr 

0.65 

0.40 

0.19 

0.89 


Table 4 Contribution to total bund order (%) of each type of >r-bonding present in 
silyl halides between carbon (silicon) and halogen 

the methyl and 


Mp 

it-Xprt Mpit Xdji 

Mt/n X^Tc 

Mdn Xpn 

('ll,!- 

7.1 




CM,Cl 

6.1 

22.8 



CM,Hr 

4.0 

19.3 



SiHjI- 

97 



10.2 

SiH,CI 

7.5 

14.2 

0.5 

17.1 

SiH,Br 

6.7 

11.9 

0.3 

18.2 


An interesting aspect of the calculations is that for the chloro- and bromo- 
compounds the silyl derivative has a larger ionisation potential than the methyl 
halide only when d orbitals are included in the calculation. This agree with 
experiment and would seem to indicate that d orbitals are important in the 
bonding in silyl halides. The calculations also reveal the degree of each type of 
7 t-type bonding (i.e., involving d or p orbitals) present between silicon (carbon) 
and the particular halogen, and these data are given in Table 4. The pn — dn 
and dn — pn components of the bond order are numerically quite substantial, 
although it must be remembered that, physically, the important quantity is the 
bond energy and the pn — dn and dn — pn fractions of this term will certainly be 
much smaller. 


Table S. The overall charge distribution in the methyl and silyl halides 



M 

X 

H 

SiHjF 

0.46 

-0.31 

-0.05 

SiH,Cl 

0.21 

-0.16 

-0.02 

SiHjBr 

0.16 

-0.09 

-0.02 

CH,F 

0.14 

-0.23 

0.03 

CHjCl 

0.06 

-0.23 

0.06 

CHjBr 

-0.02 

-0.11 

0.04 
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The overall charge distributions in all the halides are presented in Table 5. 
The results correlate with those expected from simple electronegativity principles, 
although the charge on chlorine in methyl chloride is somewhat anomalous and 
is clearly due to the d orbital occupancy of chlorine. 

One of us (J.J.) thanks the Scottish Education Department for a Maintenance Grant. 
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The determination of charge distributions in polyatomic ions through both energetic and 
quantum mechanical (CNOO/2) methods is discussed. Results from both methods are shown to 
he in )!(iod agreement 


In an earlier paper [1], a method for evaluating the charge distribution in 
polyatomic ions in inorganic salts was presented. The purpose of this note is 
to consider an extension of that work, and to give an indication of the precision 
of the method through a comparison with quantum mechanical calculations. 

In a study of alkali-metal cyanides [1], the various factors involved in bringing 
two polymorphs on to a common interna! energy basis were discussed. It seems 
possible to relax these requirements slightly, and yet retain a reasonably precise 
result. 

Farly calculations of the cohesive energies of inorganic salts containing 
polyatomic ions treated the polyatomic ion as a point charge at the centre of 
gravity of the ion-group (the point-charge model). More refined calculations 
consider the distribution of the total ionic charge among the atomic species 
present in the ion (the distributed-charge model). 

In the cyanides, the decrease in cohesive energy for the distributed-charge 
model is 5 10% of that found for the point-charge model. The change occurs 
mainly in the electrostatic part of the cohesive energy. From those and other 
(including the present) studies, it seems that provided r|z,|^Z, where z, are the 
charges on the atoms in a piolyatomic ion of total charge Z, the greater the spread 
of the charge, the lower is the numerical value of the electrostatic energy. This 
takes place through a decrease in the value of the Madelung constant. If, however, 
Z|z,|>Z, while |2rz,|=Z (necessarily), then wider variations in the Madelung 
term may be obtained. 

Calculations have been carried out on the calcite (clX aragonite (c2) and 
vaterite (c3) forms of calcium carbonate. The Madelung terms /1(L)/L, where L 
is the shortest interatomic distance in the crystal, have been evaluated by the 
Bertaut-Templeton expressions [2-4], as a function of Zq, the charge, including 
sign, on the oxygen atom; the charge z^ on the carbon atom is ( —2 —3zo). A 
linear distribution function was employed together with a summation limit of 
about 1.2 reciprocal space units. The results are illustrated by Fig. 1. The curves 
are approximately parabolic and may be represented by the similar Eqs. (l)-(3), 
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Table 1. Energy parameters and charge distributions for polymorphs or calcium carbonate 



q/L,K-' 

- V, kcal mol 

-1/', kcal mol'* A{L)IL,K'' 

Zo. e. units 

Calcite (cl) 

0.10 

640 

589 

1.97 

-0.763 

Aragonite (c2) 

O.ll 

624 

574 

1.93 

-0.755 

Vaterite(c3) 

0.11* 

642 

591 

2.00 

-0.794 





Mean 

-0.77 


* Estimated value. 


with average r.m.s. errors e, (i = 1,2,3): 


c 1: A[L)/L = 2.1422 + 4.5391 2 „ + 5.6546 Zo (1) 

f;,=3.7x 10-" 

c2: A{L)/L = 2.1068 + 4.3201 Zo + 5.4193 zg (2) 

e2 = 6.3x lO' -’ 

c2 : A (D/Z. = 2.1679 + 4.6551 2 o + 5.5989 (3) 

ts = 3.1 X 10- 

Crystal cohesive energies have been calculated from Eqs. (4) and (5), where 
the terms used have their usual significances. 

U{L)=-{A{L)eyL){l-{Q/L)], (4) 

(QfL) = (A{L)eyL)/{(9V/p) + (2A(L)e^/L )}. (5) 


Crystal data were taken from Wyckoff [5] and compressibilities from the 
International Critical Tables [6]. The point-charge model values of U are listed 
in Table 1. If we accept a decrease of about 8% of the cohesive energy U, as 
suggested by the work on the cyanides, then the energies, (/', for the distributed- 


2.2 r 



Fig 1. Variation of the Madelung term, A{L)/L, with charge, z„, on oxygen in three polymorphs 

ofCaCOj 
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rig. 2. Vuriatiun of with bond distance d(C -O) in the carbonate ion 


charge model mtiy be obtained through Eqs. (4) and (5). The appropriate Madelung 
terms arc obtained and from Fig. I, the corresponding values of z^; all of these 
values arc listed in the table. The alternative values for Zq. lying between —0.03 
and -0.05 electron units, arc rejected as unrealistic. 

Quantum mechanical calculations of the charge distribution in the carbonate 
ion (.symmetry, Fml) have been carried out by the CNDO/2 method [7,8] as 
a function of the C- O distance, d. The results are illustrated in Fig. 2. For the 
calcium carbonate structures, d is approximately 1.26 A, whence Zo is -0.771. 

The agreement between the values of z„ obtained by these two independent 
procedures is very good, and leads one to place reliance upon these methods of 
calculating charge distributions in simple polyatomic ions. 

The author is grateful to Dr. R. Grintcr of the University of East Anglia for assistance with the 
quantum mechanical calculations. 
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